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Abstract

In this paper, an impulsive epidemic model with time delay is proposed, which susceptible population is di-
vided into two groups: high risk susceptibles and non-high risk susceptibles. We introduce two thresholds R;,
R, and demonstrate that the disease will be extinct if R, <1 and persistent if R, >1. Our results show that

larger pulse vaccination rates or a shorter the period of pulsing will lead to the eradication of the disease. The

conclusions are confirmed by numerical simulations.
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1. Introduction

Infectious diseases have tremendous influence on human
life. Every year, millions of people die of various infec-
tious diseases. Controlling infectious diseases has been
an increasingly complex issue in recent years [1]. Over
the last fifty years, many scholars have payed great at-
tention to construct mathematical models to describe the
spread of infectious diseases. See the literatures [2-8],
the books [9-11] and the references therein. In the clas-
sical epidemiological models, a population of total size N
is divided into S (susceptible numbers), I (infective num-
bers), or S, I and R (recovered numbers) or S, E (exposed
numbers), | and R, and corresponding epidemiological
models such as SI, SIS, SIR, SIRS, SIER and SEIRS are
constructed. All these models are extensions of the SIR
model elaborated by Kermack and McKendrick in 1927
[12]. Anderson and May [5,9] discussed the spreading
nature of biological viruses, parasites etc. leading to in-
fectious diseases in human population through several
epidemic models. Cooke and Driessche [8] investigated
an SEIRS model with the latent period and the immune
period. The consideration of the latent period and the
immune period gave rise to models with the incorpora-
tion of delays and integral equation formulations.
However, owing to the physical health status, age and
other factors, susceptibles population show different in-
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fective to a infectious disease. In this paper, we divide
the susceptible population into two groups: nonhigh risk
susceptibles (S;) and high risk susceptibles (S,), such that
individuals in each group have homogeneous susceptibil-
ity, but the susceptibilities of individuals from different
groups are distinct. In this paper, we propose a new SIR
epidemic model, which two noninteracting susceptible
subclasses, the nonlinear incidence BSPI , time delay
and pulse vaccination are considered. The main purpose
of this paper is to study the dynamical behavior of the
model and establish sufficient conditions that the disease
will be extinct or not.

The organization of this paper is as follows. In the
next section, we construct a delayed and impulsive SIR
epidemic model with two noninteracting susceptible sub-
classes. In Section 3, using the discrete dynamical sys-
tem determined by the stroboscopic map, we establish
sufficient conditions for the global attractivity of infec-
tion-free periodic solution. And the sufficient conditions
for the permanence of the model are obtained in section
4. Finally, we present some numerical simulations to
illustrate our results.

2. Model Formulation and Preliminaries

Gao etc. [13] proposed a delayed SIR epidemic model
with pulse vaccination:
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S'(t) = = pSOI() - uS(),

R'(t) = Be " S(t— )1 (t—7) — uR(Y),
S(t") =(1-6)S(t),

(") =1(),

R(t") = R(t) + 6S (1),

In model (1), the authors assumed that the birth rate
() is equal to the death rate, and use a bilinear inci-
dence rate. Motivated by [13], in this paper, we assume
that there are two cases noninteracting susceptible sub-
classes. We denote the density of the susceptible indi-
viduals that belong to different subclasses, the infected

Sl'(t) =4 -BS’ (t) I (t)_ﬂlsl (t)’
S (t)=4 =B8] (1) 1(t)— 28, (1),

R(t")=R(t)+6S,(t)+6,5,(t),

where 4, (i=1,2) are the recruitment rate into the i-th
susceptible class, respectively parameters g, (i =12),
dand o are the death rates of the susceptible, infected
and recovered individuals, and g, (i=12) are the
contact rates, 7 is the infectious period. The term
pe 'SP (t—z)1(t-7), (i=12) reflects the fact that
an individual has recovered from the infective compart-
ments and are still alive after infectious period 7 .
6,, (i=12)are the vaccination rates, and T is the period
of pulsing.

Adding all the equations in model (2), the total varia-
ble population size is given by the differential equation

S/(t)=4-AS] ()1(t)-mS, (1),
S, (t)=4 = B,SF (t)1(t)— 1S, (1),

S, (t")=(1-6)S. (1),

S, (t7)=(1-6,)S,(t),
H(t7)=1(t),

The initial conditions of (3) are

S (t)=a(t).S,(t) = (1), 1(t) =4 (1), for te[-2,0],(4)
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1'(t) = BSE)1 (1) - Be St —7)l (t—7)— ul (1), 't £ nT,ne N

M

t=nT,neN

individuals, and the recovered individuals in the popula-
tion by Sy, S,, | and R, respectively, that is, the total va-
riable population N =S, +S,+1+R. Moreover, if the
nonlinear incidence AISP(p=>1) , different constant
recruitments and death rates are incorporated into model
(1). Then the corresponding model is investigated:

()= ASP ()1 (1) B8 (1)1 (t)= AP (t—2)1 (t—r)= A6 'SP (t=) 1 (t=c) =i (1), [ " "o
R'(t)=Be " SP (t-7)1(t—7)+ Be 'S (t-7) I (t-7)-oR(t),

S, (t)=(1-6,)8,(1) @
S, (t7)=(1-6,)S,(t),

t=nT,neN

N'(t) =2+ 4, — S, (t)— 11,5, (t)—dl (t) - oR(t).
and we have
N'(t)< A +4, —hN(t).
where h=min{, u,,d,o} . It follows that

limsup N (t) S%.

t—>o

Note that the first three equations of system (2) do not
depend on the forth equation. Thus, we restrict our atten-
tion to the following reduced system:

t#nT,neN

1'(t)=BSP (L)1 (t)+B,S (t)1(t)-Be 'SP (t—7) I (t—7)— Be 'SP (t—7) 1 (t—7)—dI(t),

©)

t=nT,neN

where ¢:(¢1,¢2,¢3)T ePC,, and PC, is the space
of all piecewise functions ¢:[-7,0] > R® with points
of discontinuity at —nT(ne N) of the first kind and
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which are continuous from the left, i.e., ¢(-nT -0)=
p(—nT),and R’ ={(x,%,%)eR’| >0,i=123].
Define a subset of R®

Q= {(sl (t).S,(t),1(t)) eR?

ossl(t)+sz(t)+|(t)s%}

From biological considerations, we discuss system (3)
in the closed set. It is easy to verify that Q is positively
invariant with respect to system (3).

3. Global Attractivity of Disease-Free
Periodic Solution

To prove our main results, we state some notations and
lemmas which will be essential to our proofs.

Lemma 1 (see [6]) Consider the following impulsive
differential equation

u'(t)=a—-bu(t),t=nT,
{u(t*)z(l—e)u(t),t:nT,

where a>0,b>0,0<68<1. Then above system exists a
unique positive periodic solution given by

u*(t):%+(ﬁ—gje'b("””, for nT <t<(n+1)T,

which is globally asymptotically stable, where

U23(1—49)(1—&“)

b 1-(1-9)e™
Definition 1 (see [14]). Let V:R, xR® >R, then V
is said to belong to class V, if

i) V is continuous in (nT,(n +1)T]>< R® and for each
X eR®  lim
(t,y)»(nT*,X)

ii) Vis locally Lipschitzian in X.
Lemma 2 (see [14]). Let V €V, . Assume that

V(t,y)=V(nT*,X) exists.

D'V (t,x)<g(tV(t,x)), t=nT,
V(tx(t)) <o (V(5x), t=nT,

where g:R, xR, —R s continuous in (nT,(n+1)T |xR,

lim  V(ty)=V(nT".u)

and for ueR,,
(t,y)a(nT*,u)

neN,
exists, ¢,:R, >R, is non-decreasing. Let r(t) be

the maximal solution of the scalar impulsive differential
equation
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u'(t)=g(tu(t)), t=nT,

u(t)=gp,(u(t)), t=nT,
u(0")=u,,

existing on [0,c0] . Then V (0, %,)<u, implies that
V(t,x(t))<r(t),t=0, where x(t) is any solution of
(3).

In the following we shall demonstrate that the dis-
ease-free periodic solution (S (t),S;(t),0) is global
attractive. We firstly show the existence of the dis-
ease-free periodic solution, in which the infectious indi-
viduals are entirely absent from the population perma-
nently, i.e. I(t)zo forall t>0. Under this condition,
the growth of the i-th (i=1,2) susceptible individuals
must satisfy

S/ (t)=4—-uS;(t), t=nT,
S,(t)=(1-0)S,(t), t=nT.

According to Lemma 1, we know that the periodic so-
lution of the system
Qe t (t-=nT) j
I

s;(t):ﬁ[l_m
for nT<t<(n+1)T, (i=12)

is globally asymptotically stable. Therefore system (3)
has a unique disease-free periodic solution

(S1(1),5;(1).0).

Denote

p

A ey 2, 1—g 4T

- + - O

ﬂl(ﬂl 1-(1-0)e ™ & ty 1-(1-6,)e
R =
d

Q)

Theorem 1 If R, <1, then the disease-free periodic
solution (S;(t),S;(t),0) of system (3) is globally at-
tractive.

Proof. Since R, <1, we can choose &> 0 suffi-
ciently small such that

p
A4 l-eAt
ﬁl(_—T+g]
1-(1-6,)e™
Mﬂ«z ( 1—2-#5 ’ ©
+p5, [y_z—l—(l—ez)e“‘zT +5J <d.

From the first equation and the second equation of
system (3), we have S/(t)< -uS;(t), (i=12).
Then we consider the following impulsive comparison
system
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uf(t) =4 -y (t),t#nT,
oo oo g

According to Lemma 1, we obtain the periodic solu-
tion of system (7)

— i (t-nT)
u:(t):ﬁ(l— Ge J

i\ 1-(1-6)e"
for nT <t<(n+1)T, (i=12),

which is globally asymptotically stable. By the compari-
son theorem [14], we have that there exists n, eZ,
such that for nT <t<(n+1)T,n>n,

. /11 ~ gie*#iT
S, (t)<u; (t)+e S;(l —1—(1—42)e’”‘T ] ®

+e=S5, (i=12).

Furthermore, from the third equation of system (3), we

A

Oe

ET AL.

get 1'(t)<(BSS +4S; —d)l(t) for t>nT and
n>n.
From (6) and (8), we have 1'(t) <0, then !im I(t)=0,

—0

i.e., for any sufficiently small g >0, there exists an
integer n, >n, suchthat I(t)<e, forall t>n,T.

From the first equation and the second equation of
system (3), we have for t>n,T

S/ (t)>4—(BS e +m)S (1), (i=12).

Then we consider the following impulsive comparison

systems
v (t)=4 —(,BiS_ip‘lgl + 4 )vi (t),t=nT,

Vi (t)=(1-6)v, (1), t=nT. ©

From Lemma 1, we obtain the periodic solution of
system (9)

-(ﬂi S e )(t-”T)

v (t)=—=
i p-1

BS" e+ 1 1_(1_(9i
which is globally asymptotically stable. In view of the
comparison theorem [14], there exists an integer n, >n,

) e’(ﬂl S7|p7151*'/‘i )T

, NT<t<(n+)T, (i=1,2),

such that for nT <t<(n+1)T, n>n,,

(A8 e+ )T

S(t) >V (t)+ez——= j“' 1- oe — +¢,(i=12) (10)
ﬂiSip &t 4 —(l— 0 )e’(ﬂisip GRI7] )T
Since ¢ and g are sufficiently small, from (8) and By simple calculation, from (5) we get
10), we know that T \P
+ lims; (t)=S"(t), (i=12 R oLk G e <0
tLrE i( )_ ( )’ (I - ) 801 d ILLlp (1—(1—91)67“11— )p+l
Hence, disease-free periodic solution (S; (t),S; (t),O) TP (11)
of system (3) is globally attractive. The proof is com- OR :_pﬂz A (1_8 ) e <
pleted. 892 d qup (1_(1_9 )efﬂzT )p+1 '
Next, we give some accounts of the Theorem 1 for a 2
well biological meaning. and
b 1_g AT p-L b 1_g T p-L
@ = ﬁﬂi_ ( ) - gllule*ﬂﬂ + P& e ( ) — Hzﬂze*ﬂzT > 0. (12)

oT d ,ulp (1_(1_01)(9*,”11')

Theorem 1 determines the global attravtivity of the
disease-free periodic solution of system (3) in Q for
the case R, <1. Its epidemiology implies that the dis-
ease will die out. From (11) and (12), we can see that
larger pulse vaccination rates or a shorter period of im-
mune vaccination will make for the disease eradication.

4, Permanence

In this section, we state the disease is endemic if the in-
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d 4 (1-(1-6,)e™")

fectious population persists above a certain positive level
for sufficiently large time. The endemicity of the disease
can be well captured and studied through the notation of
uniform persistence.

Definition 2. System (3) is said to be uniformly per-
sistent if there exist positive constants M, >m, >0
(i=1,2,3) (both are independent of the initial values),
such that every solution (S, (t),S, (t),1(t)) with posi-
tive initial conditions of system (3) satisfies

m <S (t)<M;,m, <S,(t)<M,, m, <I(t)<M,.
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Denote

1— e-ﬂlT

1— e—#zT

)il ' _a-lr ﬁ ' _a-lr
o o) e e

, =

Theorem 2. If R, >1, then system (3) is uniformly
persistent.

d

Proof. Let (S,(t),S,(t),1(t)) be any solution of (3)
with initial conditions (4), then it is easy to see that

s, ()<t sz(t)s%, |(t)g%, forall t>0,

h

We are left to prove there exist positive constants
m;,m,,m, such that S (t)>m;,S,(t)>m,,1(t)>m;,
for all sufficiently large t.

Firstly, from the first and second equations of system
(3), we have

S/ (t)= 4 —[ﬁi(ﬂl;ﬂ?jp +M]Si (1), (i=12).

Considering the following comparison equations

5 ()= _[ﬁi(ﬂl;ﬂsz +ﬂi]ui (t).t=nT,

u, (t*)z(l—ai)ui (t), t=nT,

According to Lemma 1 and the comparison theorem,
we know that for any sufficiently small & >0, there
existsa t, such thatfor t>t,,

ae_[ﬁi SR }T

2y (t)-&2 '

Now, we shall prove there exist a m, >0such that

ﬁ‘(ﬂl;ﬂsz“" 1-(1-0), e{ﬂ[hj]

m, >0 and £ >0 such that

I(t)>m, for all sufficiently large t. For convenience, P(1—e )4 BrP (1—e ) > d 13
we prove it through the following two steps: Pt ( ) L ( ) ' (13)
Step 1. Since R, >1, there exist sufficiently small where
_[ﬂ{%]pmrﬂq}
- 4 e 7 (i=12).

i (Mjp maml g )e[ﬁi[‘l;@jpmrw}

h

For m,, we can claim that there exists a t, >0 such
that 1(t)>m;. Otherwise, I(t)<m; forall t>0. It
follows from the first and second equations of (3) that

S ()= 4 —[ﬂi (%jp_l m,*+,ui}8i (1), (i=12).

Considering the following impulsive comparison sys-
tems

v (1) =4 —(ﬂi [%)H m,*eriJvi (t),t=nT,

v, (t*)z(l—ai)vi (t), t=nT,

Similarly, we know that there exists t, >0, such that
for t>t,

p-1
*[ﬁi (L;h j my + 4 JT
Oe

Further, the third equations of system (3) can be re-
written as

I'(t) = BS] () 1(t)+ 5,87 (t)1(t)
-Be S (t-7)1(t-7)

Copyright © 2011 SciRes.

1- I APt ) e )
T
—Be U SP (t=7) 1 (t—7)—dI (1)

= BSP ()1 (t)(L-e ")+ B8P (1)1 (t)(1-e ")

—dl (t)+ﬂ1e"”% :_, slp (£)1(&)dé
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dr d t
pe t_TSZ(é)I((f)df
Define

V()= 1(0)-Ae [ 8] (€)1 (£)0¢

t-r

e[S (9)1(¢)de

For t>t,, the derivative of V (t) along the solution
of system (3) is

V()= BSP (1) (1-e )+ BSE (t)(1-e ) -d |1 (1)
>[ pnf (1= )+ B} (1-e7)=d ]I (1)

From (13), we have V'(t)>0 for t>t,, which im-
plies that V (t) > as t— o . This contradicts the
boundedness of V (t) . Hence, there existsa t, >0 such
that 1(t,)=m .

Step I1. According to step I, for any positive solution
(S(t), S,(t), I(t)) of (3), we are left to consider two

ET AL.

cases. First, If 1(t)>m, forall t>t,,then our result is
proved. Second, if I(t)<m, for some t>t we can
choose constants p>0 and T, >max{t,t,+z} (T,
is sufficiently large) such that I(t)<my,1(T,)=m,,
[(To+p)=m, and  S/(t)>mn, S,(t)>n,  for
te[T.To+p].

Thus, there exists a g(0<g<rz) such that for
te [T0 To + g]

= *

()= (15)

In this case, we shall discuss three possible cases in
term of the sizesof g,p and 7.

Case 1. If p<g<r, then it is obvious that
L(t)=m; /2, for te[T,,T,+p].

Case 2. If g < p <, then from the third equation of
(3), we can deduce

L(0)=] (AP (£)+ BSE(E)(£)e e, (16)
From (14), (15) and (16), we have

I(t)> ITTO‘”g(ﬂlslP (£)+ 8,82 (£))1(&)e“Hdé, forte [T, +9,T, + o]

*

m .. "
> (ﬂl’hp +ﬂ2772p)7|e g=m

Set m3:min{%,mf}>0, for te[T,,T,+p], we
have I(t)>m,.

Case 3. If g<z<p, we will discuss the following
two cases, respectively.

Case 3.1. For te[T,Ty+7], it is easy to obtain
I(t)>m .

Case 3.2. For te[T,+7,Ty+p]. We claim that
I(t)>m,". Otherwise, there exists a T e[T,+7,T;+p],
such that I(t)>m’™ for te[T,+7,T],and I(T)=m .
From (13), (14) and (16), we have

—dr

(D)=, _(BSP(&)+ASE(E))N(E)e T Ide > (Bl + Bt )my 1‘3 >my,

which is contradictory to 1(T)=m,". Hence, the claim
holds true.

According to the arbitrary of T,, we can obtain that
I (t)>m, holds forall t>T,. The proof is completed.

5. Numerical Simulations

In this section, we give some numerical simulations to
illustrate the effects of different probability on popula-
tion. In system (3), 4, =025 4,=0.2, p =0.03
B,=01 p =003 w =005 p=2 d=01 7=2
T =3. Time series are drawn in Figure 1(a) and Figure
1(b) with initial values ¢ (t)=2+05sint, ¢ (t)=
2+0.8cost, ¢, (t)=1+0.5sint, t e[-2,0] for 30 puls-
ing cycles. If we take & =0.45, 6,=0.90, then R =
0.9956. By Theorem 1, we know that the disease will
disappear (see Figure 1(a)). If we let 6 =0.10, 6, =

Copyright © 2011 SciRes.

0.20, then R, =1.4685. According to Theorem 2, we
know that the disease will be permanent (see Figure 1(b)).

4

The density of individuals
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Figure 1. Two figures show that movement paths of S;, S,
and I as functions of time z. (a) Disease will be extinct with
Ry, = 0.9956 and 0, = 0.45, 8, = 0.9; (b) Disease will be per-
sistent with R, = 1.4685 and 6, = 0.1, 8, =0.2.
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