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ABSTRACT 

The observations of in-situ spacecraft mission in the magnetosheath and a region of thermalized subsonic plasma be- 
hind the bow shock reveal a non-linear behaviour of plasma waves. The study of waves and optics in Physics has given 
the understanding of the effect of many waves coming together to form a wave field or wave packet. The common as- 
pect of such study shows that two or more waves can superimpose constructively or destructively. The sudden high 
magnetic field data in the magnetosheath displays such possibility of superposition of waves. In this paper, we use the 
empirical mode decomposition (EMD) and Hilbert transform (HT) techniques to determine the instantaneous frequen- 
cies of low frequency plasma waves in the magnetosheath. Our analysis has shown that the turbulent behavior of mag- 
netic field in the magnetosheath within the selected period is due to superposition of waves. 
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1. Introduction 

From the study of the waves arising from the events on 
the upstream of the bow shock, there is a process of 
events leading to another regime of waves with turbulent 
or complex behaviour in the downstream region other- 
wise called the magnetosheath. Magnetosheath is an in- 
terface between the bow shock and the magnetopause. It 
is a region of thermalized subsonic plasma behind the 
bow shock. The plasma in the magnetosheath is denser 
and hotter than that in the solar wind. Also the magnetic 
field strength in the magnetosheath is higher than the 
magnetic field strength in the solar wind [1,2]. 

Many analysts have chosen different techniques for the 
analysis of resultant waves of space plasma aimed at un- 
derstanding these waves. Most analyses of plasma waves 
have been carried out with Fourier transform (FT) or 
Wavelet Transform (WT). Detailed investigations of the 
dynamic properties of space plasma have been limited by 
the use of these standard techniques. This limitation is 
due to the assumptions of linearity and stationary (using 

FT) or linearity and non-stationary (using WT) behavi- 
ours of these waves leading to wrong determination of 
the frequency and other properties of these waves. 

The truth is that space plasma data are observational 
data that exhibit unsteady character (non-linearity) [3,4] 
in oscillations throughout the data. Therefore, the use of 
the standard spectral analysis techniques limits the possi- 
bility of investigating the details of the dynamics of such 
data. In order to investigate the details of the dynamics of 
space plasma especially the plasma waves in the magne- 
tosheath, there is a need for an approach that will decom- 
pose the complex waves into simple or mono-component 
waves, an approach that is based upon the local charac- 
teristic time scale of the signal. There is also a need for 
an approach that will help construct the time evolutions 
of the signal. 

In this paper, we use the combination of empirical 
mode decomposition (EMD) technique and Hilbert tran- 
sform (HT) to determine the instantaneous frequencies 
of plasma waves in the magnetosheath which could be 
used in the detailed investigation of space plasma behavi- 
our. *Corresponding author. 
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2. Brief Comparison of Fourier Transform 
(FT), Wavelet Transform (WT) and  
Empirical Mode Decomposition 
(EMD)-Hilbert Transform Combination 
Methods  

Fourier Transform (FT) is a type of global transform that 
is most suitable for linear and stationary signals. It pro- 
vides a general technique for the examination of the glo- 
bal energy-frequency distribution [5]. Huang has further 
revealed the dependence of FT on linearity. It is true that 
many natural events can be approximated by linear sys- 
tems.  

It is also true that they also have tendency to be non- 
linear. The imperfection of our probes (or numerical 
schemes) can lead to non-linear behaviour when there is 
interaction between the imperfect probes and the linear 
system. Fourier Transform can deal with the linear case 
and not the non-linear case. 

Wavelet Transform (WT) is an adjustable window 
Fourier Transform. It can supply localised information in 
time-frequency domain, as it possesses the multi-scale 
property and mathematical microscope ability that makes 
it to detect the sudden component of the signals [6]. WT 
is a better approach than Fourier Transform in the analy- 
sis of non-stationary signals.  

EMD technique generates a collection of intrinsic 
mode functions (imf). The decomposition is based on the 
direct extraction of the energy associated with various 
intrinsic timescale. According to Huang et al., 1998, the 
decomposition can be viewed as an expansion of the data 
in terms of the imfs. After the extraction of the imfs us- 
ing EMD, the Hilbert Transform (HT) Approach as used 
in Carozzi et al., 2004 can be applied on each imf. The 
local energy and the instantaneous frequency derived 
from each imf through Hilbert Transform can give a full 
energy-frequency-time distribution of data. 

Table 1 [5,7] displays the comparison between em- 
pirical mode decomposition (EMD)-Hilbert Transform 
(HT) approach, Fourier and Wavelet Transform. Various 
qualities have been considered for this comparison be- 
tween the second and the last rows. This table shows at a 
glance that the EMD-HT approach is robust for the non- 
linear and non-stationary signal analysis. 

3. EMD-HT Method 

Empirical mode decomposition (EMD)-Hilbert transform 
(HT) is a signal processing technique simply called Hil- 
bert-Huang Transform (HHT). This technique is local 
and adaptive in the analysis of time-frequency signal. 
The study of waves and optics in Physics has shown that 
a wavefield can be composed of superimposed mono- 
component waves. Since Physics deals with signals such 
as nature, there is need to decompose the signal into se- 
ries of mono-component called intrinsic mode functions 

Table 1. Summary of comparison between Fourier Trans- 
form, Wavelet Transform and EMD-HT approach at a 
glance. 

Method EMD-HT FT WT 

Basis Adaptive Non-adaptive Non-adaptive

Frequency 
Differentiation: 

local 
Convolution: 

global 
Convolution: 

regional 

Non-linearity Yes No No 

Non-stationary Yes No Yes 

Feature  
extraction 

Yes No 
Discrete: No, 

Continuous: yes

Linearity Yes Yes Yes 

Stationarity Yes Yes Yes 

Presentation Energy-time-freq. Energy-frequency Energy-time-freq.

 
(imf) [5]. According to Huang et al.; 1998, a signal 
 f t  can be decomposed into imfs such that  f t  be- 

comes 
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where imfic  , 1  contains the shortest period com- 
ponent of the signal.  is the residue which is constant. 
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The extracted intrinsic mode functions (imf) have the 
number of extrema and the number of zero crossings 
equal or differing at most by one, and the mean value 
between the upper and the lower envelope equal to zero 
at any point [5,8]. This means that the imfs are symmet- 
ric. One imf has a unique instantaneous frequency dif- 
ferent from the others. Each imf is a mono-component 
signal. Hilbert Transform is easily applied to each imf for 
the determination of instantaneous frequency of each imf 
[3,9-11].  
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where H is the Hilbert Transform operator P. V means 
the Cauchy principal value of the integral.  

Let  iH c t    be.    i iy t c t  and  iy t  form a 
complex conjugate pair defining an analytic signal  iz t  
[16-18]. 
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where  ia t  is the instantaneous amplitude defined as 
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Therefore, instantaneous frequency is computed as  
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The original signal  f t  can be expressed as  

     d
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e in j t t
ii
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

       (8) 

Equation (8) enables the instantaneous envelopment 
and the instantaneous frequency to be represented in 
three dimensions as a function of time. R in Equation (8) 
is the real part operator. 

4. Observations 

In the analysis of space plasma data collected within the 
magnetosheath using Fluxgate Magnetometer (FGM) 
instrument of Cluster spacecraft, the existence of some 
remarkable difference between the upstream and the 
downstream shows the possibility of the generation of 
more waves. This could be due to instabilities arising 
from the upstream of bow shock, within the magneto- 
sheath or responses of the magnetosphere. The magneto- 
sphere responses to the variations in the magnetosheath 
through reconnection at the magnetopause which aid 
transport of mass, momentum, and energy into the mag- 
netosphere which changes the dynamic pressure of the 
solar wind [19]. In this paper, ten (10) minutes data from 
FGM instrument taken between the period 02 00 00 and 
02 00 10 UT on 01 01 2001 is selected to determine the 
instantaneous frequency. From magnetic field profile on 
01 012001 showing magnitude and all components (x, y, 
z) of four Cluster spacecraft crossing the bow shock into 
the magnetosheath in Figure 1, the selected magnetic 
field profile of 10-mins data is shown below, featuring a 
waveform that is modulated in both amplitude and fre- 
quency (see Figure 2(a))  

5. Results 

EMD has been used for the extraction of the various con- 
stituent signals embedded in the data. This leads to the 
determination of instantaneous envelopment in Figure 
2(b). This is achieved by forming envelopes on maxima 
and minima. The envelopes of the maxima and minima 
alongside their mean are shown in Figure 2(b) deter- 
mined using cubic spline fitting. The subtraction of the 
mean from the original data gives the first imf (imf1) if 
the sifting conditions are met. This process continues 
until the sifting is completed. Using the y-components of 
the magnetic field selected with the magnetosheath re- 
gion between the period 300 - 1000 s in Figure 1, the 
decomposition of the original data (signal) using EMD 
gives first, second, third, fourth imfs and the residue 
(constant) (see Figure 3). Using Hilbert Transform (HT) 
on the extracted imfs; the first, second, third and the 

 

Figure 1. The magnetic profile on 01 Feb 2001. Cluster C1 
is red, C2 is black, C3 is blue and C4 is magenta. 
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Figure 2. (a) Ten (10) minutes magnetic field data from 
FGM instrument taken between the period 02 00 00 and 02 
00 10 UT on 01 01 2001; (b) The envelopment of the maxi- 
ma and minima and the mean of the envelope of magnetic 
field data. The number of sample n, which is an integer and 
the sampling period T were used for a signals (data) which 
were discretized for time t = nT. 
 
fourth imf, the instantaneous frequencies are determined 
as shown in Figure 4. The original data used in all these 
have been sampled with frequency having a nyquist fre- 
quency of about 0.13 Hz. This simply informs that the 
power spectra of the imf above this value will alias. The 
plot of instantaneous frequencies of imf2 and imf3 has 
been divided into portion A, B and C as shown in Table 
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2. Correlation and coherency table has been formed for 
the different portions A, B and C of the instantaneous 
frequencies of imf2 and imf3 as shown below. 

6. Discussion 

In Figure 4, the frequency axis allows us to see the time 
instant of the frequency of the imf. It is obvious from this 
figure that imf1 has frequency modulation that exceeds 
the Nyquist frequency (0.13 Hz). It is also very clear that 
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Figure 3. The extracted imfs using EMD. From top to bot- 
tom: First panel displays the original data, second panel 
displays the first imf, third panel shows the second imf, 
fourth panel shows the third imf, fifth panel shows the 
fourth imf and the bottom panel shows the residue. 
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Figure 4. The instantaneous frequencies (IF) of all the ex- 
tracted intrinsic modes from magnetic field data on 01 Feb. 
2001 from 02 00 00 - 02 10 00 UT using Simple Hilbert 
Transform. 
 
Table 2. Correlation and coherency table for the instanta- 
neous frequencies of imf2 and imf3 divided into portions A, 
B and C. 

Portion A B C 

Correlation −0.72 0.66 −0.81 

Coherency 0.75 0.67 0.84 

the instantaneous frequencies of imf2, imf3 and imf4 
modulate with slow variation in the amplitude. Imf2 and 
imf3 show clear modulation in frequency. But imf4 
shows a steady instantaneous very low frequency. The 
instantaneous frequencies (IF) of 2nd and 3rd imfs have 
been shown in Figure 4. The instantaneous frequency of 
the second imf varies between 0.00 and 0.04 Hz, while 
the instantaneous frequency of the third imf varies be- 
tween 0.02 and 0.07 Hz. The mean value of frequency of 
imf2 is about 0.02 Hz (20 mHz) and the mean value of 
the frequency of imf3 is about 0.045 Hz (45 mHz) (see 
Figure 5). This plot has been divided into A, B, and C 
portions. Portion A covers 1 - 20 samples, B covers 20 - 
80 samples, and C covers 100 - 125 samples. Portion A 
shows anti-phase superposition of two instantaneous 
frequencies, B shows in-phase superposition and C 
shows another anti-phase superposition. Figure 5: The 
instantaneous frequencies (IF) of 2nd and 3rd imfs of 
magnetic field data on 01 Feb, 2001 from 02 00 00 - 02 
10 00 UT using simple Hilbert transform. From the Ta- 
ble 1, the correlation and coherency have been computed 
and for 2nd and 3rd imfs, and the result shows superposi- 
tion between the two frequency modes. An obvious ne- 
gative correlation and a strong coherency in portion A 
explains the attenuated waveform in that portion of the 
original 10-minute data which is due to out of phase su- 
perposition. Positive correlation and strong coherency in 
portion B shows an in-phase superposition which is also 
found in enhanced amplitude of the 10-minute magnetic 
field data. Portion C has a high negative correlation and a 
very strong coherency that explains the high attenuation 
in the waveform of the 10-minutes magnetic field data of 
Figure 2. 

7. Conclusion 

All of the above analysis confirms the statistical signifi- 
cance of the second and the third imf extracted using 
EMD and the subsequent application of the Hilbert 
transform to determine the instantaneous frequencies. 
The magnetic field data in Figure 1 show an active 
 

 

Figure 5. The instantaneous frequencies (IF) of 2nd and 3rd 
imfs of magnetic field data on 01 Feb. 2001 from 02 00 00 - 
02 10 00 UT using Simple Hilbert Transform. 
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magnetic field profile as the spacecraft move from the 
solar wind regime into a turbulent regime crossing the 
bow shock. The waveform informs that this region of 
magnetosheath requires special attention. The analysis 
above shows that it is possible that the complex behav- 
iour (non-linear) is due to superposition of more waves. 
These waves could be due to the activity at both the up 
stream of the bow shock and the magnetosphere across 
magnetopause. We have shown that the complex wave- 
form of the selected magnetic field has waves that have 
been superimposed. The determined instantaneous fre- 
quencies can be used to determine the wave vectors 
which will give detailed understandings of behavior of 
plasma waves in the region (magnetosheath). 
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