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ABSTRACT

We review our recent results on computation of the higher genus characters for vertex operator superalgebras modules.
The vertex operator formal parameters are associated to local parameters on Riemann surfaces formed in one of two
schemes of (self- or tori-) sewing of lower genus Riemann surfaces. For the free fermion vertex operator superalgebra
we present a closed formula for the genus two continuous orbifold partition functions (in either sewings) in terms of an
infinite dimensional determinant with entries arising from the original torus Szegd kernel. This partition function is
holomorphic in the sewing parameters on a given suitable domain and possesses natural modular properties. Several
higher genus generalizations of classical (including Fay’s and Jacobi triple product) identities show up in a natural way
in the vertex operator algebra approach.

Keywords: Vertex Operator Superalgebras; Intertwining Operators; Riemann Surfaces; Szeg6 Kernel; Modular Forms;
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1. Vertex Operator Superalgebras The linear operators (modes) u(n):V —V satisfy

: creativit
In this paper (based on several conference talks of the Y

author) we review our recent results [1-5] on construc-
tion and computation of correlation functions of vertex
operator superalgebras with a formal parameter associ-
ated to local coordinates on a self-sewn Riemann surface
of genus g which forms a genus g+1 surface. In par-
ticular, we review result presented in the papers [1-5]
accomplished in collaboration with M. P. Tuite (National
University of Ireland, Galway, Ireland).

A Vertex Operator Superalgebra (VOSA) [6-10] is a
quadruple (V,Y,1L,):

V=V;eV;=@,_1V,,
2
dimV, <o, is a superspace, Y is a linear map
YV o (Endv)[[z, z"ﬂ,

so that for any vector (state) ueV we have

u(k)1=6,_u, k=-1,

Y(u,z)=>u(n)z"",

nez

u(n)v, SATARE p(u)-parity.

Copyright © 2013 SciRes.

Y(u,z)1=u+0(z),
and lower truncation
u(n)v=0,

conditions for u,veV and n>0.
These axioms identity impy locality, associativity,
commutation and skew-symmetry:

(z-2)"Y(uz)Y(v.2)
=(-)"(z-2,)"Y(v.,)Y(uz),
(%+2)Y(uz+2)Y(v2z)w
:(zo+zz)nY(Y(u,ZO)V,Zz)W,
u(k)Y (v, 2)-(-1)""Y (v, z)u(k)

-3 [* i)z

i=0
Y(u,z)v= (—l)p(“’v) ei(")Y(v,—z)u,

for u,v,weV and integers mn>0,
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34 A.ZUEVSKY

p(u.v)=p(u) p(v).
The vacuum vector 1€V, is such that, Y(1,z)=Id,,
and w eV, 0.2 the conformal Vector satisfies

Y(@.2)=2L(n)z",

nez

where L(n) form a Virasoro algebra for a central
charge C

L(m),L(n)=(m-n)L(m+n)+

m,—n*

C
E(m3 -m)§
L(-1) satisfies the translation property
Y(L(-1)u,z)=0,Y(u,2).
L(0) describes a grading with
L(0)u=wt(u)u,and V, ={ueV|wt(u)=r}.

1.1. VOSA Modules

Definition 1 A V -module for a VOSA V is a pair
(W.Y,), W is a C-graded vector space W =@W,,
dimW, <o, W, =0 forall r and n«0. ¢

r+n

YV > End(W)[[22]],

Yo (U,2) = 2wy ()™,

neZz

for each ueV, u, :W—->W. Y, (1,z)=1Id,,, and for
the conformal vector

Yo (@,2)= 2 Ly (M) 2",

nez

where L, (0)w=rw, weW,. The module vertex op-
erators satisfy the Jacobi identity:

R A TRIAES

o BB e (03)

= zzlé(ZI;QZOJYw(Y(UA)V’Zz)-
Recall that 5(2) = znez

that L, (n) satisfies the Virasoro algebra for the same
central charge C and that the translation property

Yy (L(-1)u,2)=8,Y, (u,2).

1.2. Twisted Modules

Z". The above axioms imply

We next define the notion of a twisted V -module [8,11].

Let g be a V -automorphism g,
preserving 1 and @ such that

i.e, a linear map

Copyright © 2013 SciRes.

oY(v,z2)g™" =Y(gv,2),

for all veV . We assume that V can be decomposed
into g -eigenspaces

V=& .V’

peC

where V” denotes the eigenspace of g with eigen-
value e*™” .
Definition 2 A g -twisted V -module for a VOSA V
is a pair (Wg,Yg), W9 =W, dimWe <o,
reC

W?, =0, forall r,and n<0. Y, :V—>EndW9{z},
the vector space of (End W?)-valued formal series in z

with arbitrary complex powers of z.For veV”

Y,(62)= ¥ (7",
nep+7Z
with v, (p+1)w=0, weW? , leZ sufficiently
large.
Yo (L2)=1d . Yy (@2)=2 L (n)z"7,

nez

where L, (0)w=rw, weW?. The g-twisted vertex
operators satisfy the twisted Jacobi identity:

wo 22wz vz)
R ) MUSS AT
{2 e

-z -z
for ueV”’.

1.3. Creative Intertwining Operators

We define the notion of creative intertwining operators in
[3]. Suppose we have a VOA V with a V -module
(W.Y,).

Definition 3 A Creative Intertwining Vertex Operator
Y for a VOA V -module (W,Y,,) is defined by a
linear map

Y(w.z)= > w(n)z"",

neZ
for weW with modes w(n):V —W ; satisfies crea-
tivity
Y(w,z)1=w+0(z),
for weW and lower truncation
w(n)v=0,

for veV, weW and n> 0. The intertwining vertex
operators satisfy the Jacobi identity:
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A.ZUEVSKY 35

forall ueV and weW.

These axioms imply that the intertwining vertex op-
erators satisfy translation, locality, associativity, com-
mutativity and skew-symmetry:

Y(Ly (-1)w,z) =0, (w,2),
(2-2)"Y (1.2)Y(W2)
=(2-2)"Y(w.2,)Y(u.2),
(2+2)" Y% (W27 +2)Y(Wz)v
=(z+2) V(% (wz)wz)v
Uy (K) Y (w,2)= Y (w, 2)u (k)

-3yt

j20
Y(w,z)v=e™Y, (v,-2)w,
for u, veV, weW andintegers mn=>0.

1.4. Example: Heisenberg Intertwiners

Consider the Heisenberg vertex operator algebra M,

[10] generated by weight one normalized Heisenberg
vector a with modes obeying

[a(n),a(m)]=ns,_,. nmeZ.

In [3] we consider an extension M=u, M, of M
by its irreducible modules M, generated by a
C -valued continuous parameter « automorphism

g _ eZniaa(O)
We introduce an extra operator  which is canoni-
cally conjugate to the zero mode a(O) ,i.e,

[a(n).q]=3,,.

The state 1®e”* € M is created by the action of ¢*
on the state 1®e". Using (-conjugation and associa-
tivity properties, we explicitly construct in [3] the crea-
tive intertwining operators Y (u,z):M — M. We then
prove:

Theorem 1 (Tuite-Z) The creative intertwining
operators ) for M are generated by q-conjugation
of vertex operatorsof M . For a Heisenberg state u,

Y(uoe o -e (¢ v (e v (¢, 2)2

Y.(e4.2) = exp[mza(in) z j

n>0 n

The operators ) with some extra cocycle structure
satisfy a natural extension from rational to complex pa-
rameters of the notion of a Generalized VOA as described
by Dong and Lepowsky [7,12]. We then prove in [3].

Theorem 2 (Tuite-Z) Y(u®c”,z) satisly the gen-
eralized Jacobi identity

—aff
SEN R,

%

(e 5)2 [Zz —%J“ﬂ 5[22

z,

;Ozljy(v®eﬂ,zz)y(u®e“,zl)

- éla(%jy(y(me“, zo)(v®eﬂ),zz)(ﬁr(0) :

forall URe”,v®e? e M.

1.5. Invariant Form for the Extended Heisenberg
Algebra

The definitions of invariant forms [8,13] for a VOSA and

z,

its g -twisted modules were given by Scheithauer [14]
and in [2] correspondingly. A bilinear form (-,-) on
M is said to be invariant if for all u®e”, v®e”,
w®e” € M we have

<y(u®e“,z)v®e",w®e7>:e”‘“ﬁ <v®eﬂ,yT(u®e“,z)w®e7>,

Copyright © 2013 SciRes.

20(0) 22
Zj (u@e“),—?j.

luse g s (L
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36 A.ZUEVSKY

We are interested in the Mobius map z+> w=

- N

associated with the sewing condition so that 1 =-&p?,
with &e {J_r\/——1 } . We prove in [3]

Theorem 3 (Tuite-Z) The invariant form (,,.) on
M issymmetric, unique and invertible with

<V®e“,w®eﬁ> = /1'“25(1’7/, <V®e0,w®e°>.

1.6. Rank Two Free Fermionic Vertex Operator
Super Algebra

Consider the Vertex Operator Super Algebra (VOSA)
generated by

Y(V/i’ Z) _ zy/i (n) Z—n—l’

nez

for two vectors w* with modes satisfying anti-com-
mutation relations

[‘/ﬁ (m)’l/li (n)]+ = O 1>
[ (m)* ()], =o.

The VOSA vector space V =@V, is a Fock
space with basis vectors

¥(lol) =y (<k)-y (ko y (=h)-w ()L,
of weight
¥ (e0]- 3,k + 32, 1,3,

where 1<k <k, <---<k, and
with y*(k)1=0 forall k>0.

1<, <1, <<,

1.7. Rank Two Fermionic Vertex Operator
Super Algebra

The conformal vector is

o=_{y" (-2y" (-)+v (2w (D1

whose modes generate a Virasoro algebra of central
N . 1 .
charge 1. v~ has L(O) -weight 5 The weight 1 sub-

space of V is V,=Ca, for normalized Heisenberg
bosonic vector a=y*(-1)y " (-1)1, the conformal
vector, and the Virasoro grading operator are

[a(m).a(m)]=m5,_,.

L(0)= m+ Ya(-n)a(n).

2 n>0

Copyright © 2013 SciRes.

2. Sewing of Riemann Surfaces
2.1. Basic Notions

For standard homology basis &, b, with i=1,---,9
on a genus g Riemann surface [15,16] consider the
normelized differential of the second kind which is a
symmetric meromorphic form with (]S _a)(g) (Z,~) =0, has
the form :

dzdz,
2
(z-2)
A normalized basis of holomorphic 1-forms v;, the

period matrix Qi(jg), and normalized differential of the

third kind are given by
Vi(G) (Z) _ Cﬁqa)(G) (Z,-), q}aiVEG) _ Znié‘ij ,

for local coordinates z ~ z,.

o (z,2,)~

1 P2
QF =% o, (2) =] (2),
(-1

where (j)a‘_a)slm =0, a)ifz’)_pl (Z)~Hdz for z~p,,
a

a=12.

2.2. Period Matrix

Q9 s symmetric with positive imaginary part i.e.
Q9 e H, , the Siegel upper half plane. The canonical
intersection form on cycles is preserved under the action
of the symplectic group Sp(29,Z) where

(B2 ) 2 Yeseon

This induces the modular action on H,

09 _, 3 :(AQw)+B)(CQ<<.»>+D)*1

2.3. Sewing Two Tori to Form a Genus Two
Riemann Surface

Consider [1,17] two oriented tori ZS)z(C/ATa with
a=1,2 for A, =27i(Z®z,Z) for r, € H,, the com-
plex upper half plane. For z, eZS) the closed disk
|z,|]<r, is contained in = provided ra<%D(z'a)
where

D(z,)= min |4|=minimal lattice distance.
leAra A£0

Introduce a sewing parameter ¢ € C and excise the
disks |zl|£|g|/r2 and |22| S|g|/r1 where

1
|g| <nr, <ZD(TI)D(T2).

AM



A.ZUEVSKY 37

Identify the annular regions |g| / r, < |Zl| <r,  and
|g| / < |22| <r, via the sewing relation

Z1Z3 = €,
Zi = 0 Zy = 0
B < o
Z:U (“g, g“‘) LZI
lel/Ts lel/r

. . 2
gives a genus two Riemann surface 5@

by the domain

parameterized
Df = {(TI,TZ,S) e H, xH, ><(C||g| <%D(TI)D(T2)}.

2.4. Torus Self-Sewing to Form a Genus Two
Riemann Surface

In [1] we describe procedures of sewing Riemann sur-
faces [17]. Consider a self-sewing of the oriented torus
2V =C/A, A=2mi(Z7®Z), reH,.

Z1:O ZQ:O

>

lol/1s ol/1y

Define the annuli A,, a=12 centered at z=0
and z=w of = with local coordinates z =z and

z, =z—W respectively. We use the convention 1=2,

2 =1. Take the outer radius of A, to be

1
ra < 5 D(Q) = minleA,l¢0|ﬂ’| .

Introduce a complex parameter p, |p|£ rr,. Take
inner radius to be |p|/ ry , with |p| <nr,. 1, r, must
be sufficiently small to ensure that the disks do not inter-
sect. Excise the disks

{z

to form a twice-punctured surface

R UREA AN (A3
a=1,2

2 <Jelry'} =30,

Identify the annular regions A, < 0,

A, ={z.lo|r" <|z.| <.}

as a single region A =4, = A, via the sewing relation

Copyright © 2013 SciRes.

2z, =p,
to form a compact genus two Riemann surface
50 30\ (4 LA UA,
parameterized by

D =

{(T,W,p)e]H[l xCxC, |W—/1|>2|p|% >0, /IGA}.

3. Elliptic Functions
3.1. Weierstrass Function

The Weierstrass ¢ -function periodic in z with peri-
ods 2@ and 2miz is

1 1 1
SO(Z,T):?+ ZZ 2_602
(mﬁ’)le(o,o) (Z ~ O ) m,n
:iz+ > (n-1)E,(r)z"?,
z n=4,n even

for (z7)eCxH, w,,=2ni(mz+n). We define for
k>1,

R (29) - (g R (2)
(-1 ZK[E:D E, (r) 2"
Then

R(z7)=p(z7)+E (7).
R, has periodicities
R, (Z+2ni,z’): R, (Z,z'),
R (z+2ni7,7)=R (2 7)—6,.

3.2. Eisenstein Series

The Eisenstein series E,(7) isequalto 0 for n odd,
and for n

r

2 r"'q
n! Jr(n—l)'Z

crxl 1_qr ’

where B, (0) is the nth Bernoulli number. If n>4

then E,(7) is a holomorphic modular form of weight
n on S.(2,Z)

E,(77)=(cr+a) B, (o),

ab
for all y= €9.(2,Z), where 7.T:ar+b.
c d cr+d
AM



38 A.ZUEVSKY

E,(7) isa quasimodular form

c(cr+d)

€, (r7)=(or+a) B, (r) -2 5,

having the exceptional transformation law.

3.3. The Theta Function

We recall the definition of the theta function with real
characteristics [18]

g [Z:|(Z|Q(g)):

)3 exp(in(m+a)'9(g) .(m+a)+(m+a)~(z+2ni,8)),

mez9
for

a=(aj),,3=(ﬁj)eRg,Z:(Zj)e(Cg,
0_ :_e—Zni[J’j’ ¢j :_eZnizxj , J :1’”.,g’

]

B
_ eZnia-se—Zniﬁ-re—inr-Q(g)-r—r-zlg(g) |:a:| ( Z| Q(g))’

99 |:(li|(2+ 2mi (Q(g) T+ s)‘ Q(g))

B
oo ) ),
for r,seZq.

3.4. Twisted Elliptic Functions
Let (6,4)eU (1)xU (1) denote a pair of modulus one

complex parameters with ¢ =exp(2nid) for 0<A<I.

For zeC and reH we define “twisted” Weierstrass
functions for k>1 [19,20]

01, \_ () « ng
R[¢:|(Z’T) - (k_l)!ne;wll_g_lqn >

for q=0,,, where ) means we omit n=0 if

o
@.0)-0). 8|7
¢
converges absolutely and uniformly on compact subsets

of the domain |g] <|g,|<1 [20].
Lemma 1 (Mason-Tuite-Z) For (60,¢4) = (1,1),

[

is periodic in z with periods 2ziz and 2z with

Copyright © 2013 SciRes.

multipliers ¢ and ¢ respectively.

3.5. Modular Properties of Twisted Weierstrass
Functions

Define the standard left action of the modular group for

a b .
7:[(: d]erS_(Z,Z) on (Z,T)E(CXH with

z ar+bj
cc+d’cr+d)

}/~(Z,T)=(}/~Z,}/-T):(
We also define a left action of T on (6,¢)
' P2l ~ 9a¢b
’ M ] Lfﬂﬁ"}'

Then we obtain:
Theorem 4 (Mason-Tuite-Z) For (6,4)=(1,1) we

have
[ 9]z 0=(erare[ ] e

3.6. Twisted Eisenstein Series
We introduce twisted Eisenstein series for n>1,
(r+A)" 6'q™

o] v B(A), 1
En|:¢:|(T)— n! (n—l)!; l_gflqrm
+ (-1’ Z(r—/l)"’l oq

(n-1)15  1-69"

>

where D means we omit r=0 if (6,¢)=(1,1) and
where B, (1) is the Bernoulli polynomial defined by

A
q_z:l+zm
q,-1 z = n!

Zn—l

In particular

Note that

the standard Eisenstein series for even n> 2, whereas

1

e 1 0--8 05, -2,

for n odd.
Theorem 5 (Mason-Tuite-Z) \We have

N
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Theorem 6 (Mason-Tuite-Z) For (6,¢)=(1,1),

0
E{A isamodular formof weight k where

(oo

3.7. Twisted Elliptic Functions

In particular,

RS A OB
Ekm( )= (zm)kgh(nimﬁ)k}'

A )|z 2.0)- e 3| Cen 2z

Z—7Z 2

B i G}

P _Z_(w+ z-7,7)= ZD{Z}(k,I,W) ',

k,1>1

Dm(k,m, 2)

S e LA 0

4. The Prime Form

and

There exists a (nonsingular and odd) character {g} such

that [18,21,22]

B{Q(om(g’) -0,
8419|:g:|(0|Q(g))¢0.

Let
¢(2)= .915;9{ }(om ) 9 (z),

1
be a holomorphic 1-form, and let ¢(z)2 denote the

form of weight % on the double cover £9 of x(@

Copyright © 2013 SciRes.

We define the prime form

42) ()

~(z- z)dz 2dz

I
k

for z~ 7.
The prime form is anti-symmetic,
E© (z7)= gl (Z,2),

and a holomorphic differential form of weight

(_l,_lj on £x,
272

~imal9)- L%m
and b; cycles in z [21]. The normalized differentials

of the second and third kind can be expressed in terms of
the prime form [18]

and has multipliers 1 and e along the a

a)(g)( 7)=0,0, log E'° ( Z')dzdz,
EQ (2
a)fﬂq( ) 0 log#dz
E¥(zq)

Conversely, we can also express the prime form in

terms of @) by [22]

E9(z2)=

im [ PIa 2y -1 [l

1 1
)qﬂ dz 2dZ 2.
p—z,0->y

Torus Prime Form

The prime form on torus [18]

1 1

EY(z2)=K" (z-7,7)dz 2dz 2,
K(l) (Z,T) _ l9] (Zﬂ') ’
2,9 (0,7)

for zeC and 7eH, and where

9(z7)=9

(z7).

= N =

We have

KO (z7)= exp(—Ff) (Z,z’)),

F;(z,r):_log(z)+z%5k(f)zk,

k>2

AM



40 A.ZUEVSKY

d 1 _
R(20)=-LR(20)=1-TE ()2,

k2
K" (z7) has periodicities
K (Z+2ni,z’) =KW (Z,T),

KO (Z+ 21tir,r) = —q;qul/zK(l) (Z,z').

5. The Szego Kernel
The Szegd Kernel [18,21,22] is defined by

gl9) {Z (Z, Z'| Q(g))

9 @ (J‘ZV(Q)) 11
pgI\7 ~dzzdz’2

with 6{;}(0);&0’ ‘91' LY ’ ¢j _ i ,

j=1,---,9, where E(g)(zl,22) is the genus g prime
form. The Szegd kernel has multipliers along the & and
b, cycles in z given by —¢ and -0, respectively

and is a meromorphic (%,%) formon £ x5

s[4 z--s] 7 )

where €' =(¢9") and ¢ =(¢,").

Finally, we describe the modular invariance of the
Szegd kernel under the symplectic group Sp(29,Z)
where we find [21]

glo) {ﬂ(z’ Z!|Q(g) ) —glo {ﬂ(z, z'| Q(g))’

. = 27 7 2mi@;
with 6, =—e i . @ =—e ",

RAR P B
a C DNa) 2 diag(CDT) ’
~ -1
O = (A +B)(cQ?+D) ,
where diag(M) denotes the diagonal elements of a
matrix M .
5.1. Modular Properties of the Szego Kernel

Finally, we describe the modular invariance of the Szeg6
kernel under the symplectic group SJ(ZQ,Z) where we
find [21]

Copyright © 2013 SciRes.

9 é 1 H(9 9 0 o9
s )LJ(Z’Z'Q( )):S( )Lj}(z,zm( )),

5 -2mi B 7 2mid
where 6, =—e ", ¢, =—c"" for

e
a C Djla ) 2 diag(CDT) ’
where diag(M) denotes the diagonal elements of a
matrix M .

5.2. Torus Szego Kernel
On the torus = the Szegé kernel for (60,9)=(1,1) is

1 1

s |:Z:|(Z’ Z'|‘[) =P |:Z:|(Z— Z',T)dZEdZ’E,

where
a
9
0 M(“) 0,8(0.7)
Rl ,|(z7)= a 9(z
¢ ‘QM(OJ) (=)
qk+i
for
1
_aql 2 2
9 (z7)=29 | (z7), g,=¢",
2
and

¢=exp(2mii) for 0<A<I.
6. Structures on 2(2) Constructed from

Genus One Data

Yamada (1980) described how to compute the period
matrix and other structures on a genus ¢ Riemann sur-
face in terms of lower genus data.

6.1. a)(z) on the Sewn Surface 2(2)

®? can be determined from @) on each torus in

Yamada’s sewing scheme [17,23]. For a torus
W =C/A, the differential is
" (2.2)=P (2 -2,7)dzdz,
P, (Z,z’) = go(z,z')+ E, (T),
for Weierstrass function
p(27)= 5+ 3 (k-DE(0) 27,
VAR
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and Eisenstein series for k> 2

1 -1
E ()= 2| 2 — |
(21‘[|) m| n (mz'+ n)

E, vanishes for odd k and is a weight k modular
form for k>4. E, is a quasi-modular form. Expand-
ing

P(z _zz’T):—(Zl _122)2 * 2

(k+1-1)!
——F
(k=1)1(1=1)! " (7).
we compute ) (z,2,) in the sewing scheme in terms
of the following genus one data, a=1,2

k.l g C(k,|
Ad( 4 ’Ta’g)_w ( s ’Ta)'

C(k1)=C(kI,z)=(-1)"

6.2. A Determinant and the Period Matrix

Consider the infinite matrix | —AA, where | is the
infinite identity matrix and define det(1 —AA)) by

logdet(1 —AA )=Trlog(I —AA)
> L1e((AA)),

n>1
as a formal power series in & [23].
Theorem 7 (Mason-Tuite)
a) Theinfinite matrix
(1-AA) =2 (AA)",
n=
isconvergent for (z,,7,,6)eD’.
b) det(l -—AA ) is non-vanishing and holomorphic
on D°.
Furthermore we may obtain an explicit formula for the
genus two period matrix Q = 0? on =? [23].
Theorem 8 (Mason-Tuite) Q=Q(z,,7,,¢) is holo-
morphicon D? and isgiven by

2miQ,, = 2mir, +5(AZ(I -AAY)(LY),
2miQ),, = 2mir, +5(A (1 —AZA)_I)(I,I),

. 19(1)|:a1:|(x—y+KW,Z') L

21, =—¢(1 -AA ) (L,1).
Here (1,1) referstothe (1,1)-entry of a matrix.

6.3. Genus Two Szegé Kernel on 2(2) in the
& -Formalism

0
We may compute S [A(z, Z') for 6=(6,,6,) in the

sewing scheme in terms of the genus one data

F (kD)= F{Zj(ka"fa’g)

Ly [ 6
:gz(k 1 1)C|:¢a:|(k,|,z_a)

a

S? s described in terms of the infinite matrix

| -Q for
{6’1
0 ¢h

el
—¢F,| 2 0
w7

Theorem 9 (Tuite-Z)
a) The infinite matrix (| —Q)’1 =>.Q" is con-

Q=

vergent for (7,,7,,6)e D*,
b) det(l -Q) is non-vanishing and holomorphic on

6.4. Genus Two Szegoé Kernel in the
p -Formalism

It is convenient to define « € [—%,%} by ¢ =—e"".
Then we prove [1] the followin%
Theorem 10 (Tuite-Z) s® s holomorphic in p
for |p|<rr, with
S?(xy)=8"(xy)+0(p),
for x,ye2" where S\"(x,y) isdefined for & = —%,
by

b

<[tfe

with similar expressionfor S (x,y) for x=—1
- 2
2

Copyright © 2013 SciRes.

T,W):(%(X—w,r),gl(y,f)

3(x7)3(y-w,)

~ dx2dy?
- {ﬂi('fw’f) KW (x-y.7)
1

Let k, = k+(—1)a x,for a=1,2 and integer k>1.
We introduce the moments for S\ (x,y):
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oW

Gab(k,l):GabL(l)}(K;k,l)

1
> (katlp-1) 11

7ka 7' — —
ca(xg)(j)cb(yb)(&) (%) " S (%, ¥, ) dGdys,

(27ti )2 (}S

with associated infinite matrix G = (Gab (k! )) . We define also half-order differentials

— - 1 1
o a3 i 1
ha(k’ X) ) ha ¢(1) (K’ k’ X) N a 27[' éca(ya) yakas,((l) (X’ ya)dyaaz ’
_ _[o"] p%[ka’%) e 1
nen=h 5 (koY) = b S O y)das,

and let h(x)=(h,(k,x)) and h(y)=(ha(k,y)), de-

note the infinite row vectors indexed by a, k. From

the sewing relation 7z, = p we have
1

a, ydz
dz? =(-1)"¢p> —=,
(1) ¢

for e {i\/jl } , depending on the branch of the double
cover of £ chosen. It is convenient to define
T =£GD?,

with an infinite diagonal matrix
071
Dg(k,|):{ . }5(k,l).

Defining det(l —T) by the formal power series in
P

0

logdet(1 ~T)=Trlog(] —T):—Z%Tr(T"),
nx1

we prove in [1].
Theorem 11 (Tuite-Z)
a) (1-T) = _T" isconvergentfor |p|<rr,,
b) det(l —T) is non-vanishing and holomorphic in
p on D?.
Theorem 12 (Tuite-Z) S (x,y) isgiven by

s? (xy)= sV (x,y)+&h(x)D (1 —T)f1 h™(y).
7. Genus One Partition and n-Point
Functions

7.1. The Torus Partition Function for a
Heisenberg VOA

Fora VOA V =0 ..V, of central charge ¢ define the

Copyright © 2013 SciRes.

genus one partition (trace or characteristic) function by

Z\(,l) (q) =Tr, (qL(o)—C/24) _ Zdimann_C/24,

n=0

for the Heisenberg VOA M commutation relations

with modes
[a(m),a(n)]=ms,
1

20 (@)= for n(e) =0 T(1-)

77(7) N>l

7.2. Genus One Twisted Graded Dimension

We define the genus one partition function for the VOSA
by the supertrace
1 1

Z\(,l) (r)=STs, [qL(o)—MJ T, (GQL(O)_MJ

s al Y
:q # l_q 2 5
o)

where ou =™y

More generally, we can construct a og -twisted mod-
ule M, for any automorphism g=e’*” ) generated
by the Heisenberg state a<V,. We introduce the second
automorphism h=¢e*"**" and define the orbifold
og -twisted trace by

h 1
Z\(,l) |:g}(q) =STr, [th(O) 24 ]’

to find for 0 =e>"",

<o

g
= q(ﬁ+l/2)2/2-1/241—[ (1 _ 6,—1q|—,8—1 )(1 _ 9q|+ﬁ )

1>1
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7.3. Genus One Fermionic One-Point Functions

Each orbifold 1-point function can found from a general-
ized Zhu reduction formulas as a determinant.
Theorem 13 (Mason-Tuite-Z) For a Fock vector

Y[k =y [k ]y [k Jy [ ] [Ha L

20) B}(‘P[k,l],q) - det(C[ZDZ\(}) B}(Q),

g

wherefor i,j=1,2,---,n

Lo

7.4. Genus One n-Point Functions for VOA

In general, we can define the genus one orbifold n-point
function for v,,---,v, €V by

z{) {h}((vl,zl)»-w(vmzw);Q) =STi,, (hY(Vp%)---Y(vn,zq)quo)'zl“}

:Z\SI)[S}(Y[VUZl]'Y[Vz’22]'"Y[Vn’zn]'1’q)

Every orbifold n-point function can be computed using
generalized Zhu reduction formulas in terms of a deter-
minant with entries arising from the basic 2-point func-
tion for ",y [19].

7.5. Zhu Reduction Formula

To reduce an n+1-point function to a sum of n-point
functions we need:
The supertrace property

STr(AB) = p(A B)STr(BA),
p(AB)=(-1)"""%,

Borcherds commutation formula:

[a(m¥(6.0]- 3, 7 (a(ip) 2

expansions for B, -functions:

F{ﬂ(a—zpr)
-zl oenaa

=7, k1>

R m(zﬂ)z((—l)k y e

k —1)! nzial-67'q"

Theorem 14 (Mason-Tuite-Z) For any v,,---,v, €V
we have

n o
Z(])(V,Vl,"‘Vn;Z') ZZZPL..,,HPmH |:¢:|(Z_Zrar)z(]) (Vl,---,V[m]Vr,'”,Vn;T)

r=1m=0

+0

where Pa..5, isgiven by

1 for r =1
P(ABB._)= (1) PALPE) 005 )]

for r >1.

h

1)
2,

Theorem 15 (Mason-Tuite-Z)

z{) [;}((vpzl),-w(vn,zn);q) = det M2 m(q)-

Theorem 16 (Mason-Tuite-Z) For n Fock vectors

Copyright © 2013 SciRes.

}((‘/’+=Zl)»('/"azz);q)= Hm(zl —ZZ,Q)ZS)[h}(q).

(0
9’1;¢’1STF[O(V)YM (qlL(O)Vl s q1 ) .. 'YM (qu;(O)Vn’ qn ) qL 0 24 ]’

7.6. General Genus One Fermionic n-Point
Functions

The generating two-point function (for (6,¢)#(1,1)) is
given by

g

and
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for k@ =k®,. k¥ and 1 =1, 11 with

a=1,---,n. Then for (6,4)=(1,1) the corresponding
n -point functions are non-vanishing provided

M-

(Sa_ta)zo’

Q
i

and

R
:gdetM-ZS)B}(T),

where ¢ is certain parity factor. Here M is the block
matrix

with

f
Z('){ 1}(u,zz;vl,x1;~--;vn,xn;U,zl;r)

9

= STrV(,gl ( fly (q'z‘;gz (O)U, q,, )Y (qlL(O)Vl Neh ) ..

where q=exp(2nir), g =exp(X), qu:exp(Zj),
j=12; 1<k<n, for variables x,---,X, associated to

the local coordinates on the torus, and U is dual for u
with respect to the invariant form on V, . The super-

(i, j):C[e}(Iﬁ(a),lj(a),r), (1<i<s,l<j<t,),

for s,,t, 21 with 1<a<n and

. 01/ (a _ _
D) (i, )= DLIJ(K( >,|§b>,f,zab),(1g| <s, 1< j<t),

for s,t,>1 with 1<ab<n and a#b. ¢ is the
sign of the permutation associated with the reordering of
w* to the alternating ordering.

Furthermore, the n-point function is an analytic func-
tion in z, and converges absolutelr and uniformly on

compact subsets of the domain |q| <9, |< 1.

7.7. Torus Intertwined n-Point Functions

As in ordinary (non-intertwined) case [2,19,20,24-29] we
construct in [4] the partition and n -point functions
[30-39] for vertex operator algebra modules.

Let g, f;, i=L2 be VOSA V automorphisms
commuting with ov= (—l)p(v) v. For ueV, and the
states V,,---,V, €V we define the intertwined n-point
function [4] on the torus by

L 100 o (0)
Y(qu;(O)Vnsqn)y(qzl 9 u,qz1 qu gl(O) C/24j’

trace overa V -module N is defined by
STry (X)=Try (oX).

For an element ueV,, ~of a VOSA (¢ -twisted
V -module we introduce also the differential form

f
.7_—(1){ 1:|(U,ZZ;V1,X1;"';Vn:Xn;U7ZI;T)

9

1
associated to the torus intertwined n -point function.
7.8. Torus Intertwined Two-Point Function

®2
The rank two free fermionic VOSA V ( H,Z +%j ,[10]

is generated by ™ with
[v M),y ()] =6, o[ v M)y ()] =0,
[v (m).y (m)]=0.

Copyright © 2013 SciRes.

f o
z" {gl }(u, 2,5V X573V, %30, 25 7) dzo 1z I Tax ),

i=1

The rank two free fermion VOSA intertwined torus

n -point function is parameterized by 6, =—e WA |

¢ =—" and ¢, =—e """, [2, 4] where

O'fl — eZniﬂla(O)’ Ugl — e—Znian(O)’ O_gz _ e21ti7ca(0)’
for real valued o, B, x, (6,,¢)#(1.1).
For uzl®e"5e"evagz and v =1, i=1,--,n

we obtain [4] the basic intertwined two-point function on
the torus
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7 { f }(CK, z;e™", Zl;r) = STrVJg] ( fly(qztz(o)eK, o, )y(q;(O)e_K’ q, )qL,,g] (0)-¢/24 )

9

We then consider the differential form

f f :
Qﬁ‘)[gl}(xpyl, Xy V) = F ){gl}(ek,mwﬂxl;w',yl;--~;w+,xn;w‘,yn;e'K,O;r),
1 1

associated to the torus intertwined 2n -point function

7 fi Wt Xew Voeeewt X w L Voce 0
g € 9 al// > 1al// 3y19 al// aXnal// 3ynae > 9‘[ )
1

with alternatively inserted n states w* and n states
v~ distributed on the resulting genus two Riemann sur-

face = at points X,V 62(2),i=1,~--,n. We then

prove in [4].

Theorem 17 (Tuite-Z) For the rank two free fermion
vertex operator superalgebra V and for (6,4)=(1,1)
the generating formis given by

f
(X,,yl,---,xn,yn):Z“){gl}(e”,vwe”“,O;r)detSS),
1

gl fi

"o
1

z" 1(e",V\r,e"(,O;r)z
L9

is the basic intertwined two-point function on the torus,
and nxn-matrix

6 o
0 :{Sil{aﬁj(&’yjk’w)} i,j=1--n,

with elements given by parts of the Szego kernel.
8. Genus Two Partition and n-Point
Functions

8.1. Genus Two Partition Function in
& -Formalism

We define the genus two partition function in the earlier

sewing scheme in terms of data coming from the two tori,

namely the set of 1-point functions Z\(,l)(u,‘[a) for all
ueV . We assume that V has a nondegenerate invari-
ant bilinear form—the Li-Zamolodchikov metric. Define

Z\/ (TDTZ’ ) 25 ZZ\/ (u Tl) (u 72)

n=0 UEV[n]

The inner sum is taken over any basis and U is dual
to U wrtto the Li-Zamolodchikov metric.

8.2. Genus Two Partition Function for the
Heisenberg VOA

(2)

We can compute Zj,’ using a combinatorial-graphical

Copyright © 2013 SciRes.

technique based on the explicit Fock basis and recalling
the infinite matrices A, A .

Theorem 18 (Mason-Tuite) a) The genus two
partition function for the rank one Heisenberg VOA is

Z,(V,Z)(rl,z'z,g)= (det( A'A&)) ]/2

1
77(71)77(72)
b) z{(,7,,¢) is holomorphic on the domain
D¢
c) Zﬁ,f)(r,,rz,g)z is automorphic of weight —1;

d) 2 (z,,7,,¢) hasaninfinite product formula

8.3. Genus Two Fermionic Partition Function

Following the definition for the bosonic VOA we define
for h, g,

h
Z(2)|: :|(q1,q2,6‘)

g
[2Jowr o

=Xy
EZ ue\/[m]

The inner sum is taken over any V; . basisand U is

dual to u with respect to the Li-Zamolodchikov square
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h,

bracket metric. Z. {g }(u,qa) is the genus one orbi-

a
fold I-point function. Recall that the non-zero 1-point
functions arise for Fock vectors

¥k,
=y [Hkly [y [ ] vt [Ha
such that
m=wt¥[k,I]=2 . (k+|+1),
h

o[Jrea-a(de o

The Li-Zamolodchikov metric dual to the Fock vector
is
Y[k, []=(-1)"P[1,k].
Recalling the infinite matrix Q we find

Theorem 19 (Tuite-Z)
a) The genus two orbifold partition function is

_ Za{h }(QI)Z(I) {g}(quet(l -Q);

9 2

h
b) z“{g}(ql,qz,g) is holomorphic on the domain
D*;
h
0) Z(Z){g}(ql,qz,g) has natural modular properties

under theactionof G.

8.4. Genus Two Partition and »n-Point
Functions in p -Formalism

Let f,,i=12 be automorphisms, and Vg, De twisted
V -modules of a vertex operator superalgebra V . For

PATIEID & ez with |Xk|2|,o|/r2 and |Xk —W|2|p|/r1 s
k=1,---,n, we define the genus two n-point function
[4] in the p -formalism by

f f
Z(z)b}(vl,&;---;vn,xn;r,w,p)=Z > ka“{g‘}(u,m 25V, X505V, % U, 257),
1

kZOUEVO.gz [k]

where (f,g)= (( f).(9 )), where f (respectively g)

denotes the pair f,, f, (respectively g,, 0,). The
sum is taken over any V,_, -basis.

In particular, we introduce the genus two partition
function

f f
Z(2)|:g:|(,r,w,p): Z Z(1)|: 1:|(U,W; fZU,O;T),

UEV(rgz gl

f _
where Z(l)[gl}(u,w, fzu,O;r) is the genus one inter-
1

- B}(Vv”"vn;@w’p) = Z(z){

9. Generalizations of Classical Identities
9.1. Bosonization
The genus one orbifold partition function can be alterna-

tively computed by decomposing the VOSA into

q(ﬂ,ﬂ)/2

20 (e 26 300) -

Copyright © 2013 SciRes.

twined two point function.

Remark 1 We can generalize the genus two n-point
function by introducing and computing the differential
form associated to the torus n -point function containing
several intertwining operators in the supertrace as well
as corresponding genustwo n -paint functions.

Similar to the ordinary genus two case [2], we define
the differential form [4] associated to the n-point func-
tion on a sewn genus two Riemann surface for v, eV
and x ex?, i=1--,n with

XI2lel/r, s % —wizel/n.

}(Vl,xl;---;vn,Xn;T,W,p)Hd)qm[v'].

i=1

Heisenberg modules M ®e™ indexed by a(0) integer

eigenvalues m , i.e, a Z lattice [26]. Let

a0, €L be lattice elements of the rank one even

lattice, o, +---+a,=0,and &(a,a’)-cocycle. Then
Theorem 20 (Tuite-Mason)

7(7) lgne((/’ﬂr)zr) I1 g(aiaaj)K(l)(ajaf)(aisaj).

1<i<j<n

AM



A.ZUEVSKY 47

Then ther genus one twisted partition function is given by

g

meZ

2P g e [o T

1
2ri(a+1/2)(p+1/2) B +E

= 3

n(r)

Comparing to the fermionic product formula we obtain
the classical Jacobi triple product formula:

[T(1-a")(1+2™")(1+2'q")

n>0

— szqm(m—l)/z.

meZ

9.2. Genus Two Jacobi Triple Product Formula

The genus two partition function can similarly be com-
puted in the bosonized formalism to obtain a genus two
version of the Jacobi triple product formula for the genus
two Riemann theta function [19]

h
Z(Z){g}(ql,qz,g)

a
= @(2) |:b:|(Q(2))Z’(\j) (qltqZD‘g)’

for an appropriate character valued genus two Riemann
theta function

inm+a-(2)-m+a+ mi(m+a)-
= 3 gmael maan(miay

meZ?

Comparing with the fermionic result we thus find that

Ggq)’h(fs;saznszisazésr)

M=

1
mi(a+ + —-p+=
R B+3 [

n(7) LN
2

Comparing this to fermionic expressions for
(6,¢)#(1,1). we obtain the classical Frobenius elliptic

function version of generalized Fay’s trisecant identity

Copyright © 2013 SciRes.

(Z _ Z),TJ I<i<j<n

2 ),

a+—

2

on Df

ZNTRE
= det(1 -AA )" det(1 -Q).

9.3. Fay’s Trisecant Identity
Recall Fay’s trisecant identity [21]

0(x-t)0(y-2)
W9(§)9(§+ y—x+2z-t)

+¢9(z—t)9(y—x)
0(z—x)0(y-t)
=0(&+z2-1)0(E+y—X),

for x,y,zteX, £eJ, where J is the Jacobian of

O(E+z-x)0(E+y-t)

the curve.

9.4. Bosonized Generating Function and
Trisecant Identity

In a similar fashion we can compute the general 2n-
generating function Géln)’h in the bosonic setting to
obtain:

Theorem 21 (Mason-Tuite-Z)

I K(')(; —zj,r)K(‘)<zi’—z},r)

[21]:
Corollary 1 (Mason-Tuite-Z) For (6,¢)=(1,1). we
have
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_ﬂ + %
90 (Z(Z _Zi’)’rj
I K" (-2.7)K" (27,7
det(P): 1<i<j<n
O(;, _»

_ﬂ+l lg:!;[gnK (Z Zj’T)

g (0, 2')
a+—

9.5. Generalized Fay’s Trisecant Identity the general lattice n-point function. We have [19], For

r S
We may generalize these identities using [26]. Consider integers m,n; >0 satisfying Zm = an , we have

i=1 j=1

Z\(/l)(f;(l@e”‘l’zl),~--(1®e"‘f’zr),(1®e*n|’Z{)’.__’(1®e—ns’zé);z_)

1 ' ’ nn
ey | B [ . ] [T K" (z-z.0)" T K" (z~-7.7)"

X 1<i<ksr I<j<l<s
n(7) ol

H KO (; _ Z} ’T)m”i

2 I<i<r,I<j<s

Comparing this to the expression for n-point func- Corollary 2 (Mason-Tuite-Z) For (6,¢)=(1,1). we
tions we obtain a new elliptic generalization of Fay’s have

trisecant identity:

Pl
) [Zmzi -Snz 7]
17 n
P NE = [T X"z -2.0)" 1 K"(z-7.7) n
det(M )_ 2 i<k 1<j<l<s
D)™ .
1 (1) ;o\,
(1) _ﬁ+5 1<i<:!_1]<:j<sK (Z| _Zj’T)
3 0, T
21(0.7)
a+—
Here M, is the block matrix 10. Genus Two Intertwined Partition and
n (19) n-Point Functions
D ... D
Mo=| . . In [4] we then prove:
P ('”) ’ ('rs) ’ Theorem 22 (Tuite-Z) Let V, .,i=12 be og -
b D twisted V -modules for the rank two free fermion vertex
with D'® the m, xn, matrix operator superalgebra V . Let (6,¢)#(1,1). Then the

@) [ o1 ) partition function on a genus two Riemann surface

D™(i,j)=D p (i,j.7.2,-2), obtained in the p -self-sewing formalism of the torus is

. . a non-vanishing holomorphic function on D” given by
(Ii<sm,1<j<n),

f
for 1<a<r and 1<b<s, and D -functions are Z(z){ }(T,W,P)
given by the expansion 9
o o f
F{[ }(z+zl—22,r): ZD{ }(k,l,z)zl"‘lz'z‘l. :Z“){ 1}(e",w,e"(,O;r)b(/c)det(l—T),
@ ke Lo g

Copyright © 2013 SciRes. AM
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f . .
where Z(l){ '}(e",w,ek,o;r) is the intertwined V -
9
module V_, torus basic two-point function, and b(x)
is some function.
We may similarly compute the genus two partition
function in the p -formalism for the original rank one

fermion VOSA V(H,Z+%) in which case we can

only construct a o -twisted module. Then we have [4]
the following:

Corollary 3 (Tuite-Z) Let V be the rank one free
fermion vertex operator superalgebraand f,,g, €{c,1},
a=1,2, be automorphisms. Then the partition function
for V -module V,, on a genus two Riemann surface
obtained from p formalism of a self-sewn torus x0
isgiven by

f
VAR { g}(ra w, p)

f
=z [gl}(ek,vv,e’“,o;r)det(l -T)",

1

where z0)

rank1

f
{g‘}(ek,w,e"‘,o;r) is the rank one fer-

1
mion intertwined partition function on the original torus.

10.1. Genus Two Generating Form

In [4] we define matrices

Y =(87(xy))) 8 =(s (%))

H=((h(x)) (k). H=((R(%))(15))

S® and SS) are finite matrices indexed by X, Y,
for i,j=1---,n; H" is semi-infinite with n rows
indexed by X and columns indexed by k=1 and
a=12 and H™ is semi-infinite with rows indexed by
I>1 and b=1,2 and with n columns indexed by
y; - We then prove

Lemma 2 (Tuite-Z)

T

(1) N
de{i"_ 5';' 3 }zdets(z)det(l—'r),
with T, D*.

Introduce the differential form

f
gr52)|:g:|(xlsyls"'9xn: yn)

:f(Z)|:;:|(l//+’l//_""’V/+’V/_;T’W’p)’

associated to the rank two free fermion VOSA genus two

Copyright © 2013 SciRes.

2n -point function
f N _ + -
z(z{g}(w XYY X Y T W),

with alternatively inserted n states w* and n states
w . The states are distributed on the genus two Riemann
surface =2 at points X,V € 2(2), i=1,---,n. Then we
have

Theorem 23 (Tuite-Z) All n-point functions for rank
two free fermion VOSA twisted modules V,, on
self-sewn torus are generated by the differential form

f
gr(]2)|:g:|(x17 yla"':Xn’ yn)

f
-z? L}}(r, W, p)det s?),

wher e the elements of the matrix
o
s :{5(2)[ } X,V T,W}’ i,j=L--,n
¢ ( J| )

f

and Z(z)[ }(r,w, p) is the genus two partition func-
g

tion.

10.2. Modular Invariance Properties of
Intertwined Functions

Following the ordinary case [20,27,40] we would like to
describe modular properties of genus two “intertwined”
partition and n-point generating functions. As in [27],
consider H < $(4,Z) with elements

100 b
alb c
“@Be)=l o oy
000 I

N

H is generated by A=x(1,0,0), B=x(0,1,0)
and C=x(0,0,1) with relations
[AB]JC? =[AC]=[B,C]=1.

We also define T, « $(4,Z) where I'j = SL(2,Z)
with elements

a 0 b 0
01 0 O
= , ad —-bc =1.
7 ¢ 0 d 0 ad, —hc
0 0 0 1

Together these groups generate
L=HxT, c 9(4,2).

From [27] we find that L acts on the domain D’ of
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as follows:

u(ab,c)-(z,w,p) =(z,w+2miar + 2xib, p),

ar+b w Yol
'T’W’ = s s .
) £w+dl Grrd (Wdy]

z“)[fl}
9
with the standard action y,-7 and p,-w,and
fil_| o
)/1 gl f]cl ldl B

f
and the torus multiplier es){ 1:|€U (1), [1,19]. Then

9

we have [4]
Theorem 24 (Tuite-Z) The torus intertwined two-
point function for the rank two free fermion VOSA is a

f, f, f,

A f, _ f, f:O' B f, _
g, 99,0 9
9, 9, 9,

In a similar way we may introduce the action of
y € L on the genus two partition function [4]

i
= z(z)[y-{;D%(nW»P),

7(z.w, p)

il | far
f, f,
Vi =1 s
1 g fll ldl
9, 9,

We may now describe the modular invariance of the
genus two partition function for the rank two free fer-
mion VOSA under the action of L. Define a genus two

f

multiplier 652)[ :|€U (l) for yeL in terms of the
g

genus one multiplier as follows

o[-t
9 "La

for the generator 7, € I'; . We then find [4].
Theorem 25 (Tuite-Z) The genus two partition func-
tion for the rank two VOSA is modular invariant with re-

Copyright © 2013 SciRes.

7 (Uwv,0;7) = z (7/l {

We then define [4] a group action of y, € SL(2,Z)
on the torus intertwined two-point function

zW { f }(u,w,v,o;r)

9

for u,veV,:

f
1j|}(us7/| W;Vsoayl 'T)s

9

modular form (up to multiplier) with respectto L

Z() { f1:|
9

f U+ +K2 f
:ef){ 1}(clr+d1)Wt " Z(l){ 1}(u,w,v,o;r),
! 9,

yl(unW;VnO;T)

where u,veV, .
The action of the generators A, B and C is given

by [1]

fg,0 f, f,
f,0,0 C f, _ f,0,0
g g 9
g, g, 9,

spectto L withthe multiplier system, i.e.,

o omare e[ [fono

g

Finally, we can also obtain modular invariance for the
generating form

f
gr£2)|:g:|(xpy17""xn7 yn)a

for all genus two n-point functions [4].

f
Theorem 26 (Tuite-Z) gy{g}(xl,yl,...,xn,yn),

is modular invariant with respect to L with a multip-
lier.
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