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ABSTRACT

The uniqueness theorem of time-harmonic electromagnetic fields, which is the theoretical basis of boundary value
problem (BVP) of electromagnetic fields, is reviewed. So far there are many versions of the statements and proofs on
the theorem. However, there exist some limitations and lack of strictness in these versions, for instance, the discussion
of the uniqueness of solution without considering the existence of solution and the lack of strictness in the case of loss-
less medium. In contrast with the traditional statements and proofs, this paper introduces some important conclusions
on operator equation from modern theory of partial differential equation (PDE) and attempts to solve the problems on
the existence and uniqueness of the solution to operator equation which is derived from Maxwell’s equations of
time-harmonic electromagnetic fields. This method provides a novel and rigorous approach to discuss and solve the
existence and uniqueness of the solution to time- harmonic fields in the new mathematical framework. Some important
conclusions are presented.

Keywords: Time-Harmonic Fields, The Existence and Uniqueness of Solution, the Case of Lossless Medium, Operator
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1. Introduction

In the electromagnetics it has important significance to
research time-harmonic electromagnetic fields. On one
hand, most fields appeared in practical engineering prob-
lems have harmonic time variation and we can solve
these engineering problems directly through researching
time-harmonic fields. On the other hand, time-varying
fields can be transformed into the superposition of
time-harmonic fields with the Fourier series or Fourier
transform [1,2]. Therefore, a thorough understanding and
discussion on the existence and uniqueness of the solu-
tion to time-harmonic electromagnetic fields are impor-
tant in the study of all electromagnetic fields and elec-
tromagnetic wave phenomena.

The necessity and importance of the uniqueness theo-
rem consist in that if the appropriate initial-boundary
value conditions of Maxwell’s equations are given, then
the solution is determined uniquely. So regardless of the
method by which the equations are solved, the same solu-
tion will be obtained. Recently, the issue on the unique-
ness has aroused much concern [3-9]. In this paper we
mainly deal with the existence and uniqueness of the so-
lution for time-harmonic electromagnetic fields. Firstly,
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this paper quotes some most influential versions of the
uniqueness theorem of traditional time-harmonic elec-
tromagnetic fields theory and presents their proof method.
Secondly, we point out the limitations and lack of strict-
ness of traditional theory and make a result that the tradi-
tional theory has not yet solved the existence and
uniqueness of the solution completely. Moreover, we cite
the proof of existence and uniqueness of the weak solu-
tion to 0-Dirichlet problem of the Poisson equation as an
example to indicate that it is a rigorous method adopting
functional theory to discuss the existence and uniqueness
of the solution to PDE. Finally, we introduce a novel
consideration of the operator equation based on the mod-
ern theory of PDE, derive the operator equations of the
time-harmonic electromagnetic fields from Maxwell
equations, point out the substaintial difficulty in the
process of proving the existence and uniqueness of the
solutions and present some important conclusions.

2. The Statements and Proof Method of
Traditional Theory

Maxwell’s equations for time-harmonic fields are

VxH(r)=J(r)+ joD(r) (1.1)
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14 On the Uniqueness Theorem of Time-Harmonic Electromagnetic Fields

VxE(r) =—joB(r) (1.2)

VeD(r) = p(r) (1.3)

VeB(r)=0 (1.4)
The electric current continuity equation is

Ve (r)=—jap(r) (1.5)

where E(F) is called the electric field intensity (V/m),
ﬁ(?) the magnetic field intensity (A/m), B(F) the
electric displacement or electric flux intensity (C/m?),
E(F) the magnetic induction or magnetic flux intensity
(Wb/m?), j(?) the electric current density (A/m®) and
p(F) the electric charge density (C/m’).

There are many versions of the statements and proofs
of the uniqueness theorem of time-harmonic fields in
classical monographs and literatures. One of the most
well known versions is cited as follows with the form of
proposition.

Proposition 1. Uniqueness theorem of time-harmonic
fields in simple connected domain

For the time-harmonic fields, considering a simply
connected domain V bounded by closed surface S, the
medium is isotropic and linear, where both V and S con-
tain only ordinary points. The solution satisfied Max-
well’s Equations (1) and its boundary conditions must be
unique if the following items are specified: (1) the
sources density within V, that is, current density distribu-
tion J and equivalent magnetic current density distri-
bution Jm; and (2.1) the tangential components of the
electric field or the tangential components of the mag-
netic field over whole boundary surface S or (2.2) tan-
gential electric field over part of the surface S and tan-
gential magnetic field over the remainder of S.

For the proof of Proposition 1, almost all the mono-
graphs and literatures adopt the method which belongs to
a kind of “energy integrals” method [10]. Through con-
structing an expression of “energy integrals” based on
Poynting theorem or Maxwell’s equations, the “energy
integrals” method has been applied to the proof of
uniqueness theorem of the time-varying fields [11].

The proof of Proposition 1 under the assumption that
the medium is lossy can be seen in [2,12-15]. For the case
of a domain with complicated boundary, the entire do-
main can be divided into a number of sub-domain and
make every sub-domain correspond with the simply
boundary. So the multiply connected domain can be ana-
lyzed by decomposing it into the union of simply con-
nected domain. The statements and proof can be seen in
[2,14].

It is assumed that medium is isotropic, linear and
sources are located inside domain V in Proposition 1. In
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fact, it can be generalized to the case of anisotropic me-
dium and sources located outside domain V. For simpli-
fication, the isotropy and linear medium is discussed in
this paper and the argument in linear anisotropic medium
is similar.

3. Deficiency of the Traditional Theory

There exist some incompleteness in Proposition 1 and we
explain it as follows.

3.1. Existence of the Solution Has not been
Proved Rigorously

For the proof of uniqueness, traditional theory implies a
physical judgment or premise that the solution must exist.
It does not prove the existence of the solution and merely
states that if a solution exists for given BVP then the so-
lution is the only solution. However, it has been con-
firmed that the solution of many PDE do not exist really.
For some equations if we assume the existence of the
solution and construct the form of the difference solution,
we can formally “obtain” the proof of the uniqueness.
Obviously, the treatment is meaningless because the so-
lution may not exist. For example, H. Lewy [16] pro-
vided an equation as follows:

u +iu +2(ix—y)u, = f(x,y,t) in Q (2

where Q is a set satisfied X’ +y*<a, [t|<b,aandb
are arbitrary fixed positive number. Under the premise
about existence of the solution of Equation (2) we can
“obtain” the uniqueness of the solution by using reduc-
tion to absurdity. However, in fact there exists a function

feC”(Q) (C*(Q)= ﬁ C™ () such that Equation (2)
m=0

has no solution in C'(Q). Since a and b are arbitrary,
Equation (2) has no solution in set

2, ={(X,y,t)e E3|X2+y2+t2 < rz} forall r>0.

Detailed discussion of Equation (2) can be seen in [17].

In the sense of physics, the solution of practical elec-
tromagnetic BVP always exists. However, it does not
mean that mathematical equations derived from the prac-
tical BVP must have a solution and the solution is unique.
The existence of the solution still needs a rigorous
mathematical proof and the judgment of physical concept
is insufficient. Consequently, it is absolutely necessary
and important to describe the reasonableness of mathe-
matical model and prove the existence of the solution
rigorously.

3.2. The Lossless Case has not been Really Solved

In the process of the traditional proof on Proposition 1,
lossy medium is assumed, that is, at least one of conduc-
tion loss, polarization loss and magnetization loss is not
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On the Uniqueness Theorem of Time-Harmonic Electromagnetic Fields 15

equal to zero. The field in a lossless medium is treated as
the limit of the corresponding field in a lossy medium
when the dissipation approaches to zero. In sense of
mathematics this treatment is not rigorous because the
validation in the case of a parameter approaching zero
does not guarantee the validation in the case of the pa-
rameter at the point of zero.

The proofs on the uniqueness theorem in lossless me-
dium appeared in many books and literatures such as [2]
[14] are only an interpretation based on the assumption
that the case in lossless medium has been validated. The
discussion on uniqueness theorem in lossless medium is
avoided in [15], which write “The proof of the theorem
hinges on the assumption that the permittivity and the
permeability of the medium have a small imaginary part.
Assume the medium is slightly lossy.” Similarly, [18,19]
have not made a definite conclusion and proof on the
lossless case. Pozar in [20] considers that the solution for
the lossless medium may be not unique unless the dissi-
pation of medium is added. Hence, traditional theory has
not given the proof of the uniqueness theorem in lossless
medium strictly, which is a long-neglected problem. It is
to be confirmed and proved whether there exists the
uniqueness theorem in lossless medium.

For the final settlement of the problem this paper at-
tempts to analyze the existence and uniqueness of the
solution of time-harmonic fields by using related theory
of functional analysis and PDE, offer a new kind of
statement and proof method including considering of the
existence.

4. Theory and Application of Functional
Analysis to PDE

Time domain wave equation and frequency domain wave
equation (Helmholtz equation) in electromagnetic fields
belong to hyperbolic equation and elliptic equation, re-
spectively. Obviously, PDE is a kind of operator equation.
We will give a very famous example in which 0-Dirichlet
BVP of Poisson equation is analyzed successfully to il-
lustrate the application of functional analysis to the prob-
lem on the existence and uniqueness of the solution of
operator equation.

Historically, the 0-Dirichlet BVP of Poisson equation
V?u=—f had been calculated directly for a long time.
However, there exist great difficulties in proving the
universality of the existence of the solution. After
long-time endeavor, the idea is changed into the present
method, that is, the weak solution of the equation is
sought firstly, then its existence and uniqueness is proved,
and finally its smoothness is determined. Thus, the fol-
lowing theorem is obtained.

Theorem 1. Consider the 0-Dirichlet BVP of Poisson
equation
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Viu=-f (in Q) (3.1

=0 (3.2)

vfel® (Q) , the equation must have a unique week so-
lution, where Q< R" is a bounded open domain,
L’ (Q) represents quadratic integrable function space.

The definition of weak solution of Poisson equation
(3.1), (3.2) is given in [21]. The Poincare inequality and
Riesz representation theorem are used to prove the exis-
tence of weak solutions and reduction to absurdity is used
to obtain the uniqueness of the solution [21]. Hence, the
proof of Theorem 1, which is based on the theory of
functional analysis, is rigorous.

Such mathematical method has become a basic re-
search method in modern theory of PDE. As an indis-
pensable tool in modern theory of PDE, functional analy-
sis provides an important idea and model for solving the
existence and uniqueness of time harmonic electromag-
netic fields solutions.

For convenience of the discussion to operator equation,
we cite some related definitions and important theorems
in functional analysis ([21-25]) as follows.

Lemma 1. (Riesz representation theorem) For any
bounded linear functional f defined in a Hilbert space H,
there exists unique Yy, € H such that f X):(X,yf)
and ||f||:||yf|| for every xe H , where ||ﬁ| represents
a norm. Contrarily, for any y; € H, a bounded linear
functional f can be defined in terms of f(x)=(x,y,),
and furthermore, || f || = "yf ” holds (see [21,22,25]).

Riesz representation theorem indicates that a continu-
ous linear functional can always be represented by an
inner product.

Definition 1. Assume a(u,v) is a bilinear functional
defined in Hilbert space H,

1) a(u,v) is called symmetrical if Vu, ve H such
that a(u,v)=a(v,u) ; a(u,v) is called conjugate
symmetrical if Vu, ve H suchthat a(u,v)=a(v,u).

2) a(u,v) is called bounded if 3 M >0 such that
|a(u,v)| <M -Jull M| (Yu, veH ).

3) a(u,v) is called weakly coercive if 3 >0
such that |a(u,v)| > 5||u||i forany ueH .

4) a(u,v) is called coercive or positive definite if 3
6>0 suchthat a(u,v)> 5||u||2H forany ueH .

Definition 2. Assume A is a linear operator defined in
Hilbert space X,

1) A is called self-conjugate or self-adjoint operator in
X if conjugate operator A" of Aexistsand A= A",

2) A is called symmetric operator in X if
(Au,v)=(u,Av) forany u,veX .

3) A is called weakly coercive operator in X if 3
¢>0 such that |(Au,u)| > C||u||2 forany ue X .

4) A is called positive definite operator in X if 3
¢>0 suchthat (Au,u)> C||u||2 forany ue X .

u
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16 On the Uniqueness Theorem of Time-Harmonic Electromagnetic Fields

The above definitions still apply when D(A) (the
definition domain of operator A) is a dense linear sub-
space of X,

Lemma 2. (The Lax-Milgram theorem [22]) Assume
a(u,v) is a bounded, coercive and conjugate bilinear
functional defined in a Hilbert space H, then there must
exist a unique continuous linear operator AeL(H)
such that a(u,v)=(u,Av) (Vu, veH ). Furthermore,
"A’l"H <1/5, where & is positive number.

The Lax-Milgram theorem indicates that the bilinear
functional satisfied specific characteristic can constitute a
linear operator with continuous inverse. The generalized
Lax-Milgram theorem can be obtained when the coercive
condition becomes the weak coercive condition [21].

5. Modern Theory of Operator Equation in
PDE

The proof of the existence and uniqueness theorem of the
solution to operator equation will be realized through the
following steps.

5.1. The Existence and Uniqueness of the Solution
to Variational Equation as Well as Its
Relation with Corresponding
Variational Problem

Theorem 2. Assume U is a closed convex subset of real
Hilbert space H. If a(u,v) defined in U is a bounded,
coercive and bilinear functional, then for any f eH”
(H" is a conjugate space of H, for Hilbert space
H" = H ) there must exist unique ueU such that

a(u,v)=(f,v) (vveH)

and u is the solution of the following variational problem

I(u)=Minl(v)= Min(%a(v,v)—( f v)j 4.2)

veH veH

@.1)

Furthermore, the solution of variational problem is also
unique (see [22,25-27]).

If the “bilinear functional” condition of Theorem 2 is
changed into the “conjugate bilinear functional” condi-
tion, then the conclusions of Theorem 2 still hold for a
complex Hilbert space, except that the expression of (4.2)
is changed into the corresponding expression:

.1
I(u)= l)/EILnE(a(v,v)—(f,v)—(v, f)).

The coercive condition plays a very crucial role in the
proof of Theorem 2 because it guarantees the existence
and convergence of minimization sequence which is con-
structed in the proof. The completeness of space U en-
sures that U €U is the limit of the sequence. Meanwhile,
the symmetric condition guarantees that the minimum
expression of functional has the meaning of existence.
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If coercive condition in Theorem 2 is weakened into
weak coercive condition, then the following theorem is
obtained.

Theorem 3 ([27]). Assume U is a closed convex sub-
set of real Hilbert space H. If a(u,v) defined in U is a
bounded, weak coercive and bilinear functional, then for
any feH" there must exist unique ueU such that
a(u,v)=(f,v) (vveH) and u make the first order
variation of functional 1(v) equal to zero, where
I(v)=1/2a(v,v)—(f,v).

If the “bilinear functional” condition of Theorem 3 is
changed into the “conjugate bilinear functional” condi-
tion, then the conclusions of Theorem 3 still hold for a
complex Hilbert space, only the corresponding expres-
sion of variational problem becomes

I(v)=1/2(a(v.v)—(f.v)-(v.f)).

5.2. The Existence and Uniqueness of the Solution
of Weak Form of Operator Equations as
Well as Its Relation with Corresponding
Variational Problems

Theorem 2 and 3 have established the existence and
uniqueness theorem of the solution to variational equa-
tions and indicated the only solution can be obtained by
solving its corresponding variational problems. Accord-
ing to the relation between bilinear functional and linear
operator, which can be found from Lemma 2, the exis-
tence and uniqueness theorem of the solution to weak
form of operator equation can be obtained as follows.

Theorem 4. If A defined in a Hilbert space X is a linear,
continuous and positive definite operator, then for any
f e H™ there must exist unique U e X such that

(Auv)=(f,v) (vveX) (5.1

and U is the solution of the following variational problem

. (1
I(u)= Iyellxn I(v)= M'xn(E(AV’V)_(f’V)j (5.2)

Theorem 4 can be derived from Theorem 2 and its de-
tailed proof can be seen in [22,25-27]. Equation (5.1) is
called the weak form of operator equation Au=f be-
cause compared with the original operator equation, Eq.
(5.1) weaken the requirements to U. Theorem 4 can be
generalized to the case of complex Hilbert space, except
that the expression of corresponding variational problem
becomes

.1
I(u)=MLnE((Av,v)—(f,v)—(v,f)) (5.3)
Clearly, positive definite operator is a stronger condi-

tion in the practical application. When the weak coercive
condition of A is satisfied, the following theorem will be
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On the Uniqueness Theorem of Time-Harmonic Electromagnetic Fields 17

obtained.

Theorem 5. If A defined in a Hilbert space X is a linear,
continuous and weak coercive operator, then for any
f e H" there must be unique X e X such that

(Ax,v)=(f,v) (VveX) 6.1
and x satisfied 51(x)=0, where
I(x):%((Ax,x)—(f,x)) (6.2)

that is, X make the first order variation of functional
I (x) equal to zero [27].

The proof of Theorem 5 can be realized through taking
advantage of the conclusion of Theorem 3. Theorem 5
can be generalized to the case of complex Hilbert space,
except that the functional expression of corresponding
variational problem becomes

1

|(X)= S ((AxX)=(£.0)(x 1)

5.3. The Existence and Uniqueness Theorem of
Solution to Operator Equation

(6.3)

Let D(A) be a linear dense set in real Hilbert space H
and operator A be mapping from D(A) to H. For sim-
plification, we assume the discussed equation Au = f

belongs to a kind of BVP of differential equation. At this
time operator A is a differential operator and domain
D(A) consists of smooth functions with certain differ-
ential order, which is greater or equal the order of differ-
ential operator. Therefore, the solutions of BVP on linear
set D(A) belong to the common sense solutions. If
BVP have solutions on D(A), then the solutions is
called classical solution of BVP or its equivalent varia-
tional problems. However, in general we can not guaran-
tee the existence of the solution to operator equation or
variational problem. For BVP of Poisson equation in
Theorem 1, if function f has no continuity on bound-
ary 0Q), then the equation has no solution in linear set

D(A)={ueC’(2).ul,, =0} .But, when D(A) s extended

to a linear set of Sobolev space
Hy (Q)={ve ’(Q),Dve ’(Q),v], =0},

at this time the weak form of the original equation on
expended domain always has solutions. Obviously, this
solution is not the solution of the original BVP in the
sense of classical signification and is called a weak solu-
tion of the original equation [28-30]. We will build the
connection between operator equation and variational
problem through the weak form of operator equation and
obtain the existence and uniqueness proposition of op-
erator equation in the sense of weak solution.

Proposition 2 ([25]). Let D(A) be a linear dense set
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in real Hilbert space X and operator A: D(A)— X . For
operator equation

Au=f(ueD(A)) (7.1)

where the definition domain of A can be extended to
space H,, H, is a Hilbert space which is obtained by
completion of D(A) in terms of norm ||, and

||u|| » =+/(Au,u) . If A is a linear, continuous, symmetric
and positive definite operator, then the following conclu-
sions hold.

1) for any f e X" there must exist unique u, € H,
such that

(Aup,v) = (f.v)

and U, is the only solution of the following variational
problem

I(u)=Minl(v)= Min(%(Av,v)—(f,v)j (7.3)

veHp veHp

(WeH,) (7.2)

2) If u, € D(A), then u, is the classical solution of
Equation (7.1). If u, ¢ D(A), then u, is the weak so-
lution of Equation (7.1).

Proof: It can be proved directly by using Theorem 4
and the definition of weak solution directly.

(7.2) corresponds to principle of virtual work and (7.3)
corresponds to energy method.

If the conditions is weakened, the following proposi-
tion will be obtained.

Proposition 3([27]). Let D(A) be a linear dense set
in real Hilbert space X and operator A: D(A)— X . For
operator equation

Au=f (ueD(A) (8.1)

where the domain of A can be extended to space H,. If
A is a linear, continuous, symmetric and weak coercive
operator, then the following conclusions hold.

1) for any f e X~ there must exist unique U, € H,
such that

(Aug,v)=(f,v) (YveH,) (8.2)
and u, satisfied &1 (u,)=0, where
| (u) =5 (Auu)~(f.0) (83)

2) If u, € D(A), then u, is the classical solution of
Equation (11.1). If u, ¢ D(A), then u, is the weak
solution of Equation (8.1).

Proposition 2 and 3 can be generalized to the case of
complex Hilbert space, only need to change the func-
tional expression of corresponding variational problem
(7.3) and (8.3) into (5.3) and (6.3). In Proposition 2 and 3,
symmetry condition guarantees that the values of func-
tional expression must be real and makes the computation
of extreme values feasible. The positive definite or weak
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18 On the Uniqueness Theorem of Time-Harmonic Electromagnetic Fields

coercive condition guarantees the existence of inverse
operator and make the solution of weak form of operator
equation exist.

Proposition 2 and 3 have summarized the existence
and uniqueness theorems of weak solution to operator
equation, moreover, provided a feasible and effective
solving method of operator equation in the view of varia-
tional principle.

6. The Application of Operator Equation
Theory in the Time-Harmonic Fields

Based on the statements above, we can get an idea on the
proof of uniqueness theorem of time-harmonic electro-
magnetic fields. First we should deduce an operator
equation (or weak form of Helmholtz equation and varia-
tional problem) from Maxwell’s equation, then examine
whether the operator is a linear, continuous, symmetric
and positive definite (or weak coercive) operator, finally
by means of Proposition 2 and 3 obtain a conclusion
about it.

In the following we firstly prove the existence and
uniqueness theorem of Poisson equation in the lossless
case in brief, then deduce the weak form of Helmholtz
equation and its variational problem, finally point out the
substaintial issues appeared in the process of proving the
existence and uniqueness of the solution to Helmholtz
equation in the view of modern mathematical theory.

6.1. The Realization on Proof of the Uniqueness
Theorem of Poisson Equation

For simplification we only discuss the scalar Poisson
equation to show the application of Proposition 2 and 3.
The argument in the case of vector Poisson equation is
similar because vector Poisson equation can be decom-
posed into scalar Poisson equation.

Case A: For 0-Dirichlet BVP (u| - = 0) of the Poisson
equation Vu=—f (ueQ, fel’(Q)), which is dis-
cussed in Theorem 1, Let A=-V-V . By specifying the
inner-product (u,v) =IQ uv'dQ, we can verify that op-

erator A is linear, self-adjoint and positive definite. Hence,
in accordance with Proposition 2, we know that both the
solution of BVP of operator Equation (3) and the solution
of the minimum value problem of the corresponding
variational problem J(u)=1/2(Au,u)—(f,u)
uniquely and are equal. So within the region filled with
the isotropic and uniform linear medium and under ho-
mogeneous boundary conditions, the weak solution of
scalar Poisson equation must exist uniquely.

Case B: For Poisson equation with homogeneous and
mixed boundary conditions

exist

Copyright © 2011 SciRes.

-V-(&Vu)=p 9.1
=0 (9.2)

ou
u|Sl =0, g%ﬂ/u S
2

where S =S5, US, is the boundary surface. By specify-
ing inner-product (u,v) = I o uv'dQ, we can easily verify

that if ¢ and y are non-negative and not equal to zero
simultaneity, then operator A=-V-(&V) is self-adjoint
and positive definite. By Proposition 2 the unique weak
solution must exist and it can be obtained by solving the
minimum point of corresponding variational problem.

Case C: For Poisson Equation (9.1) with non-homo-
geneous boundary conditions, the boundary conditions is
specified as follows:

ou
u|Sl =p, e—+yul =q

10
on 5, (10)

Through a transform u'=u-¢, we can get the new
unknown function u’, where ¢ is arbitrary function
which satisfies non-homogeneous boundary conditions
(10). Adopting the definition of inner-product
(u,v) =J'QUV*dQ, operator A=-V-(&V) on variable

u’ becomes a self-adjoint operator and we can write the
functional expression of U by the functional expression of
u’. In terms of the discussion of segment B, we know
that when & and y are real or real function, A is a
self-adjoint operator. So Ju can be written by the rela-
tion between the functional expression of U and the func-
tional expression of U’. By the standard variational prin-
ciple, the extreme point of Ju’ must exist uniquely.
Hence, the extreme point of Ju must exist. When &
and y are real and real function, the weak solution of
Poisson equation with non-homogeneous boundary con-
ditions must exist. Thus, we finally obtain the existence
and uniqueness theorem of the solution to Poisson equa-
tion with non-homogeneous boundary conditions within
region filled with the isotropic and uniform linear medium.

6.2. The Application of Operator Equation
Theory in Helmholtz Equation

As a kind of elliptic PDE, the available conclusions in
[25,26,28,30,31] can not be applied to scalar wave equa-
tion. We will discuss vector wave equation of electric
field by using of Proposition 2 and 3. The argument in
the case of vector wave equation of magnetic field is
similar. Scalar wave equation is a special case of vector
wave equation.

6.2.1. The Functional of Helmholtz Equation with
Homogeneous Boundary Conditions in the
Lossless Case

By two curl Equations (1.1) and (1.2) of Maxwell’s equa-
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On the Uniqueness Theorem of Time-Harmonic Electromagnetic Fields 19

tions we can deduce the double-curl equation of electric
field as follows:

Vx(iVxE]—kggrﬁz—jwﬂoi (11.1)
Hy

As a vector problem, inner-product (ﬁ,\7) = _[Q v dQ

is specified. For the double-curl equation, let
1 2
A=Vx| —Vx|-kje (11.2)
Hy
And we have

( EE) I F '{VX[%VXE]—%&}E:IC{Q (12)

By the second vector Green theorem, (12) is changed
into

(AE,E)=jQE-{VX[iVXE*]—kggrE*}dQ
+§, |:E><(V>< )—E*X(VXE)]ﬁdS

If both E and F satisfy homogeneous Dirichlet bound-
ary condition

(13)

NxE =0 on S, (14.1)
and homogeneous Neumann boundary condition
1~ — aA fn =
—nx(VxE)+ynx(nxE)=0 on S, (142)

Hy

where S =35, US,, then surface integral in (13) is equal
to zero. If g, and y, are real or real function, then (13)
can be written into: (AE,F :(E,AF , that is, A is a
self-adjoint operator. Hence, the self-adjointness of A
defined by (11.2) need the following conditions: 1) ¢,,
4, and y, are real or real function; 2) boundary condi-
tions are homogeneous. With these conditions substitut-
ing (11.2) (11.1) into (7.1) (5.3), we have

Bl E -{Vx(LVxE)—kggrE}dQ
' (15)
co BT 404 1% 5 E 40
2 -9 2 -0
Assume that the medium is uniform and quote the first

vector Green theorem and boundary conditions (14.1)
and (14.2), (15) becomes

JE:%jgﬂ%[(VxE)-(vXE*)—kjg,E-E*}dQ
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W% [ (T 4ET )0
’ * (16)
#2 ], 72 (AxE)-(AxE s

We can know that (11.1) corresponds to operator equa-
tion (7.1) or (8.1), (13) corresponds to weak form of op-
erator Equation (7.2) or (8.2), (16) corresponds to the
functional of variational problem (7.3) or (8.3). Mean-
while, the weak form of Helmholtz equation (13) is
agreement with its corresponding variational problem
Min(JE) or SJE=0.

In the following we will discuss the property of the
operator A. By definition we have

(AE,E)= _[E { [ VXE] kjg,E}dQ (17)

By the first vector Green theorem and boundary condi-
tions (14.1) and (14.2), (17) becomes

(AE.E)=3],o| (VXE)(VXE )-Kie E-E | do
/LII'

~§ e (R<E) (AxE s

(18)
By (18), we can not confirm that operator A is positive
definite or weak coercive because (AE E) may be
equal to _zero. Because of the existence of term of
—k;é, E- in integrand of (18), the Poincare inequality
can not be used to prove the positive definite or weak
coercive of the operator A. It is the substantial difficulty
in the process of the application of Proposition 2 and 3.
In mathematical, it belongs to one kind of eigenvalue
problems, and its physical meaning represents resonance
of electromagnetic fields. So this problem is an inherent
property for time harmonic electromagnetic fields. For
static fields no resonance can occur so the Poincare ine-
quality can be used to prove the positive definite of Pois-
son operator. Therefore, for a concrete BVP of time-
harmonic field if the frequency range is selected so as no
resonance can occur, the operator in this frequency range
will be positive definite or weak coercive. If the fre-
quency is closed to resonance frequency of the structure
to be analyzed, the operator will not be positive definite
or weak coercive. For this situation if the operator equa-
tion is changed into linear algebraic equations in numeri-
cal algorithms we can find the matrix determinant is

closed to zero or equal zero.

6.2.2. The Further Discussion on the Solution to
Helmholtz Equation

Although the Lax-Milgram theorem plays a very impor-

tant role in the solving of the weak solution and numeri-
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cal solution to PDE, the coercive or weak coercive condi-
tion of the theorem greatly limit its application scope. In
[32] I. Babuska and A. K. Aziz generalized the Lax-
Milgram theorem under the weaker coercive condition,
which greatly extends the application of the theorem.
Furthermore, 1. Babuska has also introduced another kind
of coercive condition in [33], that is, strong Babuska
condition, which further exert the application of the Lax-
Milgram theorem in finite element numerical method.
However, It is to be determined whether strong Babuska
condition of operator A to Helmholtz equation is satis-
fied.

In the discussion of variational formula of FEM (finite
element method [34]), some books and literatures think
that the positive definite or the weak coercive conditions
of operator is not necessary, only requiring that the op-
erator is linear, continuous and symmetric, and the ex-
tremal solution of variation formula must be the solution
of the original equation. Clearly, by Proposition 2 and 3
we can know that the above viewpoints are incorrect in
the sense of modern mathematics theory. Proposition 2
and 3 have clearly indicated that the positive definite or
the weak coercive conditions of operator is sufficient
condition of the existence of A", that is, sufficient con-
dition of the existence of extreme value of functional.

7. The Uniqueness of the Solution to Linear
Algebraic Equations

In terms of Proposition 2 and 3, operator equations can be
solved with two kinds of distinct methods: variational
method and the direct solving method of the weak form
of operator equation. These numerical methods are even-
tually reduced to find the solution of linear algebraic
equations, that is, to find the solution of matrix equations.
Various methods of numerical solutions can be seen in
[22, 35-42].

By Lax equivalence theorem (see [21]) and Lemma 2,
we obtain that if the positive definite or the weak coer-
cive conditions of corresponding operator are satisfied,
then matrix determinant of linear algebraic equations
obtained by the discretization of the operator equation is
not equal to zero. For linear algebraic equations in which
the number of unknown variables is equal to the number
of equations, if matrix determinant of linear algebraic
equations is not equal to zero, then the solution of linear
algebraic equations must exist uniquely. Hence, the posi-
tive definite or the weak coercive conditions of operator
guarantee the uniqueness of solution to matrix equation
obtained by the discretization of the operator equation.

8. Conclusions

In this paper, the limitation and the lack of strictness on
the uniqueness theorem of time-harmonic electromag-
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netic fields in traditional theory are pointed out; a new
idea to solve the existence and uniqueness of the solution
to time-harmonic fields’ equations by means of the mod-
ern theory of PDE and functional analysis is described.
The substantial difficulty is that the existence of term of
—k;&,E-E in integrand make the Poincare inequality
not be used to prove the positive definite or weak coer-
cive of the operator. The property of operator depends on
whether resonance frequency of the structure to be ana-
lyzed belongs to the interested frequency range. The
study work is being done and further results will be pre-
sented in future. Whether other mathematical method
such as differentiable manifolds may be used to solve this
problem is also interesting (private discussion with Dr. Q.
Wang, 2006).
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