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ABSTRACT 

We reason that in quantum cosmology there are two kinds of energy. The first is the ordinary energy of the quantum 
particle which we can measure. The second is the dark energy of the quantum wave by quantum duality. Because 
measurement collapses the Hawking-Hartle quantum wave of the cosmos, dark energy cannot be detected or measured 
in any conventional manner. The quantitative results are confirmed using some exact solutions for the hydrogen atom. 

In particular the ordinary energy of the quantum particle is given by     5 20 2E mc  where 5  is Hardy’s 

probability of quantum entanglement,  5 1 2    is the Hausdorff dimension of the zero measure thin Cantor set 

modeling the quantum particle, while the dark energy of the quantum wave is given by E(D) = (5 2 /2)(mc2) where 2  

is the Hausdorff dimension of the positive measure thick empty Cantor set modeling the quantum wave and the factor 
five (5) is the Kaluza-Klein spacetime dimension to which the measure zero thin Cantor set    0 0,D   and the 

thick empty set    21 1,D    must be lifted to give the five dimensional analogue sets namely 5  and 55  

needed for calculating the energy density  0E  and  E D  which together add to Einstein’s maximal total energy 

density        2total 0 Einstein .E E E D mc E     These results seem to be in complete agreement with the 

WMAP, supernova and recent Planck cosmic measurement as well as the 2005 quantum gravity experiments of V. V. 
Nesvizhersky and his associates. It also confirms the equivalence of wormhole solutions of Einstein’s equations and 
quantum entanglement by scaling the Planck scale. 
 
Keywords: Kaluza-Klein Dark Energy; Quantum Particle as Zero Set; Quantum Wave as an Empty Set; Quantum 

Gravity Experiments; Hawking-Hartle Wave; Dark Energy of the Quantum Wave; Scaling the Planck 
Scale; Equivalence of Einstein-Rosen Bridges; Spooky Action at Distance 

1. Introduction 

We will not and cannot be as brief as Salvador Dali when 
he was asked to give a talk but to religiously mind the 
time. Dali went to the podium and said “I will be brief; in 
fact I have finished my talk” and returned to his seat. 
Nevertheless knowing how precious space in a scientific 
journal is, the author will be reasonably brief. 

Dark energy is the energy of the Hawking-Hartle quan- 
tum wave of the universe. This wave is the solution of 
the Wheeler-DeWitt equation of the cosmos which is 
essentially a Schrödinger equation for the entire universe. 
Since measurement leads to a state vector reduction i.e. 
quantum wave collapse, dark energy could not possibly 

be detected at least not using the current measurement 
technologies and all what we can measure is the ordinary 
energy of the particle side of the wave-particle duality of 
the quantum world. Now that we have been really brief, 
we better start explaining things in a little bit more detail. 

2. Background Information 

Take a line segment representing a unit interval, which in 
turn represents a one dimensional “spacetime”. We start 
by randomly removing parts of this line except for the 
end points, in a manner reminiscent of what we do when 
we construct a deterministic middle third Cantor set but 
adding randomness to the iteration [1,2]. In the case of 
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the classical Cantor set we end up, after infinitely many 
iterations, with a Hausdorff dimension amounting to 
ln 2 ln 3 0.63  describing a measure zero set [1-4]. 
Noting that we have nothing left except uncountably 
many Cantorian points of topological dimension equal 
zero [1-4], a dimension equal 0.63 is relatively speaking 
quite substantial [2-4]. For the random Cantor set at hand, 
the situation is quite similar but instead of ln 2 ln 3  as a 
Hausdorff dimension we end up with the remarkable gol- 
den mean value  5 1 2 0.618033    as was shown 
some time ago by American Mathematicians, Mauldin 
and Williams [5-7]. Considering now that for the original 
line segment both the topological and the Hausdorff 

dimensions coincide and are equal to TD   1HD  , 
then it follows that for the gaps left representing, by 
definition and construction, regions of no space and no 
time, we have a Hausdorff dimension equal to 21     
[3-6]. To summarize the above thus far we have two 
things (see Figures 1 and 2): 

a) An uncountable infinite number of zero dimensional 
points with zero measure [2,7] i.e. zero length and a 
points set possessing a Hausdorff dimension equal to f 
[3-7]. In nonlinear dynamics such a set is called a thin 
Cantor set and is used in our theory to model the quan- 
tum particle; 

b) An infinite but countable number of gaps with a 
 

 
 
 
 
 

The set theoretical particle-wave duality: 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Conclusion: The quantum wave is the cobordism of the quantum particle i.e. its surfaces 
or more poetically its halo. Measurement interferes with the empty set and renders it a 
non-empty zero set. Consequently the quantum wave is reduced to a quantum particle. 
Quantum set theory and quantum relativity was introduced by D. Finkelstein.  

Ordinary Energy, Dark Energy and Einstein’s Energy from the view point of 
set theory and quantum wave collapse 

 

The inside i.e. the quantum particle is the 
zero set described by: 

Dim(zero set)    0  

               (o,  ) 
 
where zero is the topological dimension 
and  is the Hausdorff dimension. Note 
that ordinary energy is proportional to the 
volume of the zero set in 5 dimensional 
spacetime. The zero set is a thin Cantor 
set, i.e. measure zero in the KAM 
theorem terminology 

The outside i.e. the quantum wave is the Empty set Ø described by: 

 dim(empty set)  Ø  

               (-1, 2 ), 

where minus one is the topological dimension and 
2  is the Hausdorff 

dimension. Note that dark energy is proportional to the volume of the 
empty set in 5 dimensional spacetime. Using KAM terminology the empty 
set here is a fat Cantor set measure 
unity. 

quantum Particle zeroset

  quamtum wave emptyset
 

 

Figure 1. Transfinite set theoretical formulation of particle-wave duality of quantum physics. 
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Lifting the zero set quantum particle 0  and the empty set quantum wave Ø  to five dimensional Kaluza- 

Klein spacetime one finds a contra part to the particle-wave duality, namely ordinary energy-dark energy 
duality:  
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
  
 
                            
                           

The Particle aspect 

(1) “Inside” we find for the zero set 
quantum particle: 

(5)
H

5

Dim(5D 0 ) vol

( )

5D (quantum particle)



 


 

Multiplying with Newton kinetic energy 

21
( )

2NE m v c  we found the ordinary 

energy of the quantum particle  

 5 21
E(O) mc

2
   
 

 

quamtum wave halo emptyset 

quantum Particle zeroset

Measurement causes the empty set to become a non empty zero set and consequently the 
quantum wave becomes a quantum particle. That is the simplest rational mathematical 
explanation for the wave collapse or quantum jump which puzzled people like Einstein and 
Schrödinger.  On the other hand Hawking-Hartle quantum wave collapse changes the 95.5% 
dark energy of the quantum wave of the cosmos to a mere 4.5% ordinary energy of the 
quantum particles in the universe. That is why we cannot detect nor utilize the dark energy of 
the propagating quantum wave of the Wheeler-DeWitt equation using our present time 
technology. If there is any hope at all, then we have to first invent collapse free quantum 
nondemolition measurement instruments. 

Measurement and the cause of dark energy  

The wave aspect 

(2) “Outside” we find for the halo or empty set of the 
quantum wave: 

H(5)

2

Dim(5D vol

5

5D(Quantum wave)

 

 
  

Multiplying with Newton kinetic energy we find the dark 

energy of quantum wave    5 21
E D 5 mc

2
   
 

 

Measurement converts an empty 
set to a non-empty zero set

 

Figure 2. Quantum entanglement, measurement and the energy of the quantum wave. 
 
complementary Hausdorff dimension equal to HD   

21 0.381966011     [8-11]. By contrast the meas- 
ure i.e. the length of the complementary set is still equal 
to 1 – 0 = 1. Unlike (a) this set is called a fat or “thick” 
Cantor set which is relevant to KAM theorem [6] and is 
used in our theory to model the quantum wave or even 
spacetime itself which could be one and the same thing. 

3. Analysis 

Our next step is to lift both the   points representing 
thin Cantor set and the 2  collection of gaps represent- 
ing a fat “fractal” Cantor set to Kaluza-Klein five dimen- 
sional spacetime [12,13]. Proceeding in this way we en-
counter again two distinct situations (see Figures 1 and 2): 
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i) For   we calculate a quasi-Hausdorff hyper area 
[8-11] by extending our familiar multiplicative area and 
volume definition to formally five dimensions. That 
means  5 5

Hvol             for a Kaluza-Klein 
5D   spacetime [12,13]. We note parenthetically that 
5D   in our case is not motivated by D = 4 Einstein 

spacetime plus D = 1 for electromagnetism-gravity unifi- 
cation. It is motivated rather by the fact that we have five 
fundamental interactions, namely magnetic, electric, strong- 
weak force and gravity [8]. Since the topological prob- 
ability of finding a “Cantor point” in our set is  , then 

5  can be understood as an application of the intersec- 
tion rule of sets or alternatively as the multiplication 
theorem of probabilistic events [2,6-8]. The so obtained 
set is essentially a five dimensional zero set or quantum 
particle; 

ii) For 2  on the other hand, we have a hyper cir- 
cumference of the area and thus a dual additive quasi- 
Hausdorff measure representing the total length of the 
circumference of a pentagon with the length of each side 
being equal to 2 . In other words lifting additively the 
Hausdorff dimension of the complementary set i.e. 

21HD      to D = 5 would give us a quasi-hyper 
surface  

2 2 2 2 2 2
5 5Hvol            . Similar to 

 , the result may be interpreted as the application of the 
addition rule of events of probability theory or equiva- 
lently as the union rule of sets [2,6-8]. The so obtained 
set is a five dimensional empty set or a quantum wave. In 
fact it could be regarded as a D = 5 quantum spacetime. 

Next we look at the magnitude of Newtonian kinetic 

energy 21

2
E mv  stored inside  5 5

Hvol   and 

 
2

5 5Hvol   when  maxv v c   where m is mass, 
v is velocity and c is the multi-fractal expectation value 
of the speed of light [8,14]. In a similar manner to the 
above, we find two different types of energies (as sum- 
marized in Figures 1 and 2): 

1) The energy associated with the density 5  is ob- 
viously  5 22E mc . Noting that 5  is equal to the 
celebrated Hardy probability for quantum entanglement 
[8,15] where   is the Hausdorff dimension for the zero 
set fractal (i.e. a set of only zero in it) modeling the 
quantum particle given by  0 0,D  , then we see that 
this is the ordinary energy of a quantum particle or the 
quantum position or potential energy which will be de- 
noted by    5 2 20 2 22E mc mc   [14]. This en- 
ergy density is only 4.5% of what Einstein’s relativity 
theory predicts classically and is thus equal to the energy 
density found from the WMAP and Planck measurement 
and that concluded from supernova cosmological data 
analysis of the accelerated rate of expansion of the uni- 
verse [14,16-19]. In fact this is a quantum gravity for- 
mula which is indirectly confirmed experimentally in the 
work of V.V. Nesvizhevsky et al. [20]. This excellent 

work casts the darkest shadow on the equivalence princi- 
ple; 

2) By contrast for the energy due to the density 25  
associated with pentagonal surface or halo of the D = 5 
particle connected to a set with nothing in it, i.e. the 
empty set  21,  by which classical set theory starts, 
or the quantum wave in D = 5, we have  2 25 2E mc  
[5]. Relative to the potential energy of the particle and 
remembering that a quantum particle has no classical 
path, the energy represents something resembling the 
quantum kinetic energy of the ‘ghost’ wave propagation 
[8]. It is easily shown that this is the value of the sup- 
posedly missing dark energy of the cosmos [14,16,17] 
and will therefore be denoted by 

     2 2 25 2 21 22E D mc mc  . 
This energy obviously has a different sign to  E O  

and produces therefore a form of negative pressure or 
antigravity force [17] which explains the increased rate 
of cosmic expansion observed in relatively recent accu- 
rate cosmological measurements [17] and we attribute it 
to the negative Cartan-Cosserat type of torsional anti- 
clastic curvature [19,21] of the compactified 22 bosonic 
dimensions of spacetime as distinct from the normal 4 
large dimensions [8], (i.e. 3 space and one time dimen- 
sion fused together relativistically). It is similar to Hawk- 
ing’s negative vacuum fluctuation at a black hole horizon 
[8]. 

4. Einstein Total Energy and Quantum 
Wave-Particle Duality 

From the above we must conclude that when summing 
up  E O  and  E D  we must obtain E(Einstein) total 
potential energy density which is easily verified using 
elementary arithmetic based on the fact that 2 1    
and 5 25 2   . Thus we have the wonder which is no 
wonder namely that 

     

 

 

5 2 2

2 2

1
0 5

2
1

2
2

Einstein .

E E D mc

mc mc

E

   

 



             (1) 

One of our most important final conclusions is thus the 
following: 

Dark energy is the absolute value of the negative en- 
ergy of the quantum surface or the outside of the quan- 
tum particle i.e. the quantum wave which we cannot de- 
tect because of state vector reduction while ordinary en- 
ergy is the energy of the inside core of the quantum wave 
which is the quantum particle and which we can measure. 
In set theoretical terminology [5], ordinary energy is the 
energy of the zero set while dark energy is the comple- 
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mentary energy of the empty set [18,19]. An equivalent 
string theoretical explanation leading to the same conclu- 
sion is to consider dark energy to be due to the anticlastic 
curvature caused by the 22 compactified dimensions of 
the 26 dimensions of bosonic strings’ spacetime theory 
as just mentioned earlier on. 

Einstein’s energy is consequently blind to any distinc- 
tion between dark energy and ordinary energy density. 
However our measurement apparatus which collapses the 
wave feels the difference and can register only ordinary 
energy and that is the explanation for the result of the 
cosmological measurement, be it that only 4.5% of the 
energy predicted by the Theory of Relativity [17] is pre- 
sent as far as our measurement instruments are con- 
cerned or that the universe is pushed apart rather than 
being pulled together as we previously presumed and 
which new accurate measurements have now contra- 
dicted [14,16,17]. 

5. Mathematical Consistency and 
Theoretical Physics 

We note that because the axiomatic structure of set 
theory and mathematical consistency could not be guar- 
anteed without the introduction of the empty set as well 
as the zero set, then by the same token it follows that 
fundamental quantum physics and quantum gravity could 
not be consistent nor deeply understood except by em- 
bracing the vital role of the particle-wave duality and its 
connection to the zero set-empty set duality. In a nutshell 
traditional physics does not recognize the empty set and 
equate it to an absolute nothingness. It is imperative to 
recognize that physics depends upon logical structure and 
it should never confuse the zero set with the empty set. It 
is equally imperative not to confuse either the zero set or 
the empty set with insubstantial total nothingness [5,19]. 
We may also note here that as there is an infinite hierar- 
chy of infinites, there is a corresponding infinite hierar- 
chy of empty sets [19] which forms the quantum wave and 
for cosmic scales forms quantum spacetime itself [8,21]. 

6. The Hawking-Hartle Quantum Wave of 
the Universe 

In our opinion, our by far most important conclusion is 
with regard to what we have already hinted to above 
namely the fact that our measurement instruments cannot 
detect any dark energy. The reason is surprisingly obvi- 
ous and straight forward. The entire universe is described 
by the Wheeler-DeWitt version of the Schrödinger equa- 
tion [8]. Therefore the solution of this equation namely 
the Hawking-Hartle quantum wave function of the uni- 
verse [8] must collapse on cosmic measurement. Conse- 
quently dark energy cannot be measured unless we can 
develop highly sophisticated nondemolition quantum 

collapse free measurement instruments [16,17]. However, 
we may have here an extremely subtle point, namely that 
the Hawking-Hartle wave is not simply a quantum wave 
but it is the entire quantum spacetime of our existence. 
This could mean that we do not have three things, namely 
particle, wave and spacetime background but possibly 
only two things, namely either particle and wave without 
background or particle and wavy fractal spacetime. 

7. Discussion, the Hydrogen Atom and 
Conclusion 

One should not be entirely surprised that an empty set 
has a physical effect because a quantum wave is conven- 
tionally regarded as merely a probability wave, devoid of 
ordinary matter or energy, also has a physical effect. It is 
an elementary fact of quantum physics discovered long 
ago by Max Born that the square of the probability wave 
function gives the probability of finding the spatial loca- 
tion of a quantum particle [6]. In a way dark energy dis- 
closes the mystery of the quantum wave function and 
vice versa. That may be a circulatory explanation or 
worst still tautology. However logical understanding is 
partially achieved by reducing the number of concepts. 
At a minimum this is what we have done here. To prove 
this point even more force fully we just need to mention 
how our    5 22E O mc  may be obtained from 
“running” the exact solution of the hydrogen atom en- 
ergy ground state 2 2

1E mc   as a function of the en- 
ergy by varying the electromagnetic fine structure con- 
stant and transforming 2  to 5  as explained in detail 
in Chart 1 [22]. Thus the missing 95.5% dark energy of 
the cosmos is nothing but the kinetic quantum energy of 
the Hawking-Hartle quantum wave of the universe which 
collapses upon measurement preventing the direct detec- 
tion of this negative energy is behind the negative pres- 
sure causing the increased acceleration of the measured 
rate of cosmic expansion at the edges of the universe. We 
stress that the partial revision of E = mc2 to E(0) = 
mc2/22 and E(D)   mc2(21/22) does not contradict any 
experiment nor of course cosmic measurements [16,17]. 
In fact the semi classical COW experiments as well as 
the recent first experimental observations of gravita- 
tional quanta [20] indirectly confirm our theoretical 
results and cast the strongest doubt on the equivalence 
principle [23] as merely an excellent semi-classical ap- 
proximation which is incompatible with quantum me- 
chanics [21]. In order to be able to obtain the same re- 
sults consistent with the cosmic observations from the 
equations of relativity we must at least use a more so- 
phisticated geometry than Einstein’s 4D flat or Rieman 
nian geometry [8]. We could, for instance, start from 
Witten-Duff maximally symmetric manifold with 528 
states and realize that these 528 states in eleven    
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Hydrogen Atom 
The exact energy ground state is 
found from 

2 2

n 2

mc
E

2n

 
  for n = 1 to be 

 

2 2
1

22

1
E mc

2
1

mc 1/137
2

 


 

Here 1 /137  is the probability 
for an electron to emit or capture a 
photon i.e. the electromagnetic fine 
structure constant 

Quantum Entanglement 
The exact Hardy solution of the 
quantum entanglement for two 
particles is given by: 

  1 2

2 3

5

P H P P

  

 

 

where  2 / 5 1   .
 

Note the formal similarity between 

  1 2P H PP and QP   of 

orthodox quantum mechanics 

Square of electromagnetic probability            quantum entanglement probability 

   2                 5
1 2P P    

 
         

   2 2
1

1
E mc

2
    

  

2 5

2 2

2

1
E O mc

2

/ 2 mc

mc / 22

 

 



i.e. the ordinary energy of the 
quantum particle. 

Note that our transformation  1E E O is effectively running the coupling constant  as a function of energy 

exactly as is familiar from classical quantum filed theory. The key to our present successes is the availability of an 
exact solution to real physical systems, namely the hydrogen atom and Hardy’s quantum entanglement. 

 

Chart 1. Cosmic quantum relativity energy of the quantum particle E(O) = (ϕ5/2)(mc2) from the exactly solvable classical 
model of the hydrogen atom. 
 
dimensions include the 504 states of Heterotic super- 
strings in ten dimensions [8]. This leads to a division into 
528 − 504 = 24 isometries related to curvature and or- 
dinary energy and 504 related to anticlastic curvature, 
anti-gravity and dark energy [21]. Consequently we have 
two parameters 0 24 528 1 22    for ordinary energy 
and 0 504 528 21 22    for dark energy in full agree- 
ment with our present theory and results as well as our 
previous calculations [18,19,21]. In fact by regarding 
Hardy’s quantum entanglement P(H) = 5  as the topo- 
logical Planck energy it follows that 1/ 5  = 11 + 5  is 
the topological Planck length and thus by scaling the 
Planck scale in this manner, we demonstrated the equi- 
valence among wormholes, i.e. Einstein-Rosen bridges 
and quantum entanglement as well as dark energy and 

Hawking’s negative vacuum fluctuation at the edge of 
black hole horizon and the negative dark energy at the 
edge of the universe. 
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