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ABSTRACT

In this paper, we consider the two-sided first exit problem for jump diffusion processes having jumps with rational
Laplace transforms. We investigate the probabilistic property of conditional memorylessness, and drive the joint distri-
bution of the first exit time from an interval and the overshoot over the boundary at the exit time.
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1. Introduction

Consider the following jump diffusion process
Ny
X =u+ct+oW, +DY,, t>0, (1.1)
k=1

where the constant U is the starting point of {Xl}t>0 s
¢ and o represent the drift and the volatility of the
diffusion part, respectively, {Wt} o 18 astandard

Brownian motion with W, =0, {N,}_, is a Poisson

process with rate A, and the jumps sizes {Yl,Yz,n-}
are assumed to be i.i.d. real valued random variables with
common density p(X). Moreover, it is assumed that the
random processes {Wt}M , {Nt}t>0 and random
variables {Y,Y,,---} are mutually independent. In this
paper we are interested in the density p of following

type

(1.2)

wher? J,J,m;,m; eN , pij,f)ijAeRi, Re(pj).>0.,
Re(pj)>0 and that p,#p;, p#p; for all i=].
Moreover,
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Define 7 to be the first exit time of X, to two flat
barriers a and b (a<b),ie.

r=inf{t>0:X, >bor X, <a}.

Recently, one-sided and two-sided first exit problems
for processes with two-sided jumps have attracted a lot of
attentions in applied probability (see [1-7]). For example,
Perry and Stadje [1] studied two-sided first exit time for
processes with two-sided exponential jumps; Kou and
Wang [2] studied the one-sided first passage times for a
jump diffusion process with exponential positive and
negative jumps. Cai [3] investigated the first passage
time of a hyper-exponential jump diffusion process. Cai
et al. [4] discussed the first passage time to two barriers
of a hyper-exponential jump diffusion process. Closed
form expressions are obtained in Kadankova and
Veraverbeke [5] for the integral transforms of the joint
distribution of the first exit time from an interval and the
value of the overshoot through boundaries at the exit
time for the Poisson process with an exponential compo-
nent. For some related works, see Perry et al. [8], Cai and
Kou [9], Lewis and Mordecki [10] and the references
therein.

Motivated by works mentioned above, the main objec-
tive of this paper is to study the first exit time of the
process (1.1) with jump density (1.2) from an interval

AM



Y.Z. WEN, C. C. YIN 1143

and the overshoot over the boundary at the exit time. In
Section 2, we study the roots of the generalized Lund-
berg equation and conditional memory lessness. The
main results of this paper are given in Section 3.

2. Preliminary Results

It is easy to see that the infinitesimal generator of
{X}., isgiven by

(Lo)(x) =5 °" (x) 0/ (x)

+/1_|' [u(x+y)—-u(x)]p(y)

% (oy)

for any twice continuously differentiable function go(x)
and the Lévy exponent of {Xt}[zo is given by
9(z)=

1 1
“InEe™ =—72%¢% +12¢C

By analytic continuation, the function g(z) can be
extended to the complex plane except at finitely many
poles. In the following, we consider the resulting
extension G(z) of g(z),ie

B oA [ A
SRR ) e

3 M
G(Z):%ZZO'2+ZC+/1 S

=i

Let us denote M :Zizlm and M = Z

In [11], Kuznetsov has studied the roots of the
equation G(Z) =0 . However, for this particular Lévy
process X, we will give another simple proof for the
roots of this equation.

Lemma 2.1. For fix >0, the generalized Cramér-
Lundberg equation

JlJ

G(z)=0

has M +M +2 complex roots

7(0).7,(0).+, 7. (0) with Reg}/i(ﬁ))>0 for
i=12,-,M+1 and 7(0).7,(0),.7,,(0) with
Re(7,(0))<0 for i=1,2,---,M+1.

Proof. Let

GI(Z)=1220'2+ZC—/1—9, zeC,
2

6, (1)=1| T3 Pl )+ZJ:ZJ:pu(pJ) ec

[E= l(pj—Z) j=1i=1 (pJ-I—Z)

Firstly, we prove that for given >0, G (Z) =6 has

M +1 roots with negative real parts. Set
r

C, ={z:l7=r.zeC} with r>z+max__ {5},

where ¢ is an arbitrary positive constant. Applying
Rouchés theorem on the semi-circle C, , consisting of
the imaginary axis running from —ir to ir and with
radius r running clockwise from ir to —ir. We let
r—>oo and denote by C~ the limiting semi-circle. It is

known that both (H (p +Z) j)GI(Z) and

(HLI([)J— +Z)mj)Gz(Z) are analytic in C~. We want

to show that

Copyright © 2013 SciRes.

(o)

j=ti=1 (,bj +z)I

>

e

z)m" ]Gz(z) ,

|—>oo for Re(z)—>—oo and

|p”||p]| Ay ym b
i=

— —o . Hence, for Re(z ) — -0,

1162 Jouto)

il

nee

j=1

[, (ﬁjﬂ)mj]Gn(z)
j
Notice that |G

6. ()< XL XN

bounded for Re(z)—

T1(8y2)" Jo 0

il

is

>

on the boundary of the half circle in C~. For aeR, we
have |Gz(ia)|</1 (see Lewis and Mordecki [10]). On
the other hand,

|G, (ia)| = ~ReG, (ia) = %o-zaz +A+0> A,

Thus we have |G, (ia)|>|G, (ia)| . Since
(H?:l([)j + Z)rﬁj )G1 (z) has M +1 roots with negative

real parts, so equation G(z)=6 has M +1 roots with
negative real parts. Similarly, we can prove
G(z)=60,0>0 has M+1 roots with positive real
parts.

In the rest of this paper, we assume all the roots of
equation G(z) =46 are distinct and denote
7(0)=r (i =1,2,-,M +1),
7(0)=7(i=1,2,---,M +1) for notational simplicity,
and denote E" (or P" in the sequel) representing the
expectation (or probability) when X, starts from u.
We denote a sequence of events

K,={w:X,=b}, G,={w:X, =a}

K ={w: X, crosses b attime 7 by the Ith
phase of i th posmve jump whose parameter is p; },
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Gy = {w: X crosses a at time 7 by the
I'th phase of i'th negative jump whose parameter is
by} )
for j:1927'”5‘] > j’zlaza"';‘la izl:""mja
i"=1L-,M;, I=1-i and I'=1--,1'
Theorem 2.2. For any x>0, we have
h
il (px)
PU(X, —b> XK, )= "L e, @1
( <) % ht
. \h
il X
P'(X,—a<-XGyy )= (A1) e (22)
’ ! ho !

Furthermore, conditional on {a) wekK J”}
Ga) cweG j'i'l’}) , the stopping time 7 is independent of
the overshoot X, —b (the undershoot X —a). More
precisely, for any x>0, we have

P'(r<t.X,—b=xKj)

(2.3)
—P”<r<t|K“|) (

L—b=xKy),

P'(r<t,X, —a<-XGyy)

2.4
=P(r< JxP* (X, —a<—x/Gjyy ). @9

jin

P, =P“(Tn =rst,X,—b2X='Km)

:P(maxX <b, X bZX,Tn:rSt,IK_j
0<s<T, ji

P“( —bxx,l,

jil ng_’Tn) I
max Xg<b,T,=r<t
0<s<Tp

P (U (T)# Y Y Y, =2 X 1

Thus we have

I(pj)()h —pjX Pu <t
hi (T_t’ Kiil)'

= i c
h=0

Copyright © 2013 SciRes.
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Proof. Firstly, we prove (2.1) and (2.3). It suffices to
show

X, -b>x, KJ")
(2.5)

e ipu (r St,KJi,),

since (2.1) can be obtained by letting t —> o in (2.5)
and then dividing both sides of the resulting equation by
pt (K i ) . It is known that an Erlang(n) random variable
can be expressed as an independent sum of n

exponential random variables with same parameters. Let
V,,(i=12,--,n) the n independent exponentially
distributed random variables with parameter p,. Denote
by T,,T,,--- the arrival times of the Poisson process N,
and let §_=o({X,,0<s<t}) be the field generated
by process X,, 0<s<t.Itfollows that

P“(rst —b>x,IKI)
:ipu( T <t, _b XalKl):iPn‘
n=1

n=

With U, (t)=u+ct+oW (t), we have

max Xg<b,T=r<t
0<s<Tp

pY [Y >b+x-— ( ( ZijJK,"‘gT ’ ] [max xs<b,Tn:rS'[]

Swfs, T
k=1 [ max X5<b,Tn:z§t]
0<s<Tp

(2.2) and (2.4) can be obtained similarly. This completes
the proof.

The following results are immediate consequences of
Theorem 2.2.

Corollary 2.3. For j=L2,--3 , j'=12,---,J ,
i=L-,my, i'=Lemy, I=leei, I'=s1-i", we
have

AM
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. Pl
E" [ea(x’_a)l (ij)] = {[)p—ia] , a>0.
i

Corollary 2.4. For any X >0, we have

P“(X,—ag—x|Gj,k,): ’

P'(r<t,X, b2 xK;)

=P (2 <t|K; )xP* (X, =b= XK, ),
P'(r<t,X,—a<-XGjy)
=P'(r<t|G; )xP' (X, —a<-XGj)

1145

Kjk = Kjklqu(k+1)zU"'UK

jmj(mj—k+1)’

Gj’k’ = Gj’k'l UGj’(k’+1)2 U"'UGj'm'j(m'j—k'+1)
for j=1,2,---,d, k=12,--
k'=1,2,---,rﬁj,
CorolIaryj.S.For j=12,---,J, k=1,2,~~-,mj,
j'=12,---,J, k’:1,2,---,rﬁj,,wehave

k
E“[e“(x’b)l(KJ—k)}:(pp]a] , a<0,
-~

Eu [ea(xr—a)| (Gj'k’):l — [LJK , a>0.

pit+a

Remark 2.6. When m, =1, n; =1, (2.1) and (2.3)
reduce to Equations (8) and (9) of Cai [3], respectively.

3. Main Results

In this section, we study the distribution of the first exit
problem to two barriers. We first define three vectors:

T
TR AR PR IR IOV AR SO £

TEZ(EU |:e—¢9r|Kﬂ]’...’Eu [e_gTIKJmJ :|,Eu [e_arlGﬂ:I;”'a E" ‘:e_arlejw

)

. eiM+1(u7a) )

Py

dy’] =15‘”7‘]9k=1>'”9mj>

where
w(u):(en(u-b)’eh(u-b)’,__’eVM+|(U—b)’e?1(U—a) e
where
k-1 _
. (yy) ppe
o=l D)= —
o AR
0 (—pjy) p;c
fjcrlkr :I_wf (y+a)wd
Let

Cl :(1’1’...’l’eﬂ(b‘a)’eiz(b—a)’,,.’e?MH(b‘a))’

CZ = (eyl(a_b)’eh(a_b)!'“»eyMH(a_b),lsl!“ .’1)9

I p Ty
Pi—N Pi =M = pi_?w“m
A=l : : D =129,
Pi—N Pi —Vma (pi_j;l)ml (Pi_?mﬂ)ml

Copyright © 2013 SciRes.
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eVl(a—b)[)i eVM+1(a b)pl ,[)i Ibi
Pt it Vua P+ ﬁi+j},\}|+1
B = : : : : =12,

e;/l(a b)’f,ImI eVMH(a b)lblmI ( ﬁi jrfh ( ,bi ]rﬁi

(ﬁi*’?ﬂ)mi (ﬁi+7M+1)mi pitn Pit
Define a matrix where 7 satisfies

T

=(cl A Al cl B B) . D =w. (3.2)

Theorem 3.1. Consider any nonnegative measurable
function f such that fy <o and f fo <o for
j=12,3, k=Leem, j'=L-J, K'=Leom, .
Forany 6>0 and ue(a,b), wehave

E'[e”f(X,)]=nf, (3.1)

e (e (X,)] =" [e " F (X )1, ]+ DT E"
+EU [ (X, ), ]+

=E”[e'9’f(xr)|K0]+_JZ

Moreover, when D is a non-singular matrix, 7 is
the unique solution of (3.2), i.e.,

n=w-D". 3.3)

Proof. By the law of total probability, we have

m

j=li=l =1 I: grf( )IKJiI:|

iZZE” [e*f’f (Xl ]

j=ti=l'=1

J j

FE e (X1, [+ 2 YE [ F (X )y, |

It follows from Corollary 2.4, for j=1,2,---,J ,

k=1,--, J, K=l
E*[e (X))l |=E" [, ] (b),
E“[e'”’f(XT)IGJ E“[e-”fleo]f(a),

B[ F (X)), |

[ efl ][f
EY [e’g’f (X.) |GWJ

m;, j'=1-, rﬁj,,wehave

Piy

( y)k_l pie

(k=1)!

dy,

(-Ay) Ae™

-eenny, It 02

Combining these equations, we get

Copyright © 2013 SciRes.

j=1k=1

The expressions for E" [e’H’IKOJ, E”[e’H’IKJJ,
E“[e‘gfleo] and E“[e"g’lej,k} can be determined as

follows. Let A denote the set of functions g:R —> R

such that g (u) is twice continuously differentiable and
bounded for a<u<b with g'(u) and g"(u)
bounded for a<u<b. By applying 1t6 formula to the
process X,,we have thatfor t>0 and geA,

9(X,..)=g(u)+[, Lo (X,

where M, is a martingale with M, =0. Note that we

Yds+M,,

AM
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have a<X,<b as s<r.

For any 6>0, we can easily obtain from the above
equation that

efg(tAr) g (XtAT )

=g(u)+ ;"¢ (La(X,)-09(X,))

where the last term of the above equation is a mean-0
martingale. This implies that

ds+[ e "M,

AU _ ru —0r+fX, | _ u -0t pb
e —E[e J—E[e IKO}e +

i i+1-1
u —0r Pj b
s$gelen, 2] e
j=li=l I=1 Pij ,B
. Y
_pTIG.,.,,:I ,\pj' eﬁ‘a
i pJ’ +ﬂ
k
Pj e,b‘b
Pij -p

A k'
. Ay
p|Gij’:| x J eﬂa.
py+h

,M+1 and g=y for i=12,-

) rﬁjy i

+E" [e"% lg, Jeﬂa +> 3> E [e

===l

J M

=E" [ef‘%lKO Jeﬂb +ZZE“ [e_‘grlKjk }

j=lk=1

j my
+E" [e"%lGO Jeﬂa +> >'E" [e'
i=lk=1
Setting S =y,

for i=12,---
equations:

e =E" [e‘g””xf ] =E" [e"grlKO ]e”b +ZJ:%E”[

j=lk=1

j'=1k'=1
and

1147

e [e g (X,
—g(u)+E" U e (Lg(X,)- Qg(XS))ds},tZO.

34
By simple calculation, the function ¢ X): e”™ with
G(B)=0 and pBeC satisfies Lg(X,)-0g(X,)=0
for a<x<b. It follows from (3.4) that the process

{ () Pine g > 0} is a martingale. Then

3.5)

;.M +1 in (3.5), we have the following linear

k
e—GrIK'k:| pJ eyib
e

+E e g Jer +22E [ o ](Aﬁj' J e,

Py t7i

k
eiiu —EY [e—eﬂ-?,xf:l: = [e—ﬁzIK :Iey, +ZZE [ 9’[' j|( pJ}; ] eiib
j i

j'=1k'=1

j=1k=1

j ~ k'
+E [e g, e +ZZE [e71g, ]{ﬁpﬂj .

Then the vector 7 satisfies n-D=@(u) and we
have (3.1). If D is non-singular, we have

n=a(u)D™". This completes the proof.
Corollary 3.2. For any

5e(_min(|ﬁ1|n|b2|9"'=|:bJ|)’min(|p1|’|p2|"“’
have

)

and

1(5)- 1( P, J A [ 2 j P
P90 p—0 py—0 P

A My ~ g
’ eé‘(a—b)’ _ 12 eb‘(a—b)’ - Pj RN
) p+0 p;+o

J J

Copyright © 2013 SciRes.

) M+l M +1 S (U
Eu[eamx,]:e‘”’[ w1 Yy N a)} (3.6)

where

T
D(a)l,a)z,-~~,0)M+1,V1,V2,~--,VM+1) =] (5)’
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Remark 3.3. When m; =1, n;=1, (3.1) and (3.6) lx.-ac0) > Vxoboy) > Vixocacy) > oy lix,a) and
reduce to equation (6) and (1.5) of [4], respectively. ¢ respectively, we can obtain the following co-
From Theorem 3.1, choosing f(X,) to be |(x. 620) > rollaries.
Corollary 3.4. 1) For any 6> 0, we have
0 u<a
M+1 M +1 N
B[ oy | Z;asie‘mb‘”) + _E;ﬁe’“(a’“) a<u<b, (3.7)
i= j=
1 uxb
where T
B = (1,0, B Ve ) L= (1L 1,0,0.4,0) -
is determined by the linear system D@ = |, . Here 2) Forany 6>0, we have
1 u<a
M+l . M+l . .
B [ ey |=1 200" 4 X0 MY b>u>a, (3.8)
i1 =1
0 uxb
where is determined by the linear system D& = l,. Here
@' ;:((?)1,032,~--,c?)MH,l;l,l;p"',l;MH) I2T E(0’0’...’0’1’1"“’1)1X(M+M+2).
Corollary 3.5. 1) For f(X,)= l(x, asy) andany 6>0, y>0,we have
0 ue[b,b+yloru<a
M +1 M +1 .
E [,y |={ 2@ 4 Yy Y a<u<b : (3.9)
] =1
1 u>b+y
where
' :(5’1557)2""»@M+1a‘71a‘72:"‘»‘7m+1)
is determined by the linear system D@ = I, . Here
_ t n t
IVIT = O’eiply’...’mlz:lweiply,...’e_p‘]y’...’ JZ:I (;OJ y) e_p‘]y,o’...’o ;
o ! ot )
1x(M+M+2)
2)For f(X,)= l(x. acy andany 6>0, y>0,wehave
1 u<a-y
M+l _ M+l Al
E [efgfl(xl_“_y)] =1 Y ae Y 4 lﬁje’“( ) b>u>a , (3.10)
i=1 j=
0 ue[a—y,a]oruzb

where
:T_ o Z . Z z . pot
O =\, W55 Oy g5 V15 Vos 5 Vg

is determined by the linear system Da = I,. Here

Copyright © 2013 SciRes. AM
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€

t
. t - A~
E(AY) w E(BY)
T = -~y 1 -Ay ~p5y J ~h3Y
S =[0,--,0,0,e ’...’E o e e ,...,2 o
t=0 . t=0 .
1x(M+M+2)

Note that the difference of E" [e"%l(xszo)] (E” [e"%l(xfago)}) and E [e_grl(xfbw)} (E“ [e_gfl(xfaw)]) is

exactly E" [e’gr I(X,:b):| (E“ [e’e’ lix, -a) ]) . Thus we obtain the following results.
Corollary 3.6. 1) For f(X,)= |(x,-)» and forany & >0, we have

0 u>boru<a
M +1 b M +1 5 (a-u)
E [y |={ 2O + Y a<u<b @.11)
i=1 j=1
1 u=b

where

~T _(~ ~ ~ ~ ~
& _(w1>a)2""’a)M+1’V1=V2a""VM+1)

is determined by the linear system D@ = fl . Here
I =(10,--,0,0,+-,0)

Ix(M+M+2) *

2)For f(X,)=1 andany >0, y>0,wehave

(Xr:a)
0 u<aoruzb
M+1 M +1 5. (a-u
B [e "y | = z};a—)ie*““’*“) 27 Mat o hsusa (3.12)
i= j=
1 u=a
where d, -d, d; -d,
5T :(‘719‘72"""7M+1"71"72"""7M+1) D _ -d, d,, -d;, d, '
; . : - T |D| d; —dy dy —d,
is determined by the linear system Dy =1, . Here -d, d, -d, d,
= (0’0’...’0’1’0’...,0)IX(M+M+2) . Then we have

EY [e-gf f (xr)]

-b
= 0" + @,

To end the paper, we give an example.
Example 3.7. When J=m =J=m, =1,

p(x)= pnpleiplxl(po) + pll:bleﬁlxl(x<0) and

P, + Py, =1, the equation G(z)=6 has 4 real roots:
Vs Vs 7 oand 7, d11f(b)_d21f1?+d31f(a)_d41f1?

u-b) +a)36yl(U7a) +w4eyz(u—a)’

where

(-0 <pr<-p <7 <0<y <p <y, <o) Let “= B :
71(b-a) 72(b-a)
: booe I o~ (0)+dn =0, (a) + D
P P pe’ : pleh( : 27 |D| ’
D= P =N Pr=7> P P~V ]
@t () | | G (0)=dy i+ f (2)—dy ]
3 )
P ) . D
pe Y pentt A o
Pt Pt PYh o AR ~d,, f(b)+d,, ft —dy, f(a)+d,,f!
w, = R
Denote D' by Dl

Copyright © 2013 SciRes. AM
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fii = I:f (y+b)pe™dy, o= I_wa (y+a)pe?Vdy,

- )
D|=p,p SV
| | ] ]( 1_7’1)(,01_72)(,01"' 1)( T+ 2)
+[(71_A2)(7>1 }/2) 71(b-a) (}/I_Al)(yZ_Az)ey“z(ba)J plpleyl(a_b)
o, +7,) (P =7, O+ 7)o =7 At -7
(A +7,)( ) (A +7)( ) (A +7)( )
+((7;2_72)(?;1 yl)emb_a) (791_72)(7;2_71)6;2@4)} publeh(%m
0, +7,) (o — 7 0+ 7 ) (P =7 a+r)o-n
(A +72)( ) (A+7)( ) (A +72)( )
+ (71‘72)(?2‘1) p]ple(an n- )(b-a)’
(,01 7?1)(p1_A2)(A1+71)(151+72)

d. = /01[71(7;1_}72) n (72_7;1)ei2(bia) _ (72_772)6;1“)761) plpl 72(3 ")
! (pl_yz)(ﬁl"'?;l)(,bl"'?;z) (pl_j/\Z)(ﬁl_'_};l) (pl_j/\l)(ﬁl-‘_};Z) p1+72
d. = pl/bl(}/z_yz)en(aib) _ pl/al(%_};z)eyl(aib) plﬁl(}/l_72)e(h+727;;2)(a7b)

3=

(p] _7/1)(/31 +72)(/31 +772) (,01 _72)(,51 +71)(/31 +7;2)+(p1 _7;2)(ﬁ1 +71)(/51 +72)’

Ay (7;1 _3;2) + (72 —?l)efz(b’a) ~ (72 _j;z)efl(b—a) ﬁleyz(a—b)
e M ¥e A ¥

21 —

>

o AG)E A Ay )
B ( +71)(p1+7;2) (/61"'7/2)(/31"'7;2) (/3|+71)(151+72)

d,, = '0”61 (}; ) e _ PP, (7;2_7/2)6;2(1)_&) PP, (7/2 |) el
T (pr) (a7 (A+7) (pl—n)(pl—?z)(bﬁ%) (p=7)(=72) (P +7)
dy, = Pnbl(?’z_?/l) + ( )ey2 (72 j/z)ej/l( b) P1P1 72(b a)’
(A =r)(p=r2)(A+72) (2 -n)(A ) (p-n)Bitn)) A=t
g _AG=n) Y p(n=)eY g (7= p )
41

(,01—72)(,01—71) (pl 72)(,01 7/2) (,01—}71)(,01—};2) ’

d. = o7, -n) N (71—792)e72(a’b) (7/2_7’}2)671(34)) pley'z(b-a)
43
)

(p1—71)(,01—72 PN B Pr=72 /71—772 .

We define d,, (d,, d,,, d,,)and d, (d,,, d,, where
d,) as follows: let d,, (d,, d;,, d,,) be obtained )
from dy, (d,, dy, d,) by changing 7, to » in  f(a)=e", f(b)=e” fi=¢ L_(S 4 =en A
dy (dy dy, dy ) let dy (dy, dy, dy) be P

) p+o
obtained from d d d d,.) by changing 7, to i
ola i3 (dy, dyy, dy) by gmg 7, 4 _d A 4260 _g et A
}/1 mn d13 (dzgs d33, d43)~ 11 21 + 3le 41e A
oX . p—90 P +6
o If f(X,)=¢"",then we have o =
D]

EY I:e—HrHSX,:I:e (a)lle}/l(u b) +a)2r 72(u-b)

y2) s(a S(a-b) 151
—d,+d, - —d. e’ g, e
12 22 p1_5 32 42 p1+5
D|

r
.
+a)’ey‘(“ a)Jra)’e”(“ a)), a<u<bh, 2
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A

d;—dy %4_ d}seb‘(aib) _d4395(a7b) ~ £ S
a)l — 1 IDI +
3 D]
—d,, +d,, % - d34e§(a7b) + d44e§(a7b) A P
ro_ 1 pl + 5
w, =

D]
o If f(Xr):I(Xr_bzo),thenwehave

E [e—er I(x,—bzo)] = “A’leyl(w) + “A’zeh(H)

+ a)3e"(”‘a) + a‘)4e’2(”'a), a<u<b,

where

f(a)=0, f(b)=1 fi=1 f=0,

N du _d21 ~ d12 +d22
I T
A d13 _dzs A d14 +d24
R

o If f(XT):I(Xr_aso),thenwehave

E I:eig{ I(X,—aso):| = a:)leyl(lkb) + aﬁ)zeyz(kb)

where

A d31 _d41 A d32 + d42

S L I
2 dy—dy; o2 dy, +dy,
R T

o If f(X,)zl(bew), y >0, then we have

B |:e—t9‘r I(x,7b>y)J =@ + @,

+@,e"" 4 9,6 a<u<b,

f(a)=0, f(b)=0, fi=e"’, f{=0,

o ~d, e o d,e
R 1 I o/
. ~de . dye
S > R o/
o If f(X,)= l(x, acy)» ¥ >0, thenwe have
EY [e’g’l(>< e y)] =@ 4 @,
+ae”" 1,6 a<u<b,
where

f(a)=0, f(b)=0, fi=0, fi=e"’,

-y -y
_—d,e _dye
R
_ -y -y
d,e dye ™

sa)_
]

w; =

>

o If f(X,)=1 . then we have

E" [e‘gr I(szb)] =" 1 @,

+@,e"" 4,6 a<u<h,

where
f(a)=0, f(b)=1 fi=0, f{=0,
T PP F U P
R e P IR R

o If f(X,)=1y _,,thenwehave

EY I:efﬁr I(X :a):| — a—)leﬂ(”*b) + 67)2672@43)

u-a)

+@e’l(“‘a) +54e’2( ,a<u<b,

where

f(a)=1 f(b)=0, fi=0, f{=0,

d — _d32 — % — _d34
D

31
o =7, W
1 ’ 2

When a — —oo, we have

TRl el

101/31(};1_7;2 _ ﬁl(j/\l_’\z)
A:dn—dn:(p] 72)(A+7) (A7) (A1+7;1)(A1+7;2):72(p1 )
L (D] (r2=7)(F=7,) A -n)
1_}/1)(,01_72)(A1+Al)(/}1+};z)
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(p1_71)(p1_72) —py

= — c ,
,01(72_71)

b1(7;1_7?2)
- dzze_ply (,51 +7;1)(151 +7;2)

e‘/’ly

(pl —71)([71 _7/2) —py

? |D| - n (72_71)(3;1_7;2)

= e .
o (7 -n)

pllbl(};l_j}Z)

P _71)(p1 _72)(/31 +3;1)(:51+7;2)

~ _d“ (,01—}’2)(,51+7;1)([A71+772) P~ 7

(72_71)(7;1_7;2) YV2—n

>

oy (

,01,51(7;1 _7;2)

P _71)(/71_72)(/31 +7;1)(/31+3;2)

. —d, _ (,0]—7/,)(/31"‘7;1)(

* Dl X (r,=7)(

O, =0, =0, =0, =0, =@, =0.
Therefore, we have

E° I:e—Hr:|: V2 (,01 _71)6_711) h (,01 —yz)e_hb
'Dl()/z_}/l) p(r-n)

EO [efﬁrl(XT_b>y)j|
_ (A —n)(p _72)(e—nb _e—nb)e—ply’
P (3’2_71)
Ef ey, = Pi—N o /P PN e 7P
|: (Xrib):| V2N V2N

These results are all consistent with that of Theorem
3.1 of Kou and Wang [2] for the one-sided exit problem
of the doubly exponential jump diffusion process.
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