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ABSTRACT 

This paper shows existence and efficiency of equilibria of a two period production model with uncertainty as a conse-
quence of the catastrophe map being smooth and proper. Its inverse mapping defines a finite covering implying finite-
ness of equilibria. Beyond the extraction of local equilibrium information of the model, the catastrophe map renders 
itself well for a global study of the equilibrium set. It is shown that the equilibrium set has the structure of a smooth 
submanifold of the Euclidean space which is diffeomorphic to the sphere implying connectedness, simple connected-
ness, and contractibility. 
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1. Introduction 

This paper considers a two period production model with 
uncertainty. The time structure and associated uncertainty 
is described by a finite number of uncertain states of the 
world. It is assumed that all firms are owned by the con-
sumers according to an exogenously determined owner-
ship structure. This economic scenario describes the pri-
vate ownership model discussed in Debreu [1] where the 
objective of each firm is to maximize profits. The semi-
nal paper of this model without uncertainty dates back to 
the path breaking paper by Arrow and Debreu [2]. 

In this paper, we show that many economically inter-
esting equilibrium properties of the two period produc-
tion model with uncertainty can be derived from the ca-
tastrophe map. For that purpose we follow the mathema- 
tical approach discussed in Balasko [3] and in Dierker [4]. 

More specifically, we describe the set of solutions of 
all two period production economies and explore its 
structure. It is shown that this set is a smooth submani-
fold of the Euclidean space which is diffeomorphic to the 
sphere. A study of some of the properties of the catas-
trophe map enables us to characterize the set of econo-
mies into sets with various properties, such as economies 
with singular equilibria, economies with multiple equi-
libria, and economies with catastrophes, where equilib-
rium behavior is more difficult to study. Most of these 
properties have been studied in the context of exchange  

economies [5] or simple production economies [6-10] or 
Balasko (Preprint 2011) for example1. This paper gener-
alizes the economic scenario by adding more structure to 
the model of the firm and thus moving towards a more 
realistic model where time and uncertainty is present. 

The structure of the paper is as follows: Section 1 is an 
introduction. Section 2 introduces the economic scenario 
and states a definition of economic equilibrium. Section 
3 explores the topological structure of the equilibrium set 
of all two period production economies with uncertainty. 
The next section states equilibrium properties of the model 
such as existence, efficiency and finiteness of equilibria. 
The final section is a conclusion. 

2. The Long Run Private Ownership  
Production Model with Uncertainty 

We describe the two period private ownership production 
model  L introduced in Debreu ([1], chapter 7). Uncer- 
tainty is defined by a finite set of mutually exclusive and 
exhaustive states of nature denoted by  0,1, ,s S  , 
where 0s   is the certain event in time period one and 
 , S1, 2,  are the uncertain events in time period two. 
In total there are 1S   states of nature. There are 

 ,1,i m  consumers,  producers, and 1, ,j  n
 ,1,k  l  physical goods. For all consumers  
 ,1,i m , a consumption bundle is a collection of 

1Discussion paper: The natural projection approach to smooth production 
economies, 2011. 
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vectors         10 , , , , = l S
ix x x s x S Xi i i i


    ,  

where consumption in a particular state  0,1, ,s S 
      1 , , l l

i i ix s x s x s   

      1 : 1, 0,1, ,l S lp p s s
     S

 
is a vector . Associated 
with physical commodities is a set of normalized prices,  

denoted .  S

Consumers are further endowed with a fraction  0,ij  1  
of the profits of each firm. ij  represents the exoge-
nously determined ownership structure of the private 
ownership production economy. It satisfies for each 

 and , 0 ≤ θij ≤ 1, and  ,j n  1, ,i m  iji
1, 1 . 

Denote the set of ownership structures  

  : 1, 1, ,nm
iji

j n     

        10 , , , , l S
i i i i is S  

    
 0,1, ,

ij  . 

Consumers are endowed with a collection of vectors of 
initial resources denoted by  
  , where ini- 
tial endowments in a particular state s S 

   
 is a 

vector   1 , , l l
i i is s s     
, m

 11: l SS
if

. Consumer  
1,i   is further characterized by a smooth Mar- 

schallian demand function 
   S

i

, where  

 ,if p w
w

 is defined for price vector  and wealth 
level , [11], where 

pS
1S

i


      iw s p s s 
 0,1, ,

i  for 
all s S . 

Producers are characterized by production sets and 
their smooth supply functions. The main property of the 
long run production model is that all activities of the firm 
are variable. An activity jy

        10 , , , , l S
j j j jy s y S    

0s 
    10 0 , , 0l l

j j jy y y

 is a collection of vectors 
, where an  

activity in state  is a vector of inputs  
y y

    
    1 , , l l

j j jy s y s

, and  

 y s   
 1, ,

 is the associated vector  

of outputs in state s S  : l S
j. Let  1S  

denote the smooth supply function of firm  

 1

1, ,j 
 j p

l S
jY

n , 
where  is defined on the set of normalized prices. 
Standard assumptions of smooth production economies 
introduced in [1] hold for each production set   . 
In particular jY 0 is convex, jY , and jY

 1, ,j n 

 L

 1, ,i m 

 has a strictly 
positive Gaussian curvature for every . These 
assumptions imply that supply functions are smooth. 

Equilibrium  

Each consumer  chooses a utility maxi-
mizing consumption bundle i ix X  at fixed i   
and ij 

 1, ,j n 
 satisfying his budget constraints. Each pro-

ducer  chooses profit maximizing net ac-
tivities j jy Y pS

      

            

    

, , :

,
m n

i i ij j
i j

m n

s s s

 at competitive prices . Let 

i j
i j

z p

f p s p s s s p s p s

s p s

 

  

 


   



 

 

 





(1) 

be the market excess demand function in state  
 0,1, ,s S 

to equal supply
. Then, market clearance requires demand 
 in each market and uncertain state of

world. Hence 
 the 

        , , 0, 0,1, , .z p s s s s S       

An equilibrium is a price vector pS  wh
ion for a fixed distribution of initial re-

sources and exogenously given ownership structure. An 
equilibrium pa

ich satis-
fies this equat

ir is an equilibrium price vector pS  
with associated  . An equilibrium allocation is an 
allocation  , ,x y   associated with an equilibrium price 
pS . The model of the consumer is to solve a con-

straint optimization problem. This requires a consumer to 
maximize utility subject to a sequence of  1S   budget 
constraints. Hence, each consumer  1, ,i m   

          arg max : , 0,1, , ,i i i ix s u s x B s s S      

  1: l S
iu     is the consumer’s smooth2 utility 

function. The production adjusted consumer budget set is 
defined by 

     

x

where

 

         

i i i

n

i i

s

p s




   

 

1
j j

j

s s p s y s 







The model of the producer is to maximize profits. 
Each produce

: :lB s x s p s x  

r solves a constraint optimization profit 
maximization problem. Hence, each  1, ,j n   

           
 

arg max :

0,1, , ,

j j jy s p s y s y s Y s

s S

  

  
 

,j

where the state dependent production set  jY s  for all 
 0,1, ,s S   satisfies the assumptions of Debreu [1]. 

Definition 1. An equilibrium of the privat two e 
ownership production model with uncertainty 

 period 
 L  is 

a price vector pS  
zing c

at fixed pair for 
utility maximi onsumers ofit 

 ,  
 1, ,i m  

  i
and pr

f 


maximizing producers  1, ,j n   

        , 0, for all 0,1, , .s s s S       (2) ,z p s 

An equilibrium allocation is a pair  
     1 1, l S m l S nx y  

    associated ibrium 
price vector p

 with an equil
S  for fixed pa , rameters  . 

Let denote the mathem ioatical operat n 
here are 

defined by a state 
 1  equilibrium by state inner product. T

equations less 
l S 

 1S   equations satisfying Walras’ law 
 , 0p pz  , hence we have a system

equations. This amounts to the 
number of un ns, given the number  
prices of 

 of l(S + 1) − (S + 

of normalized
1) linearly independent 

know
 1S  . 

2“Smoothness” follows from the assumptions stated in [11]. It essentially 
means that all functions are differentiable at any order required. 
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A study of the qualitative equilib ructure of the 
two period private ownership production model with 

mounts to a study of the structure of the 
solution set of the equilibrium Equation (2). 

3. Equil  

rium st

uncertainty a

ibrium Structure  of the Model 
 L  

Let   S  denote the set of equilibrium solutions of 
the two period production model with uncertainty  L . 
This set consists of pairs     ,p s s  S   satisfy-
ing the equilibrium equations     , 0z p s s   for all 

 ,0,1,s S . Formally, we hav   e 

 

    

      0 , 0,1, , .

ij j

m

i j
i j

p s  

       

: , :

,
m n

i i
i j

n

s S

f p s p s p s

  

 
 

 



 



 s s p s

s p s s S



 

 

 

       
  

  

For the proof of the next theorem we need the follow-
ing result. 

Lemma 1 (Properness of a mapping). Suppose M(s) 
is a compact space and is a Hausdorff space for 
every 

 N s  
 0,1, ,s S 

   
. every continuous map Then 

  :f s M s N s  for all  0,1, ,s S   is proper. 

 the inverse image 
Proof. We need to show that for every compact set 
   B s N s   1f B s  is com-

pact for every  0,1, ,s S  . 
1) Let us show that th ct image e dire   Im f A s  of 

any cl osed subset A s  of  M s  is closed in  N s  
for all 0,1, ,s S  . To show this let  

    n sy  lim
n s

s y s , for all  0,1, ,s S  , where  

    ngs to the set n s
y s  belo    f A s . From the con- 

vergence property of the sequence      we 

 set 

 n s
y see 

that the      
s

      n sn

hat 

s
y s y s B s 

1

 is com- 

pact. From that it follows t   f B s  is com
for every 

pact 
 0,1, ,s S  . 

2) Let us show that inverse image   1Im f B s  is 

compact. We take  in    n s
x s  A s

, the se

 such that  

quence     early   n s
x s  . Cl

n s
y s f     n s

x s   

belongs to the compact set define verse image  

 1

d by the in

f B s er. Therefore, th e exists a subsequence  

    
 r sn s x s  for all 0,1, ,s S   such that  

   lim    r s
r s n s  x s x  

1

s ([12], p. 41), wher e  

    x s f B s . Since   x s  is the limit of a su
ents belonging to  

bse-
quence of elem A s , we

   x s A s . By continuity of the mapping f  we have  

               m lim .n s n s n s
f x s y s y s   lif x s

This proves 



  y s f A s    for every  that 
 0,1, ,s S 

subset of the 
Proof.

. ■

 Note that continuity of the mapping 

 
Theorem 1. The set   of model   is a closed 

Euclidean space defined by S . 
L

 

    
          , s s p s p s       f p s

for all 



,p s s

p s

 

      0

i i ij ji j

s p s    i ji j



 

 have 

0,1, ,s S  
 of model 

 1l S

is sufficient to sho closedness 
age of 

w 
is the preim


of the set 
the vector 0

 L .   
  by  mappi the smooth ng  

    
           



,

s

 

,p s

     0

i i ij ji j

i ji j

f p s



p s s s p s p s

s p s

   



 



 

   
for all 



 0,1, ,s S
he e

  which is closed by Lemma 1. 
quilibrium equation is sat sfied by the 

tions of differentiability of dema supply 
1]. ■ 

The set of model a smooth 
mension 

Continuity of t
assump
mappings [1,1

Theorem 2. 
manifold of di

i
nd and 

 is    L
 1S lm . 

Proof. r the mapping  1: l SZ We conside S  
defined by the smooth mapping  

    , ,i i ij jp f p p p p      

  i ji j
   

i j

p
. 

By the regular value theorem (Guill  
[13], p. 21)   is the preimage o

emi d Pollack
f . We need 

is mapping does not c itical points. 
by showing th ap 

o. The onto property c  from 
ty of the Jacobian m for any 

n an
 1

r

dire
trix chosen 

0 l S
ontain c

at the linear tangent m
 follows 

a

to prove that th
This follows 
D Z  is ont
the rank prop
arb

tly
er

itrary individual  1, ,i m   and state of nature 
 0,1, ,s S  . By the chain rule, w

 

e obtain 

   
       

 

     
     

 

1 1 1
1 1

1

1

i

i i il

i i i

l

D Z

11
1 1( )

1
ll

i ili

i i i

f s f s f s
p s p s

s s s

f s f sf s
p s p s

s s s  








  




  
 

   
   
  

     



   
 



By simple algebraic manipulations we obtain the new 
matrices 
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  
           

 
 

         
     

 

1 1
1 1 1

1 11 1
1 1 1

( )
1

,

( ) ( )
1

i i ili

i i i i

l ll
i ili i

i i i i

f s f s
p s p s p s

s s s s

1 1f s f s

f s f sf s f s
p s p s p s

s s s s

   

   



 


  
  

    
 
 
   

       


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the regular  ([13], p. 21)  
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ows that its 
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al property of the equilibrium mani
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 
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equal to th
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The following theorem illustrates a further economi-
cally interesting glob -
fold. It says that by construction of a diffeomorphism 

. 

f  
restricted to the equilibrium manifold   int

  1l m S

o  

 is diffeomorphic to the  

sphere in implying that the equilibrium ma
fold is arc ply connected, and contractib
These pr  particularly useful in applied work 
su

int
s  a path 

always exists. In order to 
in (

apply the theorem given in (Hirsch [14], pp. 15-16). 
Hence, let  

1

be smooth mappings defined by 

     1 1 1: S m l S mf   
   S S  

        
             
       1 2 1, , , , 0,1, , .ms s s s S      

Then, let 

     1 1 1 1: S m l S mg    
 

1 1

1 2

, , , ,

, , , , ,
m

m

f p s s s s

p s p s s p s s p s s

  

     


  

    S S  

denote smooth mappings defined by  

           

  1 1m S 
   S  

 1lm S

1 
   
-connected, sim

operties are

ni-
le. 

ch as economic policy equilibrium analysis. For exam-
ple, economic policy is often concerned with finding a 
path between a current point on   and a desired po  
on  . The following theorem prove that such

prove this result, we use a 
theorem given Hirsch [14], pp. 15-16). 

Theorem 3. The smooth equilibrium manifold   of 
model  L  is diffeomorphic to  1l S

 . 
Proof. The aim of the proof is to define two smooth 

mappings between smooth manifolds such that we can 

, , , ,l

 
1 1 11

0,1, , .

m m m, , ,lg p s s s s s s  

s S

 

  
 

Observe that the coordinates for the thl  good of the 
1m   consumers in  0,1, ,s S  ,    1 1, ,l l

ms s    
are defined 

,
(3) 

Also observe that the coordinates for the  con-
sumer of the 

      
1l

l k l
i i is w s p s s 

     

 
1

, 1, , 1

1, , 1 .

k

i m

k l



   
 

  




thm

1l   goods in  0,1, ,s S  ,  
     1 1, l

m m
2, m ,s s s     are

1

 defined by 
1m m

        , .m i i i
1i i

s f p s w s s   




The application of the theorem in



  (4) 

 ([14]) requires to 
show that 

    

 Im g  and that f g Id .
calculate two in

 The fi t 
part of th  to clusions, 1) 

rs
e proof requires

 Im g    and 2)  Im g .  We start b
1) 

y showing 
the second part first. Now, to show that  Im g   , 

ny consumption take a bundle  
           1,1 1, , ,m m, ,x s p s w s w s s   s , and 
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compute the inner product of (4) with    p s
 0,1, ,s S 

 w s

rod

 

 

,

, and apply Walras’ law to obtain  

.

llo
u um

     ,m mp s s s S    , 0,1, 

 equation

 

 ,1, ,

ij
j

From that a reformulation of (4) readily fo ws in 
terms of the p ction equilibri  

        
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i i j
i
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 

  p s



 to sh



  

hence Im g ext, we ne ow that 2) 
 Im

 . N ed
g . Take any arbitrary     ,p s s  . It is 

tions proving following 
equality  

,

then tr

   

ivial to do the computa

       , , , 0,1, f s g p s s p s s    s S  

from which it readily follows that  Im g . Clearl
ucted the two smooth relations such

y 
 that  

,

we have constr

       , 0 ,,1,f s g s Id s s S    

where Id  is the identity map defined on  
      1 1 1 1S m l S m   
   S . We have shown that the 

to the eq um manifold 
 between d the sphere 

4. Existence, Efficiency, and Finiteness of 
 

to show that apping 
ooth and proper. Ex  equilibr  

llow

ides a deep insight int de of 
resources are 

omorphism

smooth mapping
  defines a diffeo
of dimension 

ilibria

is 
π :   is sm

ness of π  prov
ics itsel

he diffe

 f restricted 
morphism

 1S lm
 . ■ 

uilibri
  an

 the catastrophe m
istence of

 fo

o the 

   

Equ

We now show that equilibria in the two period produc-
tion model with uncertainty always exist. The strategy of 
the proof 

ia
of this production model with uncertainty s imme-
diately from the smoothness proposition (1) and the 
properness proposition (2) below. The result of proper-

finition 
econom f. It implies that economic 
scarce. T    , i if p s p s s  for 
all 


 0,1, ,s S  between the spaces 1S  S  and 

 1l S  suggests that the vector  
        ,i i ix s f p s p s s   tends to nfinity in norm 

if prices tend . It 
 i

undles indifferent or pre-

t

1) 

o zero tends to zero if prices tend to 
infinity. 

Axiom 4 (Bounded and strictly convex preferenc
The set of co

es). 
nsumptions b

ferred to consumption bundle   lx s    for all  
 0,1, ,s S   is bounded from below for every  

  lx s   for all  0,1, ,s S  . The preordering 
 said to be bounded from below; 2) The set of 

consumptions bundles indifferent or preferred to con-
sumption bundle   lx s    for all  0,1, ,

i  is then

s S   is 
strictly convex for every   lx s   for all  

 0,1, ,s S . The preordering i  is then said to be 
strictly convex.  

Theorem 5. Equilibria of the ction 
mod inty 



el with unce
 period produ

rta
two 

 L  always exist
nition 2. The catastrophe

estriction of the projection 

. 
 is defined by 

It is the r
Defi

the π :proj 
 map π  

. 
 ,p    of the set of equilibria   S  into the 
space of economies  .  

Proposition 1 (Smoothness). π :   of model 
 L  is smooth. 
Proof. From Theorem (3) w   of me k odel now that 
 E  is a s

diffeomorph
mooth submanifold of S  whi

ic to the ension  1lm S
ch is 

 sphere of dim 
 . It 

ows from the definition of a smooth submanifold 
([15], p. 174) that its natural embedding π̂ :  S  
is smooth. It is clear that the projection 

foll

mapping  
π : S  is itself s

of the natural pro tion to   as the 
composition of 

mooth. 

two smooth m

It then follows that π  
the restriction jec

appings ˆπ π π   is 
th

of model 
erefore smooth. ■ 
Proposition 2 (Properness). π :   
 L  is proper. 
Pr rategy of the proof is to define the 

cenario such that lemma (1 pplied to 
the model 


oof. The st

economic s ) can be a
 L . Hence, we nee  to show that for all d

 0,1, ,s S   the inverse image 1π K s , where 
 K s  is a compact set in the sp itial resources, ace of in
  lms   , is compact. 

how that individual consumer dem s bounded 
below in every uncertain state of the world. To this, 
consider any 


We s and i

 show 
 1, 2, ,i m   and define the projection 

of initial resource into the thi  coordina  te and state
 0,1, ,s S  ,   : lm ls     defined by  

        1 , , .m is s s s      

Pick an arbitrary  i s  for  1,i m  . Let ,
 i iK s   be an elem  coment in a pact set  iK s . Note 

that  iK s  is compact by the projection  s  of a 
ct set compa  K s  on om- the thi  coordinate space. C

pactness of  iK s  in  i
s  implies for every  

 i i
K s   that 

     .i i is s s    

Now, for every 

 

 p s S  and    i is K s   and 1) 
 0,1, ,s S  need to s  how that     ,i if p s w s  is 

bounded from below. It then follows from standard as-
sumptions of consumer theory that for all  0,1, ,s S    

       , ,i i i i iu s u f p s w s   

where 

    
  

,i i

n

i j

f p s w s

          , i ijj
f p p ss p s s s p s     

, 
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and          n

i i ij jp s s s p s p s       

for all  

   j
w s
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
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 and  p s S    i is K s   for all  0,1, ,s S  
satisfying 

       ,i i i ix s u f p s w s   

by boundedness (Axiom 4) of indifference mappings 
from below for every 

 We now show th ,  
 1, ,i m  . 

at for every 2)
i

 p s S
  is K s  and  0,1, ,s S  ,     ,i is w s

librium price 
h p

r the equi
,

 is 
rom aalso bo v

ve
unded f bo e. Conside

ctor  p s  for any  0,1,s S . Then
ve 

m m

 
      1, πs s K s   we ha

 for all pairs 

,

 ip

           , ii i i i
i i

f p s w s s f p s w s    


where3 

        , .i i i i
i

 
m m m m

i
i i i

s f p s w s x s


    
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s  


    ,i if p s w s
, since for p s

, is bounded above by some 
  l

ix s       , ,s    ii
s




 is 
bounded from above for every   s K s 

ven by

. Hence, we 
have established the upper and lower bounds for every 
consumer  1, 2, ,i m    gi

     ,i i   i ix s f p s w s 

for every     
x s  

  1, πp s s K s  . 
3) W  apply L any arbitrary con-

have establ
e

sumer m  we ished the compact 
set 

 now emma 1. For 
1, 2, ,i  ,

    :l     , 0,1, ,i i ix s x
 G s  be a comp
ffeomorphism 

. Hence, we observe

s x s x s s       . 
act set defined by the preima  of

the di     ,i ih p s w s  ([11]) projected
 that   1π

S
Let  

 
ge

onto S K s  is a subset 
he c  of t ompact set  K s . Lemma (1) requires toG s

hat   1π
 

show t K s

w, by continuity o
 is closed in    G s K s . 

No f    π :s s ,  
0,1, ,s S   that   1π, it follows K s  is closed in 

y Theorem ( s , which b 1) is a closed sub et of  . 
Closedness of   1π

S
K s  foll osedness of 

  
ows from cl

       1π K s G s K s G s K s    . ■ 
Lemma  demand: D2 (Individual iffeomorphism of 

) For every if  1, 2, ,i m   
 11 l SS 

     
the individ  demand 

ing is a diffeomorphism for 
ual

mapp :if S
all  0,1, ,s S .  

Proof. The strategy of the proof is to show that 
    , iw s  if p s mooth, bijective, and that 1

iis s f   is 
also

The problem of the consumer is to solve the constraint 
optimization given by 

 

 smooth. 

         arg max , 0,1, , ,i i i: ix s u B s s S      

where 

x s x

      
   

1

: :i i i

i
j

B s x x s

p s s


 




 
      .

l

n

ij j

s p s

s p s y s



   






We can use the Lagrangean method to solve this prob-
. Hence the s problem satisfies the first 

order con imzation problem and is 
give

lem olution of this 
ditions of the optm

n by       ,i i ix s f p s w s  for all  0,1, ,s S  . 
Hence the pair     ,ix s s , where  s  is the La-

ier is a solution of the Lagrangian ob-
lem. Hence, 
grangian m

ss of
ultipl

to show smoothne
 pr

  if s  requires to 
show that     ,ix s s  is a smooth function of  p s  
and  iw s . This is a consequence

rem applied to the solutio
we calculate the bordered

 of the im
f t

ssian

plicit func-
he Lagrangian
 matrix, 

tion t ns
Hence,  He

heo  o . 
 H s  

for all  0,1, ,s S  . Thus,  

 

 
  

   
 

 
     1 2 0

l

l

p s

p s p s p s

 
 
 
 
 





and the inverse o

1

2
2

,

i i

j k
i i

p s

u x s
p s

x s x s
H s

 
 

 
     

f  H s  at         , , ,i ix s s s w s  
exists since  

p

  det 0, 0,1, , .H s s   

We  show that 1
i

S  

 now f   is also smooth. Let  
 11 : l S

if


   S  defined by  

           , .i i i i i i ig x s u x s x s u x s    

By assumptions of Debreu [11] all ingredients of this 
formula are smooth. Also the inner product of smooth 
functions is smooth. Hence we conclude that 1

if
  is 

also smooth. 
We now show that  if s  and  ig s  are invers

mappings for all 
e 

 1, ,0,s S
ndi


late the i vidual

. He
1) We calcu e mapping 

nce  
 composit

   i if s g s  for all  0,1, ,s S 3−i is standard notation used in economic theory. It is equivalent to 

saying  1, 2, , , ,j i  
 and show that 

   i if s g s  1l SId 


 . This condition is satisfied sim  such that i , hence j .
m

j i  nce  
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         
   

,

, 0,1, , .

i i i i i

i

i i if s g s f x s  u x s u x s

x s s S



   
 

As required, we have established  

1 .     l Si if s g s Id





2) We calculate the individual composite m ing app
   i ig s f s  for all  0,1, ,s S   and show that 

     1Si ig s f s Id 



S

. This condition is satisfied since  

by definition of  i

 

g s  we have  

   


i if s g s

g u f 



    
 
      

, ,

, , 0,1, , .

i

i

f

p s w s s S   

          , ,

i i i i

i i i i

p s w s

p s w s u f p s w s
 

As required, we have established  
roved the bijection  

property of the individ demand function4. ■ 
This proves existence of equilibria.  

1

rium price vector 
is  all  

   f s g s Id  1Si i 



S

. We have p

ual 

Definition 3. A feasible allocation  
 1lm S   iate with equilib-       , ln Sx s y s   assoc

and economy   p s S  
 Pare   1lm Ss 

  to efficient for
 0,1, 2, ,s S   if there is no other feasible allocation  

        1 1, lm S ln Sx s y s  
    such that for all  

and  1, 2, ,i m    0,1, 2, ,s S   

      ,i i i iu x s u x s  

with at least one strict inequality.  
Theorem 6 (Pareto efficiency of model  L ).

 
 Every 

ec is Pareto effi-
cient for 

onomy  s   of the model  L
all 0,1 , ,s S .  

Proof. We proceed by contradiction. We show that if
at equilibrium price  p s  the economy 

 
  , x s y s , 

where     ,x s y s  is an allocation of consumption and
 it must be that 

 
pr
firms do not maximize profits

firms m ebreu, [1] 
5) and s are Pareto 

efficient. 
We have for all 

oduction which is not efficient, then
. This contradicts the as-

sumption that all aximize profits (D
Chapter e implies that not all economi

0,1,2, , s S   
n n m

         .j ij j i
j j i i

p s s p s p s         
m

Hence, 

       ( ,i i i
i

m n

 

    .

m

i j
i j

f p s p s s p  






 

s

s p s 

Hence we obtain ilibrium equati

         
the equ on given by  

  

 

( ,

.

m m

i i i i
i i

m

i
i

f p s p s s p s p s

s

  



  



 


 

We can now esta
Now, let 

blish a contradiction. 
 p s um 

 
be an equilibri  price vector for 

any arbitrary  s  and     ,x s y s
on which is 

 an associated 
feasible equilibri  allocati not Pareto effi-
ci

um
ent. Since     ,x s y s  is feasible we have 

          

    

,i i i
i

n m

j i
j i

f p s p s s p s

p s s

 

 

 

 



 
 

m

      
i

   , ,
m n m

i i j i
i j

f p s w s p s s      

hence 

     .
m n m

i j i
i j i

x s y s s             (5) 

mpSince by a tion ssu     ,x s y s  is not Pareto effi-
cient, there exi  sts ona feasible allocati     ,i ix s y s  
associated with with  s  and  p s  such that 

     i iu x s  i iu x s

with at least one strict inequality. This implies that 

      i ip s x s p s x s     
with at least one strict inequality. Aggregating consump-
tion bundles we obtain together with the inner product 
the strict inequality  

       .
m m

i i
i i

p s x s p s x s            (6) 

Substituting Equation (5) into strict inequality (6) an
using the feasible allocation 

d 
    ,i jx s y s  we obtain  

     
n m

j i
j i

m

p s s  

    
n

j i
j i

y s

p s y s s



 

  

  
 
 

 
 

 

 
 

       .
n n

 4We have assumed that supply functions are smooth. Hence 

          i iw s p s s p s p s      
j j

j j

p s y s p s y     s
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But this strict inequality says that for some  1, ,j n   
that        >j jp s y s p s y s    for feasible  

   j jy s Y s . Hence a violation that fir  

profits. Clearly, since 

ms maximize 

     i i i iu s u s   for at least  

one  0,1, ,i m  ,     , x s y s  is a Pareto i
ci

neffi-
ent economy. ■ 
Theorem 7.  1π s  of  is a finite 

covering for every  s  1, ,
model 
for all

 L
 0,,  s S . 
 singleProof. Let  of a     p s  consist  element of

  1π s  for all  0,1, ,s S
not co

. Then as a non si
ap  π


ents of   
  cp s 
bijective m

. Consider the tangent 
ntained in the set of singu-

ngular point in 
map of elem
lar points, 
there exists a 

  

p sD  
lies that  π s

 the inverse fu
 U s  of 

which by the inve
is locally a 
rem

rse 

 there 
function theo
diffeomorp
exists an 

re
his

m imp
m. By

open set 

:   
nction theo



 V s , 

  and an
t

 open
ion of t

 set 
he  s  of  p s   such that the restric

natural pr
V

ojection to      π
V

:
s

V s U s
diffe

 is a 
omorphism for all  0,1, ,s S  . It follows from 

 othe one-to-one property
  

f th
 

is map


 that  
  1π s V s p  open in   s

nition 
. Since 

of ope
 V s  is 

nit fol e  sets of lows from the d fi   1π p s  
as intersections with  1π   of open sets 

. The 
of   that 

the subset  p  is open in  1π p union of all 
open subsets    p s s  de co 1π

 
fine an open v-

ering   of     1π s . Compactness of the 
 

p s 
set 1π s  follo pactness of the pre-
image of a compact t   

ws
se

 from com
s  by the proper mapping 

 π :  s s . It follo ws from compactness of  
  1π


s  that the open c  has a finite subcov-

ering defined by the unique ele
overing

ment of   1π s . The 
union of a finite number of elements defines the set 

  1π



s  which is fore e set. This proves 
ess o er of equilibria. ■ 

5. Conclusion 

This pape nd globa librium prope -
ties of a production economy with a two p  
structure and uncertainty. Adding uncertainty to th  pro-
duction mode is a further s ards realism. It is 
shown that the equ  all production econo-
mies with unc cture of a smooth sub-
mani  Euclidean space which is diffeomorphic 

 th
e numb

ere a finit
finiten f th

r discusses local a l equi r
eriod tim

e
l tep tow

ilibrium set of
ertainty has the stru

fold of the

d that, the paper shows that equilibria 
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nomics, Vol. 46, No. 3, 1978, pp. 557-569. 
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to a sphere. Beyon
always exist, and that they are efficient and finite. 
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