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ABSTRACT

This paper shows existence and efficiency of equilibria of a two period production model with uncertainty as a conse-
quence of the catastrophe map being smooth and proper. Its inverse mapping defines a finite covering implying finite-
ness of equilibria. Beyond the extraction of local equilibrium information of the model, the catastrophe map renders
itself well for a global study of the equilibrium set. It is shown that the equilibrium set has the structure of a smooth
submanifold of the Euclidean space which is diffeomorphic to the sphere implying connectedness, simple connected-

ness, and contractibility.

K eywords: Differential Topologyl; General Equilibrium; Uncertainty; Production

1. Introduction

This paper considers a two period production model with
uncertainty. The time structure and associated uncertainty
is described by a finite number of uncertain states of the
world. It is assumed that all firms are owned by the con-
sumers according to an exogenously determined owner-
ship structure. This economic scenario describes the pri-
vate ownership model discussed in Debreu [1] where the
objective of each firm is to maximize profits. The semi-
nal paper of this model without uncertainty dates back to
the path breaking paper by Arrow and Debreu [2].

In this paper, we show that many economically inter-
esting equilibrium properties of the two period produc-
tion model with uncertainty can be derived from the ca-
tastrophe map. For that purpose we follow the mathema-
tical approach discussed in Balasko [3] and in Dierker [4].

More specifically, we describe the set of solutions of
all two period production economies and explore its
structure. It is shown that this set is a smooth submani-
fold of the Euclidean space which is diffeomorphic to the
sphere. A study of some of the properties of the catas-
trophe map enables us to characterize the set of econo-
mies into sets with various properties, such as economies
with singular equilibria, economies with multiple equi-
libria, and economies with catastrophes, where equilib-
rium behavior is more difficult to study. Most of these
properties have been studied in the context of exchange
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economies [5] or simple production economies [6-10] or
Balasko (Preprint 2011) for examplel. This paper gener-
alizes the economic scenario by adding more structure to
the model of the firm and thus moving towards a more
realistic model where time and uncertainty is present.

The structure of the paper is as follows: Section 1 is an
introduction. Section 2 introduces the economic scenario
and states a definition of economic equilibrium. Section
3 explores the topological structure of the equilibrium set
of all two period production economies with uncertainty.
The next section states equilibrium properties of the model
such as existence, efficiency and finiteness of equilibria.
The final section is a conclusion.

2. TheLong Run Private Owner ship
Production Model with Uncertainty

We describe the two period private ownership production
model P (L) introduced in Debreu ([1], chapter 7). Uncer-
tainty is defined by a finite set of mutually exclusive and
exhaustive states of nature denoted by se{0,1,---,S},
where s=0 is the certain event in time period one and
{1,2,---,8} are the uncertain events in time period two.
In total there are S+1 states of nature. There are
ie{l,---,m} consumers, je{l,---,n} producers, and
ke{l,---,I} physical goods. For all consumers

ie{l,--,m}, a consumption bundle is a collection of

'Discussion paper: The natural projection approach to smooth production
economies, 2011.
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vectors x; =(x,(0),+,x,(s),-+.x,(S))e X, = RS
where consumption in a particular state s e {O,l,-u,S
is a vector x,(s) =(x} (s),'--,xl.’(s)) eR', . Associated
with physical commodities is a set of normalized prices,
denoted S= {p R p(s)=1Vse {0,1,---,5}} )

Consumers are further endowed with a fraction 6, [0,1]
of the profits of each firm. 6, represents the exoge-
nously determined ownership structure of the private
ownership production economy. It satisfies for each
jE {1,---,n} and ie {1,---,m
Denote the set of ownership structures

={0,eR": Y 0, =1.Vje{l,-.n}}.

Consumers are endowed with a collection of vectors of
initial resources denoted by
@, =(0,(0),,0,(s),.0,(S)) e, =R where ini-
tial endowments in a particular state s e{0,1,---,S} isa
vector @, (s)= (a)l.l (), & (s)) eR’, . Consumer
ie {l ---,m} is further characterized by a smooth Mar-
schallian demand function f,:SxR5" — R'*

f ( A% ) is defined for price vector peS and wealth
level w, eRfil , [11], where w,(s)=p(s)-o,(s) for
all se {0 1,---,8 }

Producers are characterized by production sets and
their smooth supply functions. The main property of the
long run production model is that all activities of the firm
are variable. An activity y, is a collection of vectors
y; = (yj (0),-- Y (s ),-- Y (S))ERI(S”), where an
activity in state s =0 is a vector of inputs

7;(0)=(55(0),++,5(0)) € R’ , and
v (s)= (yi (8)s2 ) (s)) eR’ is the associated vector

of outputs in state se{l,--,S}. Let & :S—>R (5+1)
denote the smooth supply ﬁmctmn of firm je{l,-- ,n} ,
where &, (p) is defined on the set of normalized prices.
Standard assumptions of smooth production economies
introduced in [1] hold for each production set ¥, < R 1(s+1)
In particular Y, is convex, 0€¥,,and 0Y, has a strictly
positive Gaussian curvature for every ;e {1,‘--,11} . These
assumptions imply that supply functions are smooth.

, where

Equilibrium P(L)

Each consumer ie{l,---,m} chooses a utility maxi-
mizing consumption bundle x; € X, at fixed w €Q
and ¢, €® satisfying his budget constraints. Each pro-
ducer j e{l,w,n} chooses profit maximizing net ac-
tivities y, €Y, at competitive prices peS. Let

z(p(s),a)(s),ﬁ(s)) :
550000505+ 5, 6)0(6) (55D |

J
m

~30(5)+ 25, (+(5)
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},059 <1,and 20 =1.

be the market excess demand function in state

s e {0,1,- -8 } . Then, market clearance requires demand
to equal supply in each market and uncertain state of the
world. Hence

z(p(s),a)(s)ﬁ(s)) =0,Vs e{O,l,---,S}.

An equilibrium is a price vector p €S which satis-
fies this equation for a fixed distribution of initial re-
sources and exogenously given ownership structure. An
equilibrium pair is an equilibrium price vector peS
with associated @€ Q. An equilibrium allocation is an
allocation (x,y,6) associated with an equilibrium price
p€S. The model of the consumer is to solve a con-
straint optimization problem. This requires a consumer to
maximize utility subject to a sequence of (S+1) budget
constraints. Hence, each consumer ie({1,---,m}

(x,(s)) € arg max {ui (x(s)):x,€B, (s)} ,Vse{0,1,---,S},

where u, ‘R SR s the consumer’s smooth? utility

function. The production adjusted consumer budget set is
defined by

B (s)= {xi (s)e R!, : p(s)-x(s)
(55 50,6152, 9]

The model of the producer is to maximize profits.
Each producer solves a constraint optimization profit
maximization problem. Hence, each j e {l,---,n}

(yj (s)) € argmax{p(s)-yj (s):y;(s)eY, (s)},

Vs e {0,1,~--,S},

where the state dependent production set Y,(s) for all
s€{0,1,---,S} satisfies the assumptions of Debreu [1].

Definition 1. An equilibrium of the two period private
ownership production model with uncertainty P(L) is
a price vector p €S at fixed pair (a),H) eQx0O iffor
utility maximizing consumers i< {1,---,m} and profit
maximizing producers je{l,---,n}

z(p(s),o(s),0(s))=0,foralls€{0,1,--,5}.  (2)

An equilibrium allocation is a pair

(x y)eR; (S R/ agsociated with an equilibrium
price vector peS for fixed parameters (,60)e Qx0.
Let denote the mathematical operation defined by a state
by state inner product. There are /(S+1) equilibrium
equations less (S+1) equations satisfying Walras’ law
pz(p,®)=0, hence we have a system of /(S + 1) — (S +
1) linearly independent equations. This amounts to the
number of unknowns, given the number of normalized
prices of (S+1).

2“Smoothness” follows from the assumptions stated in [11]. It essentially
means that all functions are differentiable at any order required.
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116 P. STIEFENHOFER

A study of the qualitative equilibrium structure of the
two period private ownership production model with
uncertainty amounts to a study of the structure of the
solution set of the equilibrium Equation (2).

3. Equilibrium Structure & of the M odel
P(L)

Let £c SxQ denote the set of equilibrium solutions of

the two period production model with uncertainty P (L) .

This set consists of pairs (p(s),@(s))eSxQ satisfy-
ing the equilibrium equations z p(s),a)(s)) =0 for all
s e {0,1,'--,5} . Formally, we have

E= {(p(s),a)(s)) eSxQ:

n

{00 S5 ) |0 o)

J

For the proof of the next theorem we need the follow-
ing result.

Lemma 1 (Properness of a mapping). Suppose M(s)
is a compact space and N (s) is a Hausdorff space for
every se€{0,1,---,S} . Then every continuous map
f(s):M(s)—>N(s) forall s€{0,1,---,S} isproper.

Proof. We need to show that for every compact set
B(s)c N(s) the inverse image [ (B(s)) is com-
pact for every se{0,1,---,5}.

1) Let us show that the direct image Im f (A(s)) of
any closed subset A(s) of M(s) is closed in N (s)
forall se {0,1,~~,S} . To show this let

y(s):limn(s)ﬁwy(s)"(s), for all se{0,1,---,8}, where
{y(s)n(s)} belongs to the set f(A(s)). From the con-

vergence property of the sequence { y(s)n(s)} we see

that the set B(s)= {{y(s)}U{Un(s){y(s)n(s)}}} is com-

pact. From that it follows that f ’I(B(s)) is compact
for every s€{0,1,---,5}.

2) Let us show that inverse image Im /™' (B(s)) is
compact. We take x(s)n(s) in A(s) such that

y(s)n(s) = f(x(s)n(s)). Clearly, the sequence {x(s)n(s)}

belongs to the compact set defined by the inverse image
[ (B(s)) . Therefore, there exists a subsequence

{x(s)n(s)

lim, x(s)”(s)r(:) =x(s) ([12], p. 41), where

} forall se{0,1,---,S} such that

r(s)

x(s)e f(B(s)). Since x(s) is the limit of a subse-
quence of elements belonging to A(s) , we have
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x(s) € A(s) . By continuity of the mapping f we have

f(x(s)) =lim, ., f(JC(s)) =y(s)= lim, ), y(s),,(.g) :

This proves that y(s)e f(A(s)) for every
N e{O,l,---,S} . m

Theorem 1. The set £ of model P(L) is a closed
subset of the Euclidean space defined by SxQ .

Proof. Note that continuity of the mapping

(p(s).@(s)) -
S (p()-p ()01 (5)+ .6, (5) ()£, (p()
(T ()X (p()=0

for all s€{0,1,---,8} is sufficient to show closedness
of the set £ of model P(L). £ is the preimage of
the vector 0 R'®™) by the smooth mapping

(p(s).0(s)) =
2 (P(S)’p(s).a)i (s)+2 6, (s)p(s)-¢ (p(s)))
(@ ()+ L (pls) =0

for all se{0,1,---,S} which is closed by Lemma 1.
Continuity of the equilibrium equation is satisfied by the
assumptions of differentiability of demand and supply
mappings [1,11]. m

Theorem 2. The set £ of model P(L) is a smooth
manifold of dimension (S + l)lm .

Proof. We consider the mapping Z:SxQ — R’
defined by the smooth mapping

(@) X fi(pop-0,+3 6,05 (p))
(Ze+X () '

By the regular value theorem (Guillemin and Pollack
[13], p- 21) & is the preimage of Oe R We need
to prove that this mapping does not contain critical points.
This follows by showing that the linear tangent map
D,Z is onto. The onto property follows directly from
the rank property of the Jacobian matrix chosen for any
arbitrary individual ie{l,---,m} and state of nature
s €{0,1,---,S} . By the chain rule, we obtain

D,Z

(S+1)

afil(s) 1 afil(s) I-1 Gfil(s)
20’ O e O )
%) | 5 )
ow)” D e ” O e

By simple algebraic manipulations we obtain the new
matrices

AM



P. STIEFENHOFER

117

o (s) iy O U (s) i % (s)
20()” a0 ) ) o)’ ) a0
AN O IR AR As) gy, F(s)
ow, (s)p (5) ow, (s)p (5) oo, (s) Prs)-1 ow,(s)
B A (s) oy A (s) o (s)
: 00)” D amm” O )
A7) oy ) Ly ()
Ry SRy LA S oy
Finally, we obtain apply the theorem given in (Hirsch [14], pp. 15-16).
| Hence, let
-1 -~ 0 8f" (S) S+1 1=1)(S+1)(m-1
20, (5) £185xQ— SR xRN
: be smooth mappings defined by
0 ~ o™ () f(p(s),a)l(s),a)l(s),u-,a)m(s))
0a(s) =(p(s):p(s) (). p(s) @ (s).+. p(5) -, (5),

from which we extract the information required. Rank
D, Z isequalto (I-1) in every state se{0,1,---,S}.
By the regular value theorem ([13], p. 21) £ is a smooth
manifold. This manifold is parameterized by smooth co-
ordinate functions o= (a)(O),~--,a)(s),---,a)(S)) e .
From the regular value theorem it also follows that its
dimension is equal to the dimension of SxQ minus
(/-1)(S+1), hence

dim (&) =((1-1)(S+1)+ml(S+1)—(1-1)(S +1)) i
= mi(S+1) ‘

The following theorem illustrates a further economi-
cally interesting global property of the equilibrium mani-
fold. It says that by construction of a diffeomorphism f
restricted to the equilibrium manifold £ into
SR RUNDED e s diffeomorphic to the

sphere in Rlﬁ(s“) implying that the equilibrium mani-

fold is arc-connected, simply connected, and contractible.
These properties are particularly useful in applied work
such as economic policy equilibrium analysis. For exam-
ple, economic policy is often concerned with finding a
path between a current point on £ and a desired point
on &£ . The following theorem proves that such a path
always exists. In order to prove this result, we use a
theorem given in (Hirsch [14], pp. 15-16).

Theorem 3. The smooth equilibrium manifold £ of
model P(L) is diffeomorphic to Ri(f“).

Proof. The aim of the proof is to define two smooth
mappings between smooth manifolds such that we can

Copyright © 2013 SciRes.

@, (S),@ (s),.,.,a_),,,,l (S)),Vs e {0,1,"',S},
Then, let
g:Sx RGSHm R(z—l)(m)(mfl) . 5x0

denote smooth mappings defined by
g(p(s):@(s), @ (5),, B,y (5): ), (5), 3, (),
Vs e {O,l,---,S}.

Observe that the coordinates for the /” good of the
m—1 consumers in se{0,1,---,8}, @ (s),, @, (s)
are defined

of ()= (5)-|

Yk e{l,-,1-1}.

-1

P (s)-a)il(s)j,‘v’i e{l,.,m—-1}, 3

k=1

Also observe that the coordinates for the m” con-

sumer of the /-1 goodsin se{0,1,---,S},
@, (s),o; (s),-, " (s) are defined by

m m > m

m m—1
@, (s)=leﬁ(p(s),w,(s))—z;w,(s). “)

The application of the theorem in ([14]) requires to
show that £=Im(g) and that fog=1Id. The first
part of the proof requires to calculate two inclusions, 1)
Im(g)c& and 2) £clIm(g). We start by showing
the second part first. Now, to show that 1) Im( g) cé,
take any consumption bundle

x(s)z(p(s),wl(s),'--,wm(s),@l(s),u~,5m4(s)) , and
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compute the inner product of (4) with p(s)
s e {0,1,- - S} , and apply Walras’ law to obtain

w, (s):p(s)'a)m (S),VS e{O,l,---,S}.

From that a reformulation of (4) readily follows in
terms of the production equilibrium equation

S 290610 20, (900515 06) |

=Zi:a)i(s)+;c§j (p(s)),Vs € {0,1,---,S},

hence Im(g)c& . Next, we need to show that 2)
£cIm(g). Take any arbitrary (p(s),a)(s)) ef . lItis
then trivial to do the computations proving following
equality

/(s)og(p(s).0(s))=(p(s).@(s)). Vs €{0,1,--,5}

from which it readily follows that £ <1Im(g). Clearly
we have constructed the two smooth relations such that

f(s)og(s)zld(s),Vse{O,l,---,S},

where Id is the identity map defined on
SxRED" W RUDEND) We have shown that the
smooth mapping f restricted to the equilibrium manifold
& defines a diffeomorphism between &£ and the sphere
of dimension RS™™

4. Existence, Efficiency, and Finiteness of

Equilibria

We now show that equilibria in the two period produc-
tion model with uncertainty always exist. The strategy of
the proof is to show that the catastrophe mapping
n:E — Q 1is smooth and proper. Existence of equilibria
of this production model with uncertainty follows imme-
diately from the smoothness proposition (1) and the
properness proposition (2) below. The result of proper-
ness of m provides a deep insight into the definition of
economics itself. It implies that economic resources are
scarce. The diffeomorphism f,.(p(s),p(s)-a)[(s)) for
all s€{0,1,---,S} between the spaces SxR>" and
RS+ suggests that the vector

x,.(s) :f,.(p(s),p(s)-a)i(s)) tends to infinity in norm
if prices tend to zero. It tends to zero if prices tend to
infinity.

Axiom 4 (Bounded and strictly convex preferences).

1) The set of consumptions bundles indifferent or pre-
ferred to consumption bundle x'(s) eR', forall

se {O,l,- -, S} is bounded from below for every
x(s)eRl++ for all se{O,l,---,S} . The preordering
=<, is then said to be bounded from below; 2) The set of
consumptions bundles indifferent or preferred to con-
sumption bundle x'(s) ER’H for all s e{O,l,---,S} is
strictly convex for every x(s) eR!, forall

Copyright © 2013 SciRes.

s€{0,1,---,S}. The preordering =, is then said to be
strictly convex.

Theorem 5. Equilibria of the two period production
model with uncertainty P (L) always exist.

Definition 2. The catastrophe map w is defined by
the m,, :E— Q. It is the resiriction of the projection
(p.@)> @ of the set of equilibria € = SxQ into the
space of economies C) .

Proposition 1 (Smoothness). n:& > Q of model
P(L) is smooth.

Proof. From Theorem (3) we know that £ of model
’P(E ) is a smooth submanifold of SxQ which is
diffeomorphic to the sphere of dimension ]Rimfm). It
follows from the definition of a smooth submanifold
([15], p. 174) that its natural embedding 7n:& — SxQ
is smooth. It is clear that the projection mapping
T:SxQ — Q is itself smooth. It then follows that =©
the restriction of the natural projection to &£ as the
composition of two smooth mappings n=ToRt is
therefore smooth. m

Proposition 2 (Properness). n:&—>Q
P(L) is proper.

Proof. The strategy of the proof is to define the
economic scenario such that lemma (1) can be applied to
the model P(L). Hence, we need to show that for all
se{0,1,---,S} the inverse image ! (K(s)) , where
K (s) is a compact set in the space of initial resources,
Q(s)=R", is compact.

We show that individual consumer demand is bounded
below in every uncertain state of the world. To show this,
consider any ie{l,2,---,m} and define the projection
of initial resource into the i” coordinate and state
s€{0,1,---,8}, o(s):R}, >R}, defined by

o(s)=(a(s),.o,(s)) > o (s).

Pick an arbitrary @,(s) for ie{l,---,m} . Let
w, € K,(s) be an element in a compact set K, (s). Note
that K,(s) is compact by the projection (s) of a
compact set K (s) on the i coordinate space. Com-
pactness of K,(s) in Q(s) implies for every
w, €K(s) that

@/ (s)<w,(s)<a(s).

of model

1) Now, for every p(s)eS and w,(s)eK,(s) and
s€{0,1,---,5} need to show that fl.(p(s),wl.(s)) is
bounded from below. It then follows from standard as-
sumptions of consumer theory that forall s e{0,1,---,5}

U; (a)l. (s)) sy, (f, (p(s),w,. (S)))’
where
£ (p(s)o(5))
= fi(p():p(s) 0, ()+ 20, (5) p(5)-&, (p(5)))

>
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and w(s)=p(s) o (s)+ 26 (s) p(s)-¢
forall se{0,1,---,S}.
By non satiation we also have

u, (a)l'(s)) <u, (a), (s)),

which by monotonicity of u,(s) implies that
u, (a),'(s)) <u, (fl (p(s), W, (s)))

Clearly, there exists some x/(s)eR., for every
p(S)eS and a),.(s)eK,.(s) for all Se{0,1,~--,S}
satisfying

S (p(s))

5 () <u (£ (p(s)m (5)))

by boundedness (Axiom 4) of indifference mappings
from below for every ie{l,---,m}.

2) We now show that for every p(s)eS,
w/(s)eK,(s) and se{0,1,---,S}, h, (p(s),wl. (s)) is
also bounded from above. Consider the equilibrium price
vector p(s) forany se{0,1,---,S}. Then for all pairs
(p(s).0,(s))en (K(s)) wehave

m

£ (p(s)w () = S (5) =21 (p(s). ()

where®

m

s),w, (s)) < Zi:a),. (s)—zmi:x[(s).

Clearly, f, ( p(s),w (s)) , is bounded above by some

x/(s)eR’,, since for (p(s).o(s))e& > o(s) is
bounded from above for every o(s)e K (s). Hence, we
have established the upper and lower bounds for every
consumer ie{l,2,---,m} givenby

()< £ (p(5),wi(s)) < ()

forevery (p(s),o(s))en (K(s)).

3) We now apply Lemma 1. For any arbitrary con-
sumer ie{l,2,-,m}, we have established the compact
set {x(s) eR,, :x/(s)<x(s)< x,”(s)},Vs e{0,1,---,8}.
Let G(s) be a compact set defined by the preimage of
the diffeomorphism 4 (p(s),w;(s)) ([11]) projected
onto S. Hence, we observe that n™' (K (s)) is a subset
of the compact set G(s)xK (s). Lemma (1) requires to
show that m™' (K(s)) isclosedin G(s)xK(s).

Now, by continuity of n(s):& — Q(s),
Vse€{0,1,---,8} , it follows that n™' (K(s)) is closed in
&, which by Theorem (1) is a closed subset of SxQ.
Closedness of m™' (K s)) follows from closedness of
n (K (s))NG(s)xK(s) = G(s)xK(s). m

Lemma 2 (Individual demand: Diffeomorphism of

*— is standard notation used in economic theory. It is equivalent to

saying je{1,2,--,i,--,m} suchthat i, hence Y.

Copyright © 2013 SciRes.

1) For every ie{l,z,u-,m} the individual demand
mapping  f,: SxRS? —)Ri(f” is a diffeomorphism for
all se{0,1,---,S}.

Proof. The strategy of the proof is to show that
£(p(s),w,(s)) is smooth, bijective, and that f;”
also smooth.

The problem of the consumer is to solve the constraint

optimization given by
(x,(s)) e argmax{u, (x(s)):x, € B (5)}, Vs €{0,1,---,5},
where
B(5)={x ()<L p(6) 5 )
(55 3, 0)pl6) )]

We can use the Lagrangean method to solve this prob-
lem. Hence the solution of this problem satisfies the first
order conditions of the optmimzation problem and is
given by x,(s)= f, (p(s),wl. (s)) forall se€{0,1,---,S}.
Hence the pair (x,(s),A(s)), where A(s) is the La-
grangian multiplier is a solution of the Lagrangian prob-
lem. Hence, to show smoothness of f;(s) requires to
show that (x,(s),4(s)) is a smooth function of p(s)
and wl.(s). This is a consequence of the implicit func-
tion theorem applied to the solutions of the Lagrangian.
Hence, we calculate the bordered Hessian matrix, H (s)
forall se{0,1,---,S}. Thus,

P'(s)
and the inverse of H (s) at (xi(s),/i s),p(s),w.(s))
exists since

det[-_l(s);tO Vs e{O,l,---,S}.

We now show that f;”' is also smooth. Let
£REY 58xQ  defined by

g (% () =(Vat (3 (5)) %, () Vit (3 (5)))

By assumptions of Debreu [11] all ingredients of this
formula are smooth. Also the inner product of smooth
functions is smooth. Hence we conclude that f'
also smooth.

We now show that f;(s) and g;(s) are inverse
mappings for all s€{0,1,---,S}. Hence

1) We calculate the individual composite mapping
f,.(s)og,.(s) for all se{0,1,~--,S} and show that
f (s) og; (s) 1d RI5) . This condition is satisfied since
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fi(s)og (s)=/, (Vul. (x;(5)).x (5)- Vg (x, (s)))
=X (s),VS € {0,1,---,S}.
As required, we have established
j;(s)og( ) 1d1$+1'
2) We calculate the individual composite mapping
g (s)e fi(s) for all se€{0,1,---,8} and show that
g (s)e fi(s)= 1d__ ., - This condition is satisfied since

by definition of g, (s) we have
fi(s)og(s)
= &,V (£ (p(s)m (5))).
(£ (2 (), ()))- Ve (£, (), (5))))
=(p(s)w,(5)), ¥ € {0,105},

As required, we have established
fi(s)e gi(s):IdSXR(iﬂ) . We have proved the bijection

property of the individual demand function®. m
This proves existence of equilibria.
Definition 3. 4 feasible allocation

(x(s),y(s)) € Ri”l(“) xR"™ associate with equilib-

rium price vector p(s) €S and economy
o(s)eR™™) s Pareto efficient for all
5€{0,1,2,---,8} if there is no other feasible allocation
(x(s).7(s)) R™SD S R"S such that for all

ie{l,Z,---,m} and se{Ol 2,- S}

(56 (n).

with at least one strict inequality.

Theorem 6 (Pareto efficiency of model P (L)). Every
economy a)(s) € Q of the model P(L) is Pareto effi-
cient for all s e {0,1,---,5} .

Proof. We proceed by contradiction. We show that if
at equilibrium price p°(s) the economy a)(x(s),y(s)) ,
where (x(s), y(s)) is an allocation of consumption and
production which is not efficient, then it must be that
firms do not maximize profits. This contradicts the as-
sumption that all firms maximize profits (Debreu, [1]
Chapter 5) and implies that not all economies are Pareto
efficient.

We have for all se{0,1,2,---,S}

35, (p(5)) =220, (5)5 (p()) = 3, (p())

Hence,

*We have assumed that supply functions are smooth. Hence

w,(s)=p(s) o (s)+ p(s)-¢(p(s))

Copyright © 2013 SciRes.

21p(s):p(s)-(@1(5)+€.(p()
=20 (5) 3%, (p ).
Hence we obtain the equilibrium equation given by
S5 (). p(5) (01 (p(9))) =35 (2()
- Zw (5).

We can now establish a contradiction.

Now, let p’(s) be an equilibrium price vector for
any arbitrary (s) and (x(s),y(s)) an associated
feasible equilibrium allocation which is not Pareto effi-
cient. Since (x(s),y(s)) is feasible we have

31 (p(s).(s) (@ () + &, (p(5))))

i

—24( (5)+ X (s)

m n m

21 (p(s),wi(s)) =26, (p(5))+ 2 (5),

i Jj i
hence

S (s)=

i

2 () 3 () ®)

Since by assumption (x(s), y(s)) is not Pareto effi-
cient, there exists a feasible allocation (X,(s),7,(s))
associated with with @(s) and p”(s) such that

0 (%(5)) 21 (5(5))
with at least one strict inequality. This implies that
P ()5 ()2 5" ()3, (s)
with at least one strict inequality. Aggregating consump-

tion bundles we obtain together with the inner product
the strict inequality

P ()% (s)>

i

P (s) ixi (s). 6)

Substituting Equation (5) into strict inequality (6) and
using the feasible allocation ()_cl. (s).7, (s)) we obtain

r {5,000

J

76120+ S0 )

J
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But this strict inequality says that for some ;e {1 RN n}
that p°(s)-¥,(s)>p"(s)-y,(s) for feasible
Yy, (s) €y, (s) . Hence a violation that firms maximize
profits. Clearly, since u, (@, (s))>u,(e,(s)) for at least

one ie{0,1,---,m}, a)(f(s)j(s)) is a Pareto ineffi-
cient economy. m

Theorem 7. n7'(s) of model P(L) is a finite
covering for every w(s)eR,forall se{0,1,---,S}.

Proof. Let {p(s)} consist of a single element of
! (a)(s)) forall s€{0,1,---,S}. Consider the tangent
map of elements of £ not contained in the set of singu-
lar points, p(s) ¢ & . Then as a non singular pointin &
there exists a bijective map D, which by the inverse
function theorem implies that nzs) :€—>Q islocally a
diffeomorphism. By the inverse function theorem there
exists an open set U(s) of weR and an open set
V(s) of p(s) €& such that the restriction of the
natural projection to V(s) , 71'|V 9 :V(s) —)U(s) is a
diffeomorphism for all se {0,1,~-,S}. It follows from
the one-to-one property of this map that
n' (w(s))NV(s)={p(s)} . Since ¥(s) isopenin &
it follows from the definition of open sets of ™' (p(s))
as intersections with ' (@) of open sets of £ that
the subset {p} is open in m™'(p). The union of all
open subsets | p(s)}en'(w(s)) define an open cov-
ering P of {p(s)fen”(o(s)). Compactness of the
set 7' (w(s)) follows from compactness of the pre-
image of a compact set {a)(s)} by the proper mapping
n(s):€ > Q(s). It follows from compactness of
n'(@(s)) that the open covering has a finite subcov-
ering defined by the unique element of 7' (a)(s)) . The
union of a finite number of elements defines the set
n' (w(s)) which is therefore a finite set. This proves
finiteness of the number of equilibria. m

5. Conclusion

This paper discusses local and global equilibrium proper-
ties of a production economy with a two period time
structure and uncertainty. Adding uncertainty to the pro-
duction model is a further step towards realism. It is
shown that the equilibrium set of all production econo-
mies with uncertainty has the structure of a smooth sub-
manifold of the Euclidean space which is diffeomorphic

Copyright © 2013 SciRes.

to a sphere. Beyond that, the paper shows that equilibria
always exist, and that they are efficient and finite.
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