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ABSTRACT

The main purpose of this paper is to link some known inequalities which are equivalent to Bernoulli’s inequality.
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1. Introduction

Based on the theory of inequalities, many classical ine-
qualities not only promote the development of the ine-
quality theory, but also lead to many applications in pure
mathematics and in applied mathematics. Bernoulli’s
inequality is one of the most distinguished inequalities.
In this paper, a new proof of Bernoulli’s inequality via
the dense concept is given. Some strengthened forms of
Bernoulli’s inequality are established. Moreover, some
equivalent relations between this inequality and other
known inequalities are tentatively linked. The organiza-
tion of this paper is as follows:

In Section 2, a new proof of Bernoulli’s inequality by
means of the concept of density is raised. In Section 3,
some strengthened forms of Bernoulli’s inequality are
establised. In Section 4, we link some known inequalities
which are equivalent to Bernoulli’s inequality. In Section
5, we collect some variants of Young’s inequality which
are equivalent to Bernoulli’s inequality. For related re-
sults, we refer to [1-35].

2. Preliminaries

In order to complete these tasks, we need the definition
and some basic results of the convex function as follows:
Definition 2.1
Let f:1 > R be a function, where | is an interval of
R.

"Dedicated to the Respected Professor Haruo Murakami.
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1) Suppose that P and Q are any two points on the
graph of y= f(x), if the chord PQ can not below the
arc PQ of the graph of f, then we say that f is a convex
function on I. That is, for any two point X,ye | and
any te [0,1] .

f(tx+(1-t)y)<tf (x)+(1-t) f(y), (1)

then f is a convex function on |I. We say that f is called
concave on | if —f isconvexon .

If, for any two points X,yel with X#Yy and any
te(0,1),

f(tx+(1-t)y)<tf (x)+(1-t) f(y),

then we say that f(x) is a strictly convex function on
l.

2) | is said to be midpoint convex or J-convex on | if
for any two points X,y e,

f(%)ﬁ%[f(xﬁf(y)]. )

It is well-known fact that every convex function on an
interval (a,b) is continuous; if f is mid-point convex
and continuous on an interval I, then it is convex on I.
The following Jensen’s inequality can be shown by the
mathematical induction directly.

Lemma 2.2 (Jensen’s inequality, [3], page 31) Let
f(x) be a convex function on I. Then for any
0,0+ 0, €(0,1) with D" g, =1 and for any
Xis Xy X €1,
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f(izn;qixijsizn;qif(xi). (3)

If f is strictly convex, then (3) is strictly unless the X
are all identically.

Lemma 2.3 Let f:1 >R be a function. Then the
following statements are equivalent:

1) f is strictly convex on I,

2) For any two distinct points X,y € |
satisfying Ax+(1-4)yel,

f(Ax+(1=2)y)<Af(x)+(1-2)f(y):

and any

and any A>1

3) For any two distinct points X,yel
A<0 satisfying Ax+(1-1)yel,
f(Ax+(1=2)y)<Af(x)+(1-2) f(y).
Proof 1) = 2). Let x,ye | be distinct and let 1 >1
be arbitrary. If z=Ax+(1-1)yel,then

X :%z +(1 —%)y and X is between y and z. It follows

from the strict convexity of f on | that
1

f(x)<%f(z)+(l—zjf(y).

Hence 2) holds.
2) = 3). Let X,yel be distinct and let 1 <0 be
arbitrary. If z=Ax+(1-1)yel, then

X= (1 —%) y +%z and both y and z are distinct. By the

assumption of (b), we have

f(x)<(1—%)f(y)+%f(z).

It follows from A <0 that 3) holds.
3)=1). Let x,yel bedistinctand let 0<A<1 be
arbitrary. If z=Ax+(1-A4)y, then
y=(1+ij+_—lz and (1+Lj<o It follows
A-1 A-1 A-1
from the assumption of 3) that

1 1
f(y)<(1+ 44] (-1 (2)

This prove 1) holds. Thus the proof is complete.

Next, we will prove Bernoulli’s inequality by means of
the concept of density without differentiation or integra-
tion.

Lemma 2.4

(1+x)" <1+ax foralla €(0,1)

and X >—1with x#0.

“

The equality is obvious for case X = 0 or for case
a=0 orl.

Copyright © 2013 SciRes.

Proof Let
E ::{a e(0,1)|(1+x)a <l+ax,x >—1,x¢0}.

Claim 1: E is dense in (0,1).
It suffices to show that E satisfies the following three
properties.

1
1) —eE.

) 3

2)If aeE,then 1-a€E.

3)If a,fecE, then a-fecE and a;ﬂeE.

Let x>-1 be arbitrary with x=0. Then
_—X=—1+L>—l and _—X¢O.Thus
1+X 1+ X 1+X

2 2
(1+5j :1+x+X—>1+x.
2 4

So, (1+ x)l/2 <1+%X. This proves 1) and hence E is

nonempty.
If a€E,then
(1+x)™ :(1+x)(1+%j < (1+x)(1+%)
=1+(1-a)x.
This proves 2).

Next, if 0<a<f<1 are such that «,fcE, then
forevery x>-1 with x#0,

(40 <[40 | <(1+ax)’ <1+a px

This proves the first part of 3). On the other hand, it
follows from «,f € E that

(1+x)" <1+ax
and
(1+x)ﬂ<1+ﬂx.
Therefore,
(1+x)7 = (14 %) (1+x)” <(1+ax)(1+ Bx)
=1+(a+pB)x+(a-p)x’

2 2
=[1+ij + a-ﬁ—(wj x> )
2 2
2
S(I+ij .
2
Thus, we complete the proof of 3). Since 1)-3) imply

that Zn:akZ’keE for a,a,,,a, €{0,1} and

k=1
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n=1,2,3,---. Therefore E must be dense in (0,1).
Finally, if a€(0,1) is arbitrary and BeE with
a < f <1, then for every x>0,

(1+x)" <(1+x)” <1+ x> 1+axas fla.
This proves
(1+x)* <1+ ax for x> 0.

Similarly, if o €(0,1) is arbitrary and SeE with
0< f<a, then, forevery —1<x<0,

(1+x)" <(1+x)" <1+ px>1+axas T a.
This proves
(1+x)” <1+ ax for —1<x<0.

Therefore, for every a €(0,1), we have

(d ) holds, that is,

(1+X)a <1+ aX for x>-1 with X #0.

It follows from (5) again that (4) holds. This completes
the proof.

Corollary 2.5 The following statements are equiva-
lent:

1) —Inx is strictly convex on (0,0);

2) Xy <ax+(l-a)y forallx,y>0with x=#Yy
and forall O<a<l;

3) Young’s inequality holds, that is,

XY <lXp+qu, where X, Y > 0 with X" =Y® and
p q

1< p,q<oo with l+l:1;
P q
4) (4) holds.
Proof

(1+x)" <1+ax forall x>—1with X# 0 and forall 0 < & <1

& x* <l+a(x—1)=(1-a)+axforall x>0 with x # 1 and forall 0 < & <1

<:>(Xy)a <(1—a)+aoxy forall X,y >0 with x# yand forall0<a <1

= (b) holds, that is, x*y"™* < ax+(l —a)yforall X,y >0 with X y and forall 0 < ar <1

< —In X is strictly convex on (0,), that is, (&) holds

< XY <lX"+lYq for X,Y >0 with X? 2Y%and for all1 < p,q<oowithl+l:l;
p q p q

< (c) holds.

The equality of Young’s inequality is clear for case
X,Y 20 with XP =YY%, This completes the proof.

Next, we prove some equivalent results which are re-
latedto —InX:

Lemma 2.6 For any Ce(O,oo), the following state-
ments are equivalent:

1) —Inx is strictly convex on (0,%0);

2) —Inx is strictly convex on (c,);

3) —Inx is strictly convex on (0,c).

Proof Clearly, 1) = 2) and 3).

Now, we prove 3) = 1) and 2) = 1). Let x,y,t>0
be with x=y andlet ae(0,1) be arbitrary. Since

ln(a(tx) +(1 —a)(ty)) =Int+ ln(ax +(1-a) y),

we have

o0
o0

—ln(a(tx)+(1—a)(ty))
< a(—ln (tx))+(1 —a)(—ln (ty))

<:>—ln(ax+(1—a)y)
<a(-Inx)+(1-a)(-Iny).
Thus, if t is small such that tx,ty e(0,c), we obtain

Copyright © 2013 SciRes.

that 3) implies 1). Similarly, if t is enough large so that
tx,tye(c,oo), we obtain that 2) implies 1). This com-
pletes the proof.

Lemma 2.7 Let x €(-1,0)U(0,),
¢ e(-»,0)U(1l,0), i=12,- satisfying cx, i = 1,
2, -+ be all positive or all negative. If, for all i=1,2,--
with (1+%)" >1+cx, then

1702
n n
[T(1+x)" >1+>ex, n=1,2,+-.
i=1 i=1
Proof This lemma is true for n=1 by assumption.
Suppose that this lemma holds for n=1,2,--- )k . Let
n

n=k+1.If 1+Zci X; <0, then, clearly, the conclusion
i=1

n
holds. Now, we assume 1+ ¢ >0. Since ¢X,
]
i=1,2,--- are all positive or all negative, we see that
1+¢x >0, i=12,--,n. Therefore,

n

[T0en)" > )" [chixi}
>(1+cnxn)[l+§cixi}>1+iZ::cixi.

AM
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This completes our proof.

3. Variants of Bernoulli’s Inequality
In this section, we establish some variants of Bernoulli’s

Inequality.

) —Inx isstrictly convex on (1,00);

n

i=1l

n

i=1 i=1

) (1+y)">1+ay,where a>1 and 0<y, thatis,

n
i=l i=1
n
i=l i=1

;) (1+y)">1+ay,where <0 and 0<y, thatis,

n

i=1 i=1

n

i=1 i=1

r;,n) H(1+yi)ci>1+zn:ciyi,where ¢ <0, O<y,, i=

Since InX is strictly concave and strictly increasing
on (0,0), its inverse function e* is strictly convex and
strictly increasing. Using Lemma 2.7, we have the
following

Theorem 3.1 The following inequalities are equiva-
lent:

) (1+y)" <l+ay,where 0<a<1 and 0<y,thatis, x* <ax+(l-a),where 0<a <l and Xx>1;

rlfn) H(l+yi)ci<1+iciyi,where 0<c <1,0<y;, i=12,--,n satisfy Zn:cizl;
i=1

i=1

) (1+y)* <l+ay, where 0<a <1 and -1<y<0,thatis, X*<ax+(l-a),where 0<a<l and 0<x<l;

n) H(1+yi)°‘<1+zn:ciyi,where 0<c <1, —1<y, <0, i=1,2,--,n satisfy Zn:cizl;

i=1

X*>ax+(1-a), where a>1 and x>1;

) ]l[(1+yi)ci>1+zn:ciyi,where ¢ >1, 0<vy,, i=1,2---,n;
) (1+y)">l+ay,where @>1 and —1<y<0,thatis, x*>ax+(l-a), where a>1 and 0<x<l;

) ]‘[(1+yi)ci>1+zn:ciyi,where ¢ >1, —1<y, <0, i=1,2,-,n;

X*>ax+(1-a),where a<0 and x>1;

1323"'5n;
/) (1+y)">1+ay,where <0 and —1<y<0,thatis, X*>ax+(1-a),where a<0 and 0<x<I;

r;n) H(1+yi)ci>1+zn:ciyi,where ¢ <0, —1<y, <0, i=12,--,n;

(r)) (1+y)" > lay ,where 0<a <1 andy>0;
_m
(r)) (1+y)a> la ,where 0<a <1 and —-1<y<O0;
1= %Y
1+y
("5') (1+Y)a< _lay,where a>1 and 0<y<ﬁ;
1+y
() (1+y)" < lay ,where a>1 and -1<y<0;
_m
() (1+y) < lay ,where @ <0 and y>0,
_m
(rs") (1+y)“< _1ay,where a<0 and ﬁ<y<o;
1+y

Copyright © 2013 SciRes.
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,where p>q>0 andy>0;

+

,where p>q>0 and —q<y<O0;

,—_ —
+

NG

(rs') (14_%) <(1+%J ,where q<p<0 and O<y<—p;

q p
() (u%} {H%] ,where q<p<0 andy<0;

q p
() (14_%) >[1+%) ,where q<0<p and O<y<-Q;

q P
(©) (H%} >(1+%] , where q<0<p and —p<y<0.

. 1 . .
Proof Let go(x)::m, where x#-1, then ¢(p(X))=Xx, 1+¢(X)=m, @:(-1,00) > (-1,0) is a strictly
convex function, ¢(0,00)=(-1,0) and ¢(-1,0)=(0,).

(1) = ():
(r;) holds

@—ln(ax—i-(l—a)y)<—aln(1+x)—(l—a)1n(l+ y) forall X, y >1with X# yand forall 0<ea <1

ay,l-a

< Xy <ax+(1-a)y forall x> y>1 and forall 0<ear <1

@[iJ (§]+(l—a) forall x>y >1 andforall 0<a <1
y y

S 2% <l-a+azforallz>land forall0 < <1
< (1) holds.
(r)=(r"): Let n=2.WLOG, we assumey; >y, >0and 0<c, <1.Then

1,n

(1+y)" (1+y,) ™ =(1+yz)[l+1 . j :(1+yz)[1+_y1‘yzj
+

Ya 1+y,

<(1+ yz)[1+c1 %) by (1) =1+cy, +(1-¢,)Y,.

2

Now, we assume (rl'm

) holds for m=1,2,---,n (n>2). Set m=n+1. We have for y,y,,--,y, >0 and

m
C,Cpsre+Cy >0 with Y ¢ =1.Let r=1-c,. It follows from above argument and the induction assumption that
i=1

TT(1+y,) =(1+y,)" (H(Hyi)r'j <(1+y,)" (ﬁz%j <1+CY, + 2 GV
i=l i=2 i=2 i=2

This proves (7). (1)< (1) is obvious.

. () e(n,), (K)o (r,) and ()< (r,).
(r)Ye(r): By (p(¢(x)):x, x#-1 and ¢(0,0)=(-1,0),
(/) holds

Moreover, it follows from Lemma 2.7 that (1)) <> (1, )

<:>(1+x)17” <l+(1-a)X, 0<a<land x>0

Copyright © 2013 SciRes. AM
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& (1+9(x) )H<1+(1—a)x:1+(1—a) —2(X) O<a<land x>0

1+p(x)’
(1 ) )) <l+o(x)+ (l—a)(—go(x))=1+a¢)(x),0<a<land x>0
< (1) holds.
(1) <= (1):
(r)) holds
(1+x)" >1+ax, where a>1 and —1<x<0

(1+ ) >1+ax,where a>1 and —l<x<0
[04

j >1+y,where a>1 and y:=axe(-10)
1
o1+L>(14y)e, where a>1 and —1<y<0
a
< (r") holds.
()& (8):(1) holds
< (1+x)" >1+ax, where a>1 and x>0

©(1+lj >1+y,where a>1 and y:=axe(0,)
a

1
<:>1+l>(1+y)2,where a>1 and y>0
a

) holds.
()<= (r)):(r)) holds
= 1+x) >1+ax,where <0 and x>0
1 _
+X)a1 M,where a<0 and x>0
1+ X

S (l+e )17 >1+(1-a)p(x), where a<0 and x>0

U
)
(
e (1
=(
= (
)

ry) holds.
()< (r)): It follows from 1+X=(1+§0(X))71 that
(r)) holds
< (1+x)" >1+ax, where a<0 and -1<x<0
& (1+x)7 > %zlﬂl—aw(x),where a<0 and -1<x<0
= (1+9(x)) ™ >1+(1-a)p(x), where @<0 and ~1<x<0
< (1)) holds.
() = (r): (1) holds
< (1+4x)" > ;X,where 0O<a<l and x>0
1—am

<:>(1+(p(x))7a>11+a(p(x),where 0<a<l and x>0

Copyright © 2013 SciRes.
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@(1+¢,(x))'_“> L+o(x) = ! ,where 0<a <1 and x>0
1+ap(x) 1-(1-a) o(x)

< (r/) holds.

(7)< (r):(r;) holds

< (1+x)" > ! _ X ,where 0<a <1 and x>0
g X 1+(1-a)x

1+X

1+X) <1+(1-a)x,where 0<a <1 andx>0
< (r/) holds.
< (r):(r) holds

(ry

/_\\_/A,_\

o (1+x ) ;,where a>1 and 0<X<L

l+a¢)(x) a-1
c>(1+x)a_l<;,where a>1 and 0<X<L

1+(1—a)x a-1
<:>(1+X)ﬂ>1+ﬁx,where B=1-ae(-»,0) and x>0
< (1)) holds.
(1)< (r)): Itfollows from ¢(-1,0)=(0,00) and 1+¢(x)=(1+x)",where x#-1,that (r) holds
c>(1+y)a<;,where a>1 and -1<y<0

g

1+y

S 1+X)_a=(1+y)a<1+a1¢(x)=l+lax,where yzﬁ, a>1 and x>0

()< (r/):(r)) holds

1+y) <

,where <0 and y>0

1+ap(y)
<:>(1+¢)(y))71(1+§0(y))17a:(1+Y)a<m,where a<0 and y>0
l-a 1 1 _
< (1+x) <(1+X)1+x—(1—a)x_ _(l—a)x’Where a<0 and -1<x:=¢(y)<0
1+x

< (1)) holds.
()< (r):(r)) holds
L__ ! ,where <0 and L<y<0

_Ly_l+a¢(y) a-—1
1+y

S(1+y)' <

S 1+y) =(1+p(y)) < !

—— ,where <0 and L<y<0
l+a¢)(y) a-1

, where <0 and ¢(L]=_—1<X3=¢’(Y)<O
a-—1 a

1 —-a
< (1+x) <1+ax

< (1+x)" >1+ax, where a<0 and _—1<x<0
[04

Copyright © 2013 SciRes.
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< (1) holds.

(
(7)< (r):(ry) holds

0

q p
1+XJ <(1+lj ,where p>q>0 and y>0
q p

p
<:>(1+x)q<(1+%xj ,where p>q>0 and x:=%e(0,oo)

o 1+x) <1+ ax, where a::ﬂe(o,oo) and X >0

(
(r/) holds.
)< (r):(r) holds

0

r

—~

-

0

p
1+XJ <(1+lj ,where p>q>0 and —g<y<0
q p

p
<:>(1+x)q<(1+%xj ,where p>q>0 and x::%e(—l,o)

< (1+x) <1+ ax, where a—%e(o,l),—l<x<0

(
(r") holds.
)

=
(rg’ = ):(rg’) holds
p
@{Hlj [1+—J ,where q<p<0 and O<y<-p
q
<:>(1+£ ] 1+X) where q<p<0 and x:=l€(—1,0)
q q

< (1+x)" <1+ ax, where a_g €(0,1) and -1<x<0
< (") holds.
()< (r):(r)) holds

0

p
(1+lj (l+lj ,where q<p<0 and y<O0
q p
p
<:>(1+x)q<(1+ﬂxj ,where q<p<0 and xzzle(O,oo)
p q

< (1+x)" >1+ax, where a:=ge(l,oo) and x> 0

< (1)) holds.

(
ry) < (r)):(r;) holds

—~

P
[ XJ [1+—J ,where q<0<p and 0<y<—(Q
q
<:>(1+1j = qy ,where q<0<p and O<y<—q
q pq

<:>(1+x) >1+aX, where a=3<0 and —1<x=Y<0

p q

Copyright © 2013 SciRes.
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< (1) holds.
ry) < (r)):(r)) holds

yY py) B
S| 1+=| <|1+==|,where q<0<p and -p<y<0

p qp
& (1+x)" >1+2x, where q<0<p and —1<x:=Y<0

q

< (1+x)" >1+ax, where <0 and —1<x<0
< (1) holds.

This prove our Theorem.

By Theorem 3.1, we have the following

Corollary 3.2 Let a be a constant. If x>0 and
x#1, then the following three inequalities are equi-
valent:

) x*=1>a(x-1),a>1,
2) x*—l<a(x-1),
3) x*—1>a(x-1),a<0.

Proof Clearly, it follows from Theorem 3.1 that
1) holds < (1)) and (1)) hold;

O<a<l,

R) (1+y)*<l+ay,where 0<a<l and y>-I;
Rf) (1+X)aS1+a—X,Where -1<a<0 and x>-1I;
I+X

(
(
(R,b) X* <ax+l-a ,where 0<a <1 and x>0;
(

1 k=1

n n

i=1

i=1 i

R,) (1+y)*21+ay,where a>1 and y>-I;

Rz’n) f[(leri)Ci 21+Zn:cixi,

i=1 i=1

Rza) (1+x)a21+a—x,where a<-1and x>-1;
1+x

X* > ax+1—a ,where a>1 and x>0;

i=1 i=1l i

R,) (1+y)*21+ay,where a<0 and y>-;

n

i=1 i=1

R;) (1+X)a21+a—x,where a>0 and X>-1;
1+X

Rf) X*>ax+1—a ,where « <0 and Xx>0;

Copyright © 2013 SciRes.

H(1+yi)ci£1+zﬁ,where y,>-1 and -1<¢ <0, i

where ¢, >1 and X,X,,

R3»”) H(1+Xi)ci21+znzcixi,where C, <0 and X,X,,

2)holds < (r/) and (r") hold;
3)holds < (1) and (r) hold.

4. Main Results

Now, we can state and prove some inequalities which are
equivalent to each other in the following
Theorem 4.1 Let a;,p;,q;.t,a,be(0,0),

n

i=1,2--,n,and Zqi =1, where n is a positive integer.
i=l

Then the following some statements are equivalent:

N f[(1+yi)cis1+§n;ckyk,where y;>-1,¢20, i=12,,n and zn;cish

1,2,+-,n, Zn:ci >

i=1

X, >0 or —1<X,X,, -, X, <0;

n

n s n Cy i
‘n) (I1+y;)" =21+ > =2 where y;>-1 and ¢, <-1, i=12--,m

X, >0 or —1<X,X,, -, X, <0;

n

AM
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(R;n) ; (1+y,) _1+Z SYi where y,>—1 and ¢ >0, i=12-,n;

i= i=1 i

(R, (1+y)'=

,where 0<a <1 and y>-1;
I+y

n n
(Rin) (1+yi)°‘2+, where y; >-1,¢,>0, i=12,-,n, and ¢ <L

i=1 -y G Yk P

1L+ Yy

n
k=

(R) (1+y)" < lay ,where a>1 and —1<y<%;

_m

,where <0 and y>L

(R,) (1+y) < —

1-22
I+y

a“h"™ <aa+(l-a)b, where 0<a<l;

7)

?) —In(x) is convex on (0,%0);

) a’b"™*=ca+(1-a)b, where a>1;
)

a“h"™ >aa+(1-a)b, where a<0;

q p q p
(Rm) (l—ky] (1+1J , where p>0q>0 and —-gq<Yy, hence (I—XJ S[I—XJ , where p>0>0 and
q p

is an increasing function of g, where q>-y and yeR;

-q -p
{ ] <[1+ j ,whereq<p<O0Oand y<-p; hence [l—lj 2(1—1) ,wherep>q>0andy<g;
q p

,2 [1+yj > 1+= ] where g<O<pand y<—gq or q<0<p and y>-p;

a

( 13 |a|

(Zi:1 g )a ,where O<ac<l;
iz 1q (Zi"_lqiai )a,where a>1,

(RY) lab<(Xl.a ) ( Ilbﬂ)q if lp+é=1 with p>1 (Hélder’s inequality);
(RS (Z:lla,bl)z (Z )(2.1 ) (Cauchy’s inequality)

(Rs) Z:‘:]q,a,"‘z(zi“:lq,a,) where a <0

(Rs) M,(a,p)<M,(a,p), where r<s

1 1
(Z pij r(Z pia{jr, 0<|r| <,
i=1 i=1l

1
Mr (a, p) = (alpl asz ...ar?n )P1+Pz+'“+Pn , =0,

min{a,,a,,-,a,}, r=—oo,

>N

max{a,,a,,"-,a,}, r=oo.

Copyright © 2013 SciRes. AM



1080 Y.-C. LI, C.-C. YEH

Here a=(a,a,,--,a,),p=(p,,P,,"-~» P, ). In particular,

I
R’ (Zln oY )r (Z. et f)s , F<s (Schlomich’s inequality);

(R%)

(RY) [0 (a+b) J"{Z., ] [0 b ,]% for p>1; (Minkowski’ inequality)
(R) [Zl(a+b) } >[30 8 ] N lb,p]” for p<I; (Minkowski’ inequality)
(Ry)

Rl7

0<>" t <.

=1 i

In general, []; 1aZk i <&l 2. lp' L. (AGM inequality)

k=1 pk

(Rlb7) Shanon’s inequality: Zpl ln (zl i pl) %. 2P
i=1 |

( )(see[7]) > BG < H”A;'ﬂ where «a;,f, €(0,»), 211 (=>." B =1, G=ajap-

A =Ba;+ g+t fray, 1=1,2,---,m; j=1,2,---,n, see the following figure:

a, a, a

ﬂl al\ aIZ aIn

ﬂZ aZI aZZ aZn

ﬁm aml amZ e am“

> afanan SHLI(a”+a2j+---+amj)aj,

G, +G,++G 0
nA1A2A1 Z%, where Aj:% au,G|:(Hr'] au)n

)
(%) N
(Rg) A =a+a, +-+an>1faa,--a =G,, which is equivalent to G, >H,;
(R%)

)

1

(Rf8 x—lzn{x”—l},where x>0 and n(a positive integer) > 2;

)

( ) %+X2n+l,where X>0;
(Ri) e'>x, xze, x>0,
(R5)

Copyright © 2013 SciRes.

--a

,(a,q):zi:]qiaiZMO(a,q)zaﬁlagz---aq” hence a'ay - ‘"<Z lt,a,+( Zi":]ti), where

an
in »

—-m .. . . _
b, where m,n are positive integers, m<n and n>2, thatis, a'b"™" < ra+(1—r)b,



Y.-C. LI, C.-C. YEH 1081

X—0 X

X x+1 «
Rldg) [1+l <e<[1+lj , X>0, where ezlim(1+lj;
X X
e >1

*>1+x,where xeR, it has following some variants:
) ¢'>x,where xeR
a,) x-12Inx,where x>0,

_ 1
e ¥ <——, where x>-1,
1+Xx

X 1
(a,) e*—1<—— or ex<1—,where x<1,
x
(as) e"™* <l+x,where x>-1,

X

(a) e*! <1-x, where x<1,

X
(a,) mﬁln(l+x),where x>-1,

(ag) ng]n(l—x),where x<l1,

(a) xIlnx>x-1,where x>0,

(a,) lenx—ﬂ,where x<-1 or x>0,
I+x X

\2

a

X+a

(a,) ¢ ( j,where x>-a, a>0,
a

(a,) alnx;az xa

,Where x>-a, a>0,

x—1
——<Inx, where x>0,
X

xe <e*+e’(y-1), where X,yeR,

In(x+1)<x, where x>-1,thatis, 1-y<-Iny, where y>0;

1

(as)
(a)
(as) xy<ylny-y+e*, where xeR and y>0;
(Rfo) lnxsn(x”—l}where x> 0;

R LSln X+l , where X<—1 or x>0; thatis, y—_lglnysy—l, y>0;
20 X y

Copyright © 2013 SciRes. AM
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(Rsl) (1+X1)C1 (1+X2)cz ~~(l+xn)°” >1+Clxl+...+c

n

X, Xy, X, €(0,00).

Proof Taking x=ab in Corollary 3.2, we see that
(R,), (Ry) and (R,) are equivalent. Similarly, re-
placing x by 1+Xx in Corollary 2.2, we get that (R,),
(R,) and (R,) are equivalent. Hence, it follows from
Theorem 3.1 that (R )-(R,,), (Rla) , (Rza) , (R;) and

R%) are equivalent. If y, =---=Yy, =0, then, clearly,
(Ra)=R). (RW)=(R"). (Ri)=(R). (RS,)=

(RS). (Rin)=(Ry).

(R)<(R") withi=1,2,3 follows by takingy = x +

a —X .
(R)<(R): We see that #(x)=—>-1 iff x>
—1. Hence

(R,) holds

@(I—Lj S1+L“X,0<a<l,x>—1
1+X 1+X
< (1+x)° £1+L“X,O<a<l,x>—l
1+X
< (R?) holds
Similarly, we can prove (R2)<:>(R2ae,(&)<:> (Rf)

(R)e (Rl‘.n follows from (1)< (r/,) and
(e (rl"ng in Theorem 3.1.
R

(R2)<:§ z,n) and (R3)<:>(R3’n) follows from The-
orem 3.1 too.

(Rn)=(Ri,) : Let =0, i=12,-,n satisfy
anci <1.By Yy, >-1, we see that — Y > 1. Thus,
i=1 1+ yi

it follows from (Rl’n) that

ﬁ(” yi) " :ﬁEH_—yiT gl—i&

il i=1 1+, Sl+y,
Hence (R4’n ) holds.
(R1 . ) = (Rlan) by replacing y; and ¢; by —L,—Ci ,
7 ’ L+y;
respectively.
Similarly, we can prove (Rffn) = (Rm ) .
a

i

n
Z}qjaj
p

n
i=1,2,-,n, then Y gb =1. It follows from (R)
i=1

(R,b):>(R,3): Let O<a<l, b=

, Where

that

Copyright © 2013 SciRes.

where ¢,C,,---,C, =1 and X,X,,---,X, €(~1,0) or

gqibi“ gznllqi (1+6¥(bi —1)):1.

Hence,

This completes the proof of (R;).
(R,)=(Ry) ., see Hardy etc. ([8], Theorem 9, 11 and
16).

(R,)= (Ry): It follows from (R,) and 2 1>

RG]

21+n(i— J: & .
Ay A
Thus, A]>a, A’} (see Maligrands [18] or Rooin
[28]). Hence,
Ar? 2 anA?—_ll 2 anan—l'AY?—_z2 22,8,

Therefore, (R;) holds.
(Rz):(Rld8 : Taking @ =n+1 and y=Ux-1 in
(R, ). we see that

that

n
a,a, =G

n-

n+l1

X" 21+ (n+1)(Vx-1).
Hence
n+xX xz(n+1)Q/§.
Dividing both sides by Ux , we get (Rldg) .
(R,)=(R,) isclear.
(Rz):(Rfl): We show (R! ) by mathematical in-
duction on n. If n=1, then (R},
Suppose (Rf,) holds for n=1,2,---,m with (m>1).

is obvious by (R,).

m
Setn=m+ L. If 1+ ) ¢X, <0, it s easy to see that each
k=1

n
X, €(~1,0) by the assumption, and hence 1+ ¢, X, <O0.
=

m
Therefore (Rfl) holds. Assume 1+» ¢ =0. Since
k=1

X;¥ >0, we have

AM
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n

(1+ yk)2(1+ickxkj(l+cnxn)

k=1 k=1
:1+Zn:ckxk+cnxn2m:ckxk
k=1 k=1
>1+Zn:ckxk.
k=1
Thus (R;) holds.
(R3)$(R1°8): Taking a:—% and l+y=x in

(R;), we see that (Rfs) holds.
(Rf):(R;n) . Clearly, (Ry)e

,n such that y:=>¢>0.1If ¢ =%

i=1

(R3). Let ¢ >0,
i=12,- , then it

follows from (Rfjn) that

0 aj |y|
1+ <1+ . 5
.:( Yi) ;Hy. Q)
Yi 1
By y,>-1 and - -1>-1,
I+y, 1+yi

i=L2,---,n, Z_—iyi>—1. Clearly, —y<0. By (5)
i1

and (R;), o
ljl(1+ yi) :{ljl(H yi) ]‘V Z[HE%}_V
>1+|Zn;liy3'/l~

Thus, (Rf) = (R;n ) is proved.

(R%,)=(Ryn): Let ¢ <0,i=1,2,,n. If y, >,

then X, := +y),/ >-1.By (an)
n

T10+y) =TT0+%)" zuz":(f)xi

i=1 i=1 i-1 L+X
n
=1+Y ¢V,
=1

This completes the proof of (RM) .

(R7) < (R¥): Without loss of generality, we my as-
sume that X, y>0and te [0,1] . Since ln(x) is strictly
increasing,

Xy <tx+(1-t)y
Stinx+(1-t)lny <In(tx+(1-t)y)

By the definition of the convex function,
(R) < (Rs).

Copyright © 2013 SciRes.

(R7):(Rlb):Taking a=x and b=1 in (R;), we
see that (R’) holds.
(R7):(Rla9):Let y>x>0.Then, by (R,),

X X X
(1+ljy=(1+ly-1 y<5(1+1j+1—5:1+l.
X X y X y Yy
X y
(1+1J <[1+lj .
X y
(Rb): Let y>x>0.Then, by (R,),
(1--} (1——] "y X (1—1]“—5:1—1.
y X y y
X y
(l—lj <(1—1] .
X y

(R7):(R1°9):Let y>x>0.Then, by (R,),

X+1

i X+l +1
- 1 y+1 _(1- 1 y+1 llfﬁ
X+1 X+1

x+1(1_ 1 ) LX)
y+1 X+1 y+1

T
y+1
Hence
X+1 y+1
(I_L] < I_L
X+1 y+1
and so

X+1 y+l
(1+1j >{1+lj .
X y

(Ry)=(R,):If @>1,then,by (R,),

1
1 n o
5 [z j ,a>1.

Replacing a, by a”,

ane|
1

Thus, (R,) is proved.
Similarly, we can prove (R,)=(R};).

(Ry)=(Ry): Let 0<C <l then,by (R,).

M:

1

M:
-

q,a{”ja,a>1.

S
r

(S0ai | -

Replacing a, by &,

AM
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Hence
M, (a,0)<M(a,q)for 0<r<s
and

M, (a.q)=M

S
f r—>0", then M,(aq)
then M (a q)>M (a,

a).
M, (a,0)<M,(a,q) for r <s.

It follows by taking ¢; = piZE:l p, that (R) holds.

Similarly, we can prove (R,)=>(Ry), (Rs)=(Ry)-

(Ry)= (Rﬁ) : Let A= zin:lalp
¢ by ba®' and a'A in (R,), respectively, for
i=1,2,---,n, we obtain (Rf}t ), thus, we complete the
proof.

(RR,)=(RY) follows by takingp=q=2in (R,).

(Rf’4):> (R&): Let XX, €(0,1) and

p X
f(X):zin:lblq [E—LJ for xe(0,1) . Then, it follows

from (Rﬂ) that

(a,q) for 0>r>s.
<M

s <0 . Hence,

. Replacing @, and

”-[zw(z—:iﬁ

1
= F(Xl)E F(Xz)i'
Thus, InF is midconvex on (0,1) , and hence InF
is convex on (0,1). Hence, forany re(0,1),

1-r 1 1
InF +—— |<—InF(r)+—=InF(1-r),

(p q J p () q ( )
which implies

F(L+1_—rJ<F:’( )Fl(l—r).

P q

(Rg)= (Rﬁ): Taking r=1,5=p,p; =b" and replacing a; by (a

Pyl

(

=
=

(R) (Rlb(,)i Taking r=1,5=p,p,=(a +b)" and replacing a by

Copyright © 2013 SciRes.

J(a.q), 0<s.If r>07,

Letting r —1° in the both sides of the above ine-

quality,

ensoo-(gef 5]

This shows that (RY,) holds, see Li and Shaw [15].

(Ry)=(Rs):Let @>1,8>0,0;>0, q = nqiai
PICIY
=1

and b ::a(‘ i=1,2,---,n , where Zqi:l. Thus

i=1

ZZ: =1.By ( 14)’

>qpr > [Z qi’bij S (©)

It follows from (6) and

that

Hence, (R;) holds.
(Rs)=(Ry):Let a>1.Then, by (Rj),

I-a
!bla>[zq j ,

where @' and @, are defined as above. Hence,

Zqiaia Zqi
i o

M:

i=1

l-a

Thus,

quaj?’ Z[quaj] )
j=1 j=1
This completes the proof of (R,,).

1

p
]p in (Ry),for i=1,2,---,n, we obtain (Rﬁ).

bq

) (R1a6) follows by taking p;=¢; in (R,) for i=12,--,n

in (R,), for i=1,2,---,n, thus
+b ( 16)

AM
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we complete the proof.
R’ ) = (Ra ) : see p. 55 of Mitrinovic [19]. Similarly, we can prove (Rﬁ‘ ) = (R1b6) )

6
R R,) follows by taking r=1<s=« in (Rm)
R, R5) follows by taking r=a<s=0 in (Rf}))

(R17)<:><R3,n):Taking a=l+y, ¢=t, i=12-n, a, =1, y,, =0,and c,, =t =1-Dt, we see easily

i1
that both (R;;) and (R,,) are equivalent.
(R17 ) = (Rf7) : Without loss of generality, we may assume that A; >0, j=1,2,3,---,n. Thus, by (R”) ,

& a, 8 11 Jal (alz Jaz (aln ]an
_+a2_+...+an_2 — L — eed| —/ S
A A A LA (A A,
& ay & &) ]al [azz jaz [am ]an
o —+a,—=++ta, > —= == .- s
A A, A LA (A A,

+ota et = ﬁ]al (h]az”'[amnjan
A A, A LA '

B (aias --an),

jo}]

>
>

Hence,

n
M:s
KR
MB

SO A A

This completes the proof of (RC ) .

(Rf;)<:> (R ) Taking the natural logarithm in the both sides of (R ) we get (Rn) Conversely, deleting the
natural logarithm of the both sides of (R ) we get (Rf‘7 ) .

(RS)@(RIS): Taking p; =1 in (Rf;), weget G, >H, .

(R%,)=(RY): Taking B, = =B, =% in (R},).we seethat (R?) holds.

(Rld7):>(Rf7) Taking o, =a,=-=a, =% in (Rld7),we get (Rle7).

(R1e7):>(R18) Taking m=n, «, =4 :% in (R;) and using the following figure, we get (Rj).
a a, a
a, a, a,
a a a,,

Copyright © 2013 SciRes. AM
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(Rg)=(R}) is clear.

(ng)z(Rl) Taking a =a,=--=a,=a and a,, =a,,,="-=4a,=b in (Ry), we get (Rlbg).
(Rg)=(Ry) (see [33]): It follows from (R ) that (1+nx)% ;[(l+nx)+l+ +1]_r1] n+nx)=1+x.
(R%)=(R5;) follows by taking m=n—-1 and b=ax in (Ry)

(R\)=(R,):Let ¥Ux=1+y.Then, by (RS), %+(1+y)"2n+1.

Thus, n+(1+ y)m1 >(n+1)(1+y). Clearly, if n=0, then the above inequality holds too.
(R%)=(Ry): Clearly, if n=1,then (R;) holds.

Suppose that (Ry) holds for n=k. Thus, for n=k+1, if aa,---a,, =1, then aa,---a,= L Hence

n
ak+1

a +a,---+a,,, >kkaa,---a, +a,,, >kk/a,,, . This and (Rlds) complete the proof of (Ry).

n i
(ng):(R”):If a"ay---a™ =ea, then H(ij =e. Therefore, by (ng),

i=1 \ &
a a .
—+>eln—,i=12,---,n
a a
Thus,

Sageand)-e

Thus, (R;,) holds.
(Rﬁ,)@(Rz): Let @ >1.Then ax>Xx, Xx>0.Thus,

(Rf‘g) holds, that is, [1 + l} is a strictly increasing function on (O,oo) )
X

1 ax 1 X
<:>(1+—j >[1+—j ,where a>1 and x>0
ax X

@(HL) >1+l:l+aL, a>1 x>0
ax X ax

< (R,) holds by Theorem 1.

X
(Rlbg) < (R): (Rlbg) holds, that is, (1 - l) is a strictly increasing function on (1,%).
X

1 ax 1 X
(1——] (l——] ,where a>1 and x>1
X

@(1——] - :l—aL, a>1, x>1
ax

1
< (1 1 1, y=———€e(-10
o (1+y) >l+ay, a>1, y axe( )
< (

R,) holds by Theorem 3.1.

—

RY) < (RS):

(Rlbg) holds, that is, [1 ——) is a strictly increasing function on (1,%).
X

Copyright © 2013 SciRes. AM
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X
—j is a strictly increasing function on (1,0).

0
VR
x x
| >

+
—_

X
< (RY,) holds.
Thus, (Rla9 ) , ( R, ) and ( R ) are equivalent.

X+1
= (—J is a strictly increasing function on (O,oo) .

1087

(Rf"9 ) = (Rldg) :Forall y>x>0,since (Rlag) and (ng) are equivalent,

X y y+1 X+1
(Hl) <(1+l) <[1+lj <(1+1] ,0<X<y<oo,
X y y X

X
In particular, for all X > 0, (1 + l] <(1+ 1)2 =4 and
X

X+1 X X
Os(1+l) —(1+lj =(1+lj
X X X

approaches to 0 as X —oo. Thus, by e= lim[1+l) ,

X—0 X

(Rlag) and (R]Cg) , We get (Rldg) , see [2]
(R1d9 ) = (Rzo) : By the first inequality of <R1d9 ) i

1
1+—<eX, x>0.
X

Hence,

e >x+1, x>0.

By the second inequality of (Rldg) ,
1
em < X+1 _ 1
X 1

Hence,
-1

ex+l >1—L,x>0.
X+1

It follows from - e(—l,O) for x>0 that, for
X

each xe(-1,0),

ef>1+x

If x=1 or x<-1, then, clearly, (R, ) holds. This
completes the proof of (R, ).

(Rzo)z(Rldo):By (Rzo)a

1

- 1

e*>1+—,x>0.
X

Y . .
Hence, €> (1+—j , X>0, that is, the first inequal-
X

Copyright © 2013 SciRes.

ity of (R{) holds. Next, by (Ry,).

1 1
e*>1—-—,x>0.
X

Hence, if x>1, then

- X X y+1
(1) ) )
X x—1 x—1 y

where y:=X-1>0. Thus, the second inequality of
(Ry) holds.
(Ry)= ( RS, ) is clear.

(Ry)=(Rys) : Taking X=% in (a,) of (Ry),
lnisi—l,

where i=1,2,---,n. Summing this n inequalities, we get
(Ri) holds.
(Ry)=(Ry):

1= exp{kﬁ[%—lj} :HE_lexp[%—lj

(1)
l_A[kl[A1 A’|
see Bullen ([3], p. 117) or Kuang ([14], p. 33).

(Rfo) = (RE’O) follows by taking y=Xx".

(Rfo) = (RZCO) follows by taking y= ﬁ .

(R%)<=(R%): By (R%), x=1+Inx=Inex. Thus
¢* >ex . Replacing x by 5, we completes the proof,
a

see Cloud and Dranchman ([6], p. 32).
(cho) < (Rzeo) is clear.
i
(RSO):(RM) : By (R;O) , % 2?, i=12,-,n.

n

AM
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"y A
Hence, ¢ =Hin:leG” >e"
[3] and [29
(Rg)» Rﬁ)), (R,) and ( 20) are equivalent, we
can also refer to [12].

. Thus, (Ry) holds, see

(R;O):>(R18): Without loss of generality, we may

assume that ﬁ a =1. By (Rfo) ,
]

I/\

Sna-Za
1= i=1
Hence
Zn:ai > n+1n]l[ai =n.
i=1 i=1

Thus, (Ry) holds.
(R;O) = (Rle8 ): For any X, a > 0, it follows from (Rfo )

that e* = (ex/a )a > (eg)a . Taking a=e, we get (ng) :

see Hardy etc. ([8], pp. 40-41) or Wang,
Su, Wang [33]
21 = R21
y" >1+ n y 1
Hence,

: Taking 1+x=y(>0) in (R,),

L

( ) (Ry): Taking yz[%jn_l in (Rzal), Al >

abslap +lbq,where p>1;
q

ab Ziap +lbq, where p <0;

p q
(YOC) abzlpap +lbq ,where 0< p<1;
11 a b
(Yla) ab? <—+—, where p>1;
p q
11 a b
(Ylb) afb? >—+—,where p <0;
p q’
11 a b
(ch) aPb?>—+—,where0< p<l;
p q
p q
(Yza) abS(ta) +l£9j ,wheret>0and p >1;
p g\t
p q
(Yzb) abz(ta) +l(9j ,wheret>0and p <0;
p g\t
p q
(YZC) abz(tap) +%(%J , wheret >0 and pe(O,l);

Copyright © 2013 SciRes.

-1
a,AL

Hence,

Al za, AT zaa, AT 2

This completes the proof of (R), see Bullen ([3], p
98) or Kuang ([14], p. 33).
(R;)z(R;) follows by taking ¢, = 1 for k = 1,

EREN n.

(Rlas):(Rw) : By <R12) >

Hence, —In(x) is midpoint convex on (0,%0). Since
In(x) is continuous on (0,0), —In(X) is a convex
function on (0,%0). Thus, (R;;) holds.

We can also prove (Rf};) = (Ry) by using the mathe-
matical induction.

Thus, our proof is complete.

->aa, a =0.

b

l Ina+Inb Slna+
2

5. Other Equivalent Forms of Bernoulli’s
Inequality

In this section, we shall collect some variants of Young’
inequality which is equivalent to the Bernoulli’s inequal-
ity.

Theorem 5.1 Let a,b,a,,r,s be positive numbers for

i=12,---,n |If —+%=1 , where the real numbers p, g
p

satisfy p=0, p=1, then the following some inequali-
ties are equivalent:

AM
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p _a
(Y;‘) ab<@ it pb—,wheret>0and p>1
p q

q

b ta” -,
(Y3) ab2?+t E,wheret>0andp<0;

p _a
(Y;) abZt%H pb?,wheret>0and pe(0,1);

11 1 1
(Yf) afb* Slat 9 +—btP, wheret>0and p>1;
p q
1
P wheret>0and p<0;

—
=<
~
QD

o |~
o

o |—
v

Q

—
_o}—-
+

|

o
—

q

1 1

at 9 +lbt5, wheret>0and p e(0,1);

1 @ 1

(Ysa) absta; +(%j]_a (l—a)bg,wheret >0and 0<a<1;

1 a

(Ysb) ab>ta“ +(%)1 (l—a)bl_a,wheret<Oanda<0;
i a o

(YSC) ab>ta” +(%Jl_ (l—a)blfa,Wheret>0anda>1;

]q (ar +bs), where p>1;

( |
( jq(—ar+bs), where p <0;
(

qs
1 L 1
(Y;) aPp? 2(# ’ ;—Squ (ar—bs),where pe(O,l);
11 P -q
(Yf) aPb* S1+bt—,where p>1;
p q
atP bt™

1 1
(Y7b) afb% >—+—— where p<0;
q

p
1 p -q
(Yf) aPb? 2i+bt—,where pe(0,1);
p q
1+r
X(x" -1 S
Y& ) xy < ( )+(1+ryjr ,wherer>0,x>0andy>—l;
r 1+r r

xy <xlnx+e’", where x>0and y e R;

xy <ax” +by®, where p>1and(pa)’(qb)* >1,x,y > 0;
xy >—ax” +hy?, where p<Oand(pa)q (qb)p >1,%Yy>0;

(%)
(v)
(ng) y<e'', where yeR;
(%)
\
\

xy > ax” —by®, where p € (0,1)and (pa)” (ab)" > 1,x,y > 0;

Copyright © 2013 SciRes. AM
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h+k h+k
(Yfl‘) a"b“ < u, where h > 0and k > 0;
h+k
h+k h+k
(Ylki) a'b* > ha™ +kb , where h+k <0;
h+k h
h+k h+k
(chl) a"b" 2u,where0< hk <l
h+k
(YS) afal>---af <pa + p,a, ++ p,a,, where p, >0,i=1,2,---,n, p,+ p, +--+ p, =1;
(Ylg) af'al>---af > pa, + p,a, +---+ p,a,, where p, + p, +---+ p, =1 and there exists exactly one of p, p,,":+, p,

is positive, the other are negative;

1 1 1 1 . P 1 1
(v3) —(aa,--a,) <—aj +—ap +--+—a7, wherer, >0and & >0,i=1,2,---,m, satisfying Y —=->0
r oo, r, “ror
and m>2;

1 1 1 1 . Cn 1 1
(Ylg) —(aa,a,) >—aj +—ap +--+—al, wherer, <0,i=2,---,m,r, >0 satisfying > —=—,r>0 and
r I r, r, oo

m>2;

Proof Clearly, (Yoa),(Yob),(Yoc) are variant of (R;),(R,),(R;), respectively. Hence (Yoa),(Yob) and (YOC) are
equivalent.

(Yoi)<:>(Y1i), i=a,b,c isclear.

(YOi ) = (Yz') : Replacing a,b by ta,% in (YO' ) , respectively, we get (Yz' ) , where i=a,b,c.

(Y5)=(¥s): Let a=x, :11++_rry’ p=1+r,where r<0.Then,by (V7).

1+r

X1+ryS 1 oy T L+ry .
I+r 1+r I+r1+r

Hence
I+r

rﬂsLx(xr—lﬁL Ly .
1+r 1+r 1+r\ 1+r

1+r

X -1 (1+ryjr
Xy < X +—= .

Thus,

r I+r
This completes our proof.

(Yoa)z(Y]g):Forall X Y,a,b>0, 1< p,g<o satisfying lp-i—%:l and (pa)”‘(qb)"zl,by (Yoi),

1

P q _
ax? +by? = %er% > {(ap); x]{(bq); y} = [(ap)q (bq)p}pq Xy.
This prove the proof of (Ylg) :
(Ys)=(¥,') follows by taking a= lp , b= in (Vi5)-

q
(Y7)<(Y5) and (Y5)<(Y)). seealso Sun [31].

(Yoa)z(Y,?):Let p>1, a,b>0 satisfy (pa)q(qb)pzl.Then, for X,y>0,

ax” +by* :lp( paxp)+é(bqu)2(paxp)l/p (bqu )‘/q :(pa)l/p (bq)'/q Xy > Xxy.

Copyright © 2013 SciRes. AM
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Thus, (Yg') holds.

(Yoa):(Yl?) follows by replacing a,b,p,q by ah,bk,%,h;(r—k in (Yoa), respectively. Conversely,

(YIT ) = (Yoa) is clear.
Similarly, we can prove (YOb ) = (Yﬁ ) , (YOC ) = (Y1C1 ) .
(YOb ) = (Ylg) and (YOC ) = (Ylf)) can be proved similarly.
(Ye)=(¥3).(Y7)=(Y5) follows by using the mathematical induction.
If n=2,then (Y3)=(Ys) and (Y3)=(Y7).

(Yli):>(Yzi)s i=a,b,c: Replacing a, b by (ta)p’(%jq in (Yli)’reSpeCﬁ"ely’ we get (Y;)'

: : P 1 _
Similarly, (Y, )= (¥), where i=a,b,c follows by replacing a, b by aT th® in (Y,), respectively.

1 1

(Yli ) = (Y4') : Replacing a, b by at 9.,bt” in (Yli ), respectively, (Y4' ), where i=a,b,c. Similarly, we can prove
(YJ):(YIi),where i=a,b,c.
(Yla) = (Y:‘) : Replacing a, b by apr,bgs in (Yla) , respectively, we get (Y6a) .
(v0)-
(Yli):>(Y7i): Replacing a, b by at,bt™ in (Yli), respectively, we get (Y;), Similarly, we can prove (YJ):>
(Yli),where i=a,b,c.

(Ylb ) = (Ysb) : Replacing a, b by —apr,bgs in (Yla) , respectively, we get (Y

(Yli)<:>(Y1i1): Replacing ﬁ,ﬁ,a,b by p,q,aﬁ,bh+k in (Ylil), respectively, we get (Yli), where

i=a,b,c.
(Yla) = (Ylg) : It follows from Theorem 3.1 that (Yla ), (Yoa) and (RM) are equivalent. Without loss of generality,

we may assume that p, >0 in (Ylg). Replacing ¢;,1+y, by p;,,a in (RM), respectively, where i=2,3,---,n

¢ <0). It follows from p, =1— y p. >0 and (R that
I 1 y I 3,n
i=2

ofior a3 selreEaloo]-al o fal3- oo Bl -£on

(Ylg ) holds.
1

Y, )< (Y)): Replacing t by tP in Y, ), weget (Y;),where i=a,b,c.
()= (%) (v2) (¥})
(Y;)<:>(Y;):Replacing t,%,é by tp,a,1-a in <Y3i),respectively, we get <Y5i),where i=a,b,c.

1
(Y2i ) = (Y;) : Replacing t by t? in (Yz' ) , we get (Y3i ) , where i=a,b,c. Similarly, we can prove (Y3i ) = (Yz' ) ,
where i=a,b,c.
(YSi ) = (Y3i ) follows by replacing t,a,1-a by lp’lp’é
(Y6i ) = (Yli ) follows by taking by pr=gs=1 in (YG' ) , where i=a,b,c.

in (Ysi ) , respectively.

Copyright © 2013 SciRes. AM
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(Y6b ) = (Y(f) follows by replacing a,b, p,q,r,s by b,a,q, p,s,r, respectively.

L

(Ye)=(¥s"): Since 1ri§(}xrr_ =Inx, lim ”T_rl

r
(Yga) = (Y9b) : Taking x=1 in (Y;‘) , we get <Y9b) :

(Y;):(Y;); Letting u=r—s,r,seR in (Y;’), re*<e"' +se®. And then, by taking r=y,s

get xy<e'"' +xInx, This completes the proof of (Yga) .

gb) is a variant of (R, ).

(
(¥3)=
(Y1'1 ) = ( 0' ) follows by taking h _%
) = ( ) By Theorem 3.1, (Yla)
0).

(v

sume P, >0 and X, X%, % €(-1,

and then, replacing p,, P,

holds.

(Y2)=(Y2): It follows from (¥2) and z;“:lri_zl that a'a?-.-a™ <

Replacing a, by &, we complete our proof.

Similarly, we can prove (Ylg ) = (Ylg )

(Y1§) = (Ylg) and (Ylg ) = (Ylg) are clear.

Remark 5.2 For inequality (Yﬁa) , we refer to Isumino
and Tominaga [13]. For inequality (Yga), we refer to [3].

For inequality (Yga) and (ng), we refer to Sun [31].
For inequality (Ylg),(Yl?)) and (Ylf)),we refer to Kuang
[14]. For inequality (Ylil), i=a,b,c, we refer to [34].

For inequality (Yli3 ) , we refer to Sun [31].

Remark 5.3 There are many variants of Hélder’s ine-
quality, Schlomich’s inequality, AGM inequality, Min-
kowski’s inequality, and so on, we omit the detail.
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