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ABSTRACT

In this paper, we give various existence results concerning the existence of mild solutions for nonlocal impulsive differential
inclusions with delay and of fractional order in Caputo sense in Banach space. We consider the case when the values of the
orient field are convex as well as nonconvex. Our obtained results improve and generalize many results proved in recent papers.
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1. Introduction

During the past two decades, fractional differential equa-
tions and fractional differential inclusions have gained
considerable importance due to their applications in va-
rious fields, such as physics, mechanics and engineering.
For some of these applications, one can see [1-4] and the
references therein. El Sayed et al. [5] initiated the study
of fractional multi-valued differential inclusions. Re-
cently, some basic theory for initial—value problems for
fractional differential equations and inclusions was dis-
cussed by [6-14].

The theory of impulsive differential equations and
impulsive differential inclusions has been an object in-
terest because of its wide applications in physics, biology,
engineering, medical fields, industry and technology. The
reason for this applicability arises from the fact that im-
pulsive differential problems are an appropriate model
for describing process which at certain moments change
their state rapidly and which cannot described using the
classical differential problems. For some of these appli-
cations we refer to [15-17]. During the last ten years,
impulsive differential inclusions with different conditions
have intensely student by many mathematicians. At pre-
sent, the foundations of the general theory of impulsive
differential equations and inclusions are already laid, and
many of them are investigated in details in the book of
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Benchohra et al. [18].

Moreover, a strong motivation for investigating the
nonlocal Cauchy problems, which is a generalization for
the classical Cauchy problems with initial condition,
comes from physical problems. For example, it used to
determine the unknown physical parameters in some in-
verse heat condition problems. The nonlocal condition
can be applied in physics with better effect than the clas-
sical initial condition x(0)=x,. For example, g(x)
may be given by

(%)= S ex(t)

where ¢ (i=1,2,---,m) are given constants and 0<t,
<t, <---<t <b. For the applications of nonlocal condi-
tions problems we refer to [19,20]. In the few past years,
several papers have been devoted to study the existence
of solutions for differential equations or differential in-
clusions with nonlocal conditions [21-23]. For impulsive
differential equation or inclusions with nonlocal condi-
tions of order one we refer to [22,23]. For impulsive dif-
ferential equation or inclusions of fractional order we
refer to [10,24-27] and the references therein.

In this paper we are concerned with the existence of
mild solution to the following nonlocal impulsive se-
milinear differential inclusions with delay and of order
a e(0,1) of the type
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“Dx(t) e Ax(t)+F (t,z(t

X() = x(6)+ 1 (x(t)). 1=

where J =[0,b], r,b>0, “D*x(t) is the Caputo de-
rivative of order o, A:D(A)cE —E is the infini-
tesimal generator of a C, — semigroup {T (t),t>0} on

a real separable Banach space E, F: Jx® —2% bea
multi-function,

0=ty <t <---<t, <ty =b,y:[-r,0]>E is a given
continuous function, g:H — E, isa nonlinear function
related to the nonlocal condition at the origin,

l,:E—>E (i=12,---,m) impulsive functions which
characterize the jump of the solutions at impulse points,
and x(t’), (t[ﬁ are the right and left limits of x at
the point t  respectively. Finally, for any telJ,
7(t):H —> @ defined by

x(0)=x(t+6),0e[-r,0],xe™H,

where ® and H will define in the next section.

To study the theory of abstract impulsive differential
inclusions with fractional order, the first step is how to
define the mild solution. Mophou [24] firstly introduced
a concept on a mild solution which was inspired by Jara-
dat et al. [25]. However, it does not incorporate the mem-
ory effects involved in fractional calculus and impulsive
conditions. Wang et al. [10] introduced a new concept of
PC-mild solutions for (1.1) without delay and derived
existence and uniqueness results concerning the PC-mild
solutions for (1.1) when F is a Lipschitz single-valued
function or continuous and maps bounded sets into
bounded setsand T (t),t>0 iscompact.

In order to do a comparison between our obtained re-
sults in this paper and the known recent results in the
same domain, we refer to: Ouahab [9] proved a version
of Fillippov’s theorem for (1.1) without impulse, without
delay and A is an almost sectorial operator, Wang et al.
[11] proved existence and controllability results for (1.1)
without impulse, without delay and with local condition,
Zhang et al. [12] considered the problem (1.1) without
impulse, without delay, F is a single-valued function
and {T(t),t>0} is strongly equicontinuous Co-semi-
group, Zhou et al. [13,14] introduced a suitable definition
of mild solution for (1.1) based on Laplace transforma-
tion and probability density functions for (1.1) when F
is single-valued function and without impulse, Cardinali
et al. [22] proved the existence of mild solutions to the
problem (1.1) without delay, when « =1 and the mul-
tivalued function F satisfies the lower Scorza-Dragoni
property and {A( )} 0 is a family of linear operator,
generating a strongly Continuous evolution operators, Fan
[23] studied a nonlocal Cauchy problem in the presence
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)x), ae. onJ—{t,t,, .t },
x(t)= l//(t) g(x), te[- rO]

(1.1)

-, m,

of impulses, governed by autonomous semilinear differ-
ential equation, Dads et al. [26] and Henderson et al. [27]
considered the problem (1.1) when A=0. Among the
previous works, little is concerned with nonlocal fractional
differential inclusions with impulses and with delay.

In Section 3 in this paper, motivated by the works
mentioned above, we derive various existence results of
mild solutions for (1.1) when the values of the orient
field are convex as well as non-convex.

The paper is organized as follows: In Section 2, we
collect some background material and lemmas to be used
later. In Section 3, we prove three existence results for
(1.1). We adopt the definition of mild solution introduced
by Wang et al. [10]. Our basic tools are the properties of
multi-functions, methods and results for semilinear dif-
ferential inclusions, and fixed point techniques.

2. Preliminaries and Notations

Let C(J,E) the space of E -valued continuous func-
tionson J with the uniform norm

||X||=5Up{||X(t)||,t€J},Ll(J,E) the space of E-val-

ued Bochner integrable functions on J with the norm
b -

||f||L1(J,E) :fo |f(®)dt, R(E) = {B<E: B is non-

empty and bounded}, P,(E) = {B<E: B is non-
empty and closed}, R (E ) = {Bc E: B is nonempty
and compact}, P, (E) = {B<cE: B is nonempty,
closed and convex}, P, (E) ={Bc E: B isnonempty,
convex and compact}, conv(B) (respectively,
conv(B)) be the convex hull (respectively, convex
closed hull in E) of a subset B.

Definition 1 ([28]). A semigroup T(t),0<t<o, of
bounded linear operators on a Banach space X is said to
be

1) uniformly continuous if

LimfT (1)-1] -
where | is the identity operator.
2) strongly continuous if
Itle(t)x = x, for every x e X.
A strongly continuous semigroup of bounded linear
operators on X will be called a semigroup of class
C, or simply a C,-semigroup. It is known that if

T(t),0<t<ow is a C,-semigroup, then there exist
constants @>0 and M >1 such that

AM



42 A. G. IBRAHIM, N. A. AL SARORI

[T (1)) < Me, for 0<t <cx,

A C,-semigroup T(t),0<t<oo is called compact
if for every t>O,T(t) is compact. It is known that
([28], Theorem 3.2) every compact C,- semigroup is
uniformly continuous.

Definition 2 ([28]). Let T(t),0<t<x, be a semi-
group of bounded linear operators on a Banach space
X. The linear operator A defined by

D(A) ={x e X :IimM exists}
[ 3] t

and

T(t)x—x

t

is called the infinitesimal generator of the semigroup
T(t),D(A) isthe domainof A.

Definition 3 ([29-33]). Let X and Y be two topo-
logical spaces. A multifunction G:X — P(Y) is said
to be upper semicontinuous (u.s.c.) if

G*(V)={xeX:G(x)cV} is an open subset of X

for every open V cY . G is said to be lower semi-
continuous (I.sc) if G™(V)={xe X :G(X)NV = ¢}
is an open subset of X for every open VY. G is
called closed if its graph

T ={(xy)e XxY:yeG(x)} is closed subset of the

topological space X xY . G is said to be completely
continuous if G(B) is relatively compact for every
bounded subset B of X. If the multifunction G is
completely continuous with non empty compact values,
then G isus.c.ifandonlyif G is closed.

Lemma 1 ([29], Theorem 8.2.8). Let (Q,A, 1) be a
complete o —finite measure space, X a complete se-
parable metric space and F:Q — 2* be a measurable
multivalued function with non empty closed images.
Consider a multivalued function G from :QxX to
P(Y), Y is a complete separable metric space such
that for every xe X the multivalued function
w— G(w,x) is measurable and for every we Q the
multivalued function x —G(w,x) is continuous.

Ax =lim
tl0

Then the multivalued function w—>G(w,F(w)) is

measurable. In particular for every measurable single-
valued function z:Q — X, the multivalued function
w— G(w,z(w)) is measurable and for every Cara-
theodory single-valued function ¢:QxX —Y, the

multivalued function w — p(w,F (w)) is measurable.

Definition 4 A nonempty subset M < L'(J,E) is
said to be decomposable provided for every f,geM
and each Lebesgue measurable set Z in J,
fr, + 9%s-2) €M, where y, is the characteristic
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function of the set Z.

Definition 5 A sequence {f, neN}cL'(J,E) is
said to be semi-compact if:

1) Itis integrably bounded, i.e. there is g e L'(J,R")
such that

[f. ()] <a(t) ae ted.

2)The set {f, (t):neN} is relatively compact in E
ae tel.

We recall one fundamental result which follows from
Dunford-Pettis Theorem.

Lemma 2 ([33]). Every semi-compact sequence in
L'(J,E) isweakly compactin L'(J,E).

For more about multifunctions we refer to [29-33].

Lemma 3 ([11], lemma 2.10). For ze(0,1] and
‘ <(c-e)".

O0<e<c, wehave -c’

e

Definition 6 According to the Riemann -Liouville a-
pproach, the fractional integral of order o €(0,1) of a
function f eL*(J,E) isdefined by

t (t - S)ail

1 f (I)ZLW

provided the right side is defined on J , where T is the

f (s)ds, t>0,

Euler gamma function defined by I'(«&) = I:t“’le"dt.

Definition 7 The Caputo derivative of order « €(0,1)
of a continuously differentiable function f:J - E is
defined by

"D (1) =—— [{(t=s) " ¥ (s)ds =1 (1),

- [(1-a)-°

Note that the integrals appear in the two previous defi-
nitions are taken in Bochner’ sense and °D“l “f (t)
=f(t) forall teJ. For more informations about the
fractional calculus we refer to [2,4].

Definition 8 ([14], Lemma 3.1 and Definition 3.1, see
also [11-13]). Let h:J —E. A function xeC(J,E)
is said to be a mild solution of the following system:

‘Dx(t) = A(t)x(t)+h(t),teJ, 2.1)
x(0)=x, € E, '
if it satisfies the following integral equation

X(0)=Ki(O)(6)+ [;(t=5) " Ko (t=s)h(s)ds,
teld,
where

K (t)=],&, (0)T (t“0)do,K, (1)
=af 0,(0)T(10)do.£, (0)

1 _1_1 _i
=—0 awa(eano,
a
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1. N1 gan-1 F(L'Jrl)sin(nna),

W, ()=~ .(-1) _
ee(o,oo) and &, is a probability density function de-
fined on (0,0), thatis ['&,(0)do=1. Note that the

function must be chosen such that the integral appears in
(2.2) is well be defined.

Remark 1 Since K, (.),K,(.) are associated with
the numbrer «, there are no analogue of the semigroup
property, i.e. K, (t+s)= K, (t)K,(s),

K, (t+5s) = K, (1)K, (s).

In the following we recall the properties of K (.),
K,(.).

I_(e)mma 4 ([14], Lemma 3.2, Lemma 3.3 and Lemma
3.5)

1) For any fixed t>0,K,(t),K,(t) are linear bound-
ed operators.

C(1+y)
F(l+ay)
3)If |T(t)|<M,t=0, then forany

xeE[K, (t)x|<M|x]| and [K,(t)x]<

2)For ye[01],]/¢7¢,(6)d6o =

.
()

4) For any fixed t>0,K,(t),K,(t) are strongly con-
tinuous.

5) If T(t),t>0 is compact, then
K, (t) are compact.

In order to define the concept of mild solution of (1.1),
let J,=[0,t,], J;=(t.t,,], i=1,2--,m and consider
the set of functions:

K,(t) and

o= {1// : [—r,O] — E :w is continuous everywhere except for a finite number

of points s at which y(s—) and (s +) existand y(s) = y/(s—)},

PC(J,E)={x:J > E:x, eC(J,,E),i=0,1,2,--,mand x(t" ) and x(ti’)existforeachi=1,2,---,m},

and

H={x:[—r,b]—> E: X|[—r,0] e®,x, €C(J;,E),i=012,-,mand x(tf)and x(ti‘)exist for each i =1,2,---,m}.

It is easy to check that @ are H are Banach spaces
endowed with the norms

|, =max {"x(t)":t c [—r,O]},
and

I, :max{"x(t)”:t € [—r,b]}.

13i

Of course B— :{xf :xeB }
1Jo J

[Jo

Forany xe™® andany teJ,z(t)x the element of
@ defined by
r(t)x(0)=x(t+6),v0[-r,0].

Here z(t)x represents the history of the state time
t—r up the present time t. For any subset Bc H
and forany i=0,1,2,---,m, let

B- :{x* 3, - E:x"(t)=x(t),teJ; and x*(ti):x(tf),XG B},i:0,1,~-~,m.

Let us recall the concept of mild solutions, introduced
by Wang et al. [10], for the impulsive fractional evolu-
tion equation:

*D7x(t)= Ax(t)+ f (t,x(t)),ae.on J —{t,t, -t },

where f:IxE—>E,y,€E,i=12---m.
At first Wang et al. [10] considered the following non-
homogeneous impulsive fractional equation

*Dx(t) = Ax(t)+h(t),te J —{t, t,, -, t. 1},
x(0) =X, (2.4)
X(t7)=x(t)+y,i=1,2,-,m,

Copyright © 2013 SciRes.

(2.3)

1my

where he PC(J,E) and y; €E. It is easily observe
that x can be decomposedto v+w where
veC(J,E) isthe continuous mild solution for

‘Dv(t)=Av(t)+h(t),ted,
{V(O): Xos 29

and we PC(J,E) is the mild solution for the impul-

AM



44

sive evolution equation

() w(t)ted —{tut ot

‘D*w
w(0)=0 (2.6)
w(t)=w(t)+y,i=12

Indeed, by adding together (2.5) with (2.6), it follows
(2.4). Note v is continuous, o v(t; ) =v(t;),

1

Fa k(=)

a-1

1 t
Y1 +mjo(t_5)
YitY,
i=m 1

2V +m

i=1

The above equation can be expressed as
i=m
w(t)=
i=1
1

2Viz(t)
+mjo(t—s)a_ Aw

(2.9)
(s)ds,ted,

where

|4, forte[t,b].

()= {0, forte[0,t)

We apply the Laplace transform for (2.8) to get (see,
[25])

i=m e*ti/1 1
u(&):;yi 7 +/‘L_"

Au(2))

i=m

x(t)=

=1

By using the above results, we can write the following
definition of mild solution of the system (2.3).
Definition 9 ([10], Definition 3.1). By a mild solution

K, (1)(%)+ K (t

i=m

i=1

Copyright © 2013 SciRes.
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1 a-1
+mjo(t -s)" Aw

[(t=5)"" Aw

Ko (0)(%)+ 27 () Ky (t=t) y

Ky (1)) + [ (1) K, (t-5) 1 (5,

_H)Y1+I;(t—8)a_l K,(t-s)f (5,

Ky (£)(% )+ K, (t=1) ¥, + [ (

N. A. AL SARORI

i=12,---,m. On the other hand, any solution of (2.4)
can be decomposed to (2.5) and (2.6). By Definition 9, a
mild solution of (2.5) is given by

v(t) =Ky (t)(%) .
l(t-5) Ky (t-s)h(s)ds ted.

Now we rewrite system (2.6) in the equivalent integral
equation

Aw(s)ds,t e J,,

Aw(s)ds,teJ,,

(s)ds,ted,, (2.8)

(s)ds,ted,.

which implies

u(4)= fe“iu“*1 (21 - A)'1 ;.
i=1
Note that the Laplace transform for K, (t)y; is
272 - A)
tion of (2.6) as

wit) = 3 (DK, (1),

By (2.7) and (2.10), the mild solution of (2.4) is given
by

y;. Thus we can derive the mild solu-

(2.10)

a-1

: +J’;(t—s) K, (t—s)h(s)ds,t e J.

of the system (2.3) we mean a function xePC(J,E)
which satisfies the following integral equation

X(s))ds,t e J,
x(s))ds,t e J,,

t-s

) K, (t=5) T (s,

x(s))ds,te .
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Now we can give the concept of mild solution for our
considered problem (1.1).
Definition 10 By a mild solution for (1.1), we mean a

w(t)-g(x)te[-r,0]
(t)(w (0
(

L (t

<

Ky
K

where vy, = Ii(x(ti‘)),i =1---,m and f is an integra-

ble selection for F (r()x)

Remark 2 It is easily to see that the solution given by
(2.11) satisfies the relation

X(t)=x(t)+ 1 (x(t)),i=1.2,-,m.

Remark 31f I,(x(t))=0, forall i=1--,m g=0
and if there is no delay then Formula (2.11) will take the
form

X(t) =K, ()% + [ (t=5)"" K, (t-s) f (s)ds, t  J.

This means that when there is no neither impulse nor
delay in the problem (1.1), its solution is equal to the
formula given in (2.2).

Theorem 1 ([34]). Let W be a nonempty subset of a
Banach space E, which is bounded, closed and convex.
Suppose R:W — 2% is u.s.c. with closed, convex va-

lues, and such that R(W)cW and R(W) is compact.

Then R has a fixed point

The following fixed point theorem for contraction multi-
valued is proved by Govitz and Nadler [35].

Theorem 2 Let (X,d) be a complete metric space.
If R:X —P,(X) is contraction, then R has a fixed
point.

Theorem 3 ([36], Corollary 3.3.1) (Schauder fixed
point theorem). Let E be a Banach space, B a non-
empty, convex, closed and bounded subset of E and
f :B— B becontinuous. If f iscompactor B iscom-
pact, then f has a fixed point.

3. Existence Results for the Problem (1.1)

In this section, we give the main results of mild solutions
of (1.2).

3.1. Convex Case

In the following Theorem we derive the first existence
result concerning the mild solution for the problem (1.1).

Copyright © 2013 SciRes.

function xeH which satisfies the following integral
equation

g(x )+L§(t—s)“'1 K, (t=s)f(s)ds,ted,,

) (0)-g(x)
) (0)-g (X)) +K, (t=t) y, + [ (t=5)" K, (t-s) f (s)ds,t e J;,

(2.11)

K, (t-t)y; +'[;(t—5)a_l K,(t—s)f(s)ds,ted,,

Theorem 4 Let F:Jx® — P, (E) be a multifunc-
tion. Assume the following conditions:
(Hy) A is the infinitesimal generator of a C,- semi-

group {T(t):t>0} and T(t),t>0 iscompact.
(H,) For every he®,t— F(t,h) is measurable, for

almost teJ,h— F(t,h) is upper semi-continuous and
foreach x e H, the set

SH :{f el'(J,E):f(t)e F(t,r(t)x),a.e.} is

nonempty.
1

(Hs) There exist a function ¢ e L% (3.R7),
0<g<a suchthatforany xe®

sup{|jz]:ze F(t,x)} <o(t)(1+x(0)), aeted. (3.1)

(Hs) g:H — E is continuous, compact and there
exist two positive numbers a,d such that

la(h)|<aln]+d, vheH. (3.2)

(Hs) For every i=12,---,m, I, is continuous and
compact and there exists a positive constant h, such
that

[t ()< b %], x € E. (3.3)

Then, for a given continuous function y :[-r,0] - E,
the problem (1.1) has a mild solution provided that there
is r>0 such that

(M +3){Jf+a(r+lwl)+d ]

(3.4)
+M [h(r +w])) + 7 (1+ ] + r)] <r.
where, M >0 such that sup|T (t)|<M,
ted
i=m _ ba_q 1
h= Zi:1 h.7 = F(a)(w+1)lﬁq ”wulﬂ(a,n&*)
and @ = a—_l.
1-q
Proof. In view of (H,), for each x e H, the set
AM
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St =1 eL(JE): () eF(tr(t)x) ae

where f eSé(_ Obviously, every fixed point for

()’
G is a mild solution for the problem (1.1). So, our goal
is to apply Theorem 1. The proof will be given in several
steps.

Step 1. The values of G are convex and closed sub-
setin H.

A. G. IBRAHIM,

N. A. AL SARORI

is nonempty. So, we can define a multifunction
G:H—2", asfollows: yeG(x) ifand only if

,(t=s) f(s)ds, tedy,

-t ( (t))

K, (t-s) f(s)ds,te d;,i=12,

that the values of G are convex. In order to prove that
the values of G are closed, let xe® and (y,),n>1
be a sequence in G(x) such that y, >y in .
Then, according to the definition of G, there is a se-

quence (f,) . in Sl(

Flor() such that for any teJ,,

Since the values of F are convex, it is easily to see i=01---,m
v (t)-a(x), te[—r 0],
K, (1)(w (0)-g(x))+ [ (t-s)" —s) f,(s)ds,te J,
Yo (t)= K, (t)(v (0) )+:_;Kl(t ()1, ( (t)) (3.5)
+_[;(t—s)H K, (t=s)f,(s)ds,te J;,i=12,--,m

Not that, from (3.1), forany n>1, foralmost seJ

AOE

This show that the set { f, :n>1}. is integrably bound-
ed. Moreover, because

{f,(t):n=1 = F(t,z(t)x), forae tel, theset

{fn (t):n>1} is relativity compactin E forae. tel.
Therefore, the set {f :n>1} is semi-compact and then,
by Lemma 2 it is weakly compact in Ll(J,]R+ . So,
without loss of generality we can assume that f,
converges weakly to a function f eL'(J,R*). From
Mazur’s lemma, there is a sequence (g,),n>1 such

that {g, (t):n>1} < Conv{f, (t):n=1};ted and g,
converges strongly to f .

s)(1+||r(s)x(0

n

Since, the values of F are

v (t)-9(x).te[-r,0]

K: (1)(v (0)-9(x))+

k=

+j;(t—5

Copyright © 2013 SciRes.

)=

k=

Ky (1)(w(0) =g (x))+ 2K (t=t) 1,

K,

s)(1+||x(s)||) <

1
convex, g, € SF(

s)(2+,.)

g and hence, by the compactness of

F (t,r(t) X), fe Sllz(.,r(t)x)'

t,seJ,se(0t] andforevery n>1,

“(t—s HK (t f (s)”

a1 M .
l—(p(s)(1+||x||H)e L' ((04],R").
I(a)
Therefore, by passing to the limitas n— o in (3.5),
we obtain from the Lebesgue dominated convergence
theorem that, for every i=0,1,---,m,

Moreover, for every

<[t-9

t

(t=8)"" K, (t-

i (x(t)

t—s)f(s)ds,ted;,i=12,--,m

s) f(s)ds, ted,,

(
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Then yeG(x). XGB,(X*), yeG(x) and ted. If te[-r,0], then
Step 2. We claim that G(Br (x)) < B, (x), where by (3.2)
[y®-x©]<[s(x)

. t), te[-r,0 (3.6)
X (t)={w( ) 0] <a|x|+d <a(|w]+r)+d.

w(0), tel.

and Br(x*):{XGH:"x—x*"gr}. To prove that, let (3_[;,;):,\,; ;e‘:ol By using Lemma 4(3). (31). (32) and

M. (14, )] (t-5) o(5)ds

ly(®)=x )] <]y ©)]+M (v () +a(r +]y])+d)+

I'(a)
M . ‘ a1\
<l (O M (o) 8 o s el el (-5 5 -
b M (L+|y|+r
<yl (pleairelyl)o)e
<lpl+M (wl+a(r+lwl)+d+(1+ ]+ r)7).
Similarly, by using Lemma 4(3), (3.1), (3.2),(3.3) and (3.5) we have for teJ;, i=12,---,m,
Iy (O <l M [l ar fod) (sl +n(as o+ )] @)
Therefore, from (3.4).(3.6).(3.7) and (3.8), we con- Step 3. Let B=G Br(x*) . We claim that B is
clude that G(B,(x*))gBr(x*). equicontinuous, let xe B and yeG(x). According to

the definition of G we have

<

(t)-g(x),te[-r,0],

(w(0)-g(x))+ (t=5)""K, (t=s) f(s)ds,te J,,
( )

X))+ 2Ky (t=t) 1 (X(t))+ [, (t=3) " Ky (t=3) f (s)ds,te 3,,i=1,

174

(0)-
w(0)-g

K (t) (
K, (t) (
where fesé(u,(.)x)- By the continuity of w, we can I|m||y t+’1 "

To show that B, it suffices to verify that Bs is

see easily that if t,t+Ae(-r,0|, then
y +hel ] equicontinuous for every i=0,1---,m, where

Bz{x*eC(I,E):x*() x(t),ted ],Hl]x(ti):x(ti*),XGB}.

We consider the following cases:
Case 1. Let t=0,2¢€(0,t]. Inview of Holder’s inequality we get

v (t+2)=y O] =]y (t+2)-y (O =[y(2)-y(0)]
s||k1(x>(w<o>—g<x>)—k1( (v (@) -9 ()+[[; (2-5) e (2-9) 1 (5) ]
<o)~k Ol -0l S g (gt 69
M (1] 1) e

<Ih2) Ol -0+ e e

Copyright © 2013 SciRes. AM
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A — 0, independently of x.
Case 2. Let t,t+1 betwo pointsin (0,t,], then

Since T(A) iscompact, K (1) isalso, (see, Lemma
4(v)), and hence, K, (h) is uniformly continuous on J
(see [28]). Therefore, the last inequality tends to zero as

y*(t+/1)—y*(t)||:||y(t+/l)—y(t)||
<[k (t+2)(w (0) -9 (x)) ki (t) (v (0)- 9 (x))]
o . t » (3.10)
+HJ'O (t+a-s)" kz(t+ﬁ—s)f(s)ds—J'0(t—s) kz(t—s)f(s)dsu
<G +G,+G; +G,,

where
G, =k (t+2)(w (0)- 9 (x) -k, (1)(w (0)- g (x))].

[ ams) g (e 2-5) £ (s) s,

G, = |Jy(t=5)" " [ks (t+ 2-5)—k, (t=5)]  (s)at].

We only need to check G, >0 as 14— 0 forevery
i=12,3,4. At first, we note that, as we mention above

the operators K, (t),t>0 are uniformly continuous on

G, =

G, = [ [(t+ 2=5) ~(t=9)" T (t+2-5) F (s)as].

and For G,, by the Holder inequality we have

J. So, limG, =0, independently of xe B, (x).

limG, = king“jt‘”(t +2-s) M, (tra-s) f (s)ds”

A0
. t+4 a-1 M (1+||l//||+ r) . t+1 a-1
Sr(a)L'_TJJ.t (t+1-5s) ||f(s)||d5§TIA|_r)r(1)_ft (t+21-5)" " p(s)ds (3.11)
M (Lefyler) e at T My +r) . [2@0 T
= F(a) ng21|:.“1 (t+/1_s)17q ds} ||¢)"L%(J,R*) < F(a) ')ﬂ}, o+l "(DHLé(J,R*) =0,
independently of x B, (X"). Then
o1 \(t_s)*l_(tm_s)“*l
For G,, we note that @ = g €(-1,0), then for

<[(t-s) ~(t+2-s)"] "

s<t<t+, wehave (t—s)” >(t+1-s)”. Byapply-
This leads to

ing Lemma 3 and taking into account 1-q<(0,1) we
get

1-q

(=] [ (t+2- s)“’]““

<[(t-s)"~(t+a-5)"]"

(t=s) ~(t+2-5)""

<[(t-s)" = (t+2-5)" .

Therefore,

M(1+|w|+r) . [ o B
IAIE(]JG3S ( ("a)" )ym m(t—s) 1_(t+/1—s) 11Qd5:| "40"5(3,11@*)
M@+l e oy PRSI
< m Ll - os | el @12)
M(l+||y/||+r) H I 1 O+ D+ o+l = 1
< F(a) ngr])_a,+l[t i 1_(t+/1) ﬂ "(p"LE(J'W) =0,

Copyright © 2013 SciRes.

AM



A. G. IBRAHIM, N. A. AL SARORI 49

For G,, by using (H;) and the Lebesgue dominated

independently of xe B (x").
P y r( ) convergence theorem, we get

limG, < m”j;(t—s)“‘l[kz (t+2-s)—k, (t-5)] F (s)ds”

t (3.13)
- a-1
SEILI;])SSL[,:JFZ]"KZ(t-I-ﬂ.—S)—KZ(t—S)|”O(t—S) ||f(5)||ds.

By the uniform continuity of K, (t),(t>0), we con- Case 3. When ie{1,2,---,m}, let t,t+1 be two
clude that limG, =0, independently of xeB, (x). points in J.. Invoking to the definition of G we have
v (t+2) =y (0)] =y (t+2) -y (O <K, (t+ 2) (v (0) = g (x)) - K; (1) (v (0) - g (x))]

k=i
+3 Kl(t+/1—tk)Ik(x(tk‘))—Kl(t—tk)Ik(x(tk'))“
=1
¥ j;”(tw_s)“*lkz(uz_s)f(s)ds_j;(t_s)‘“kz(t_s)f(s)dsu.
Arguing as in the first case we get t <o <t +4<t,,, then we have
tim|y(t+4)-y(t)] =0. (314) V(4 +2) -y ()] = lim (¢ +2)-y(o)]
Case 4. When t=t, i=1---,m, let 1>0 be such '
that t+4eJ, and o >0 suchthat According the definition of G we get
[y (t+2)=y ()] <[k (t + 2)(w (0) -5 (x)) ki (o) (v (0) - 5 (x))]
k=i
+kz Kl(ti+/1—tk)|k(x(t,;))—Kl(a—tk)lk(x(t;))”
=1
[ (6 + A= 8) kg (44 2-5) £ () ds— [ (o =5) Tk, (o -5) | (s)ds”.
Arguing as in the first case we can see that Q(t) _ {y(t :): ye G(x),x cB (x* )}
Jim ly(t +2)-y (o) =0. (315 s relatively compact in E .
ootf Let us introduce the following maps:
From (3.9) — (3.15) we conclude that B|JT is equi- G,,G, ' H—H,G,: H—2",
continuous for every i=0,1,---,m. where
Step 4. Our aim in this step is to show that for any 6, (x)(t) = y(t)-g(x), te[-r,0],
te[-r,b], the set ' 0, te(0,b),
0, te[-rt],
G, (x)(t) =1 k=i
:(9)() K (t=t ) (x(t ), tedi=12.-m,
k=1
and yeG,(x) ifandonly if
( ) 0, te[—r,O],
y(t)= a-
K, (£)(w (0)= g (x))+ [ (t=5)"" K, (t=5) f, (s)ds, ted—{t, -t}
where f, €S . Obviously, G=G +G,+G, Because Br(x*) is a bounded subset in H and g

Copyright © 2013 SciRes. AM
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is compact, the set is relatively compact in E. It remains to show that the
- set
Ql(t)={G1(X)(t):XEBr(X )} o) { 0 6, (x)xe ( )}
= . (S X ,Xe r X
is relatively compact in E. Also, since the functions : y yess
li,k=1,2,---,m are compact, the set is relatively compact in E. Foreach teJ—{t,--t 1,
Qz(t)={GZ(X)(t)ZX€B,(X*)} arbitrary he(0,t) and A< (0,1), we define

Yo ()= 1€, ()T (1“0)[w (0)- g (x)]do+af, " (t-5)"" ["6z, (0)T ((t-3)" 0) f, (s)dods.
Note that we can rewrite y, , (t) in the form
Yo () =T (h“2)[ ¢, (0)T (t“0-h"2)[w (0)-g(x)]de
+T(h°2)[; " (=) ([ 0z, (0)T ((t-5)" 0-h"2)do) , (s)ds.
Since the operator T(t),t>0 is compactand g iscompacton 7, the set
{yhyl(t)ZyEGs(X),XE Br(x*)}
is relatively compact in  E . Moreover, by using (Hs) and (H,) we get
<R o )[ 9(x)]de]
+aujojoe(t—s ) gL (0)T (2 ) s)dads—[ [ 0(t-5)"" ¢, (6)T ((t-5)"6) fy(s)dedsu
<M [y (0)] +[ o (x ||)j ¢, (0)d0+a Y, (0)T((t-5)" 0) 7, (s)deads
i a(t-s) " ¢, (0)T((t-5) o)1, (s deds_jo‘ [ot-s)" ¢, (0)T((t-5)"0) fy(s)dedsH
to(t-sy g, (0)T ((t-s5) 6) (s)d@ds”

+aum 0(t-s)" ¢, ()T ((t-5)" 0) £, (s) desH

"y ~ Yo (

<M (|w (0 ||+a||x||+d)f§ 0)dé +a

-1

<M (Jw (0)] +ar +aly|+d) [, (0)do+Maf  [To(t-s)"
¢, (0)p(s)(1+]x|)deods
<M (y (0)] +ar +ally|+d) [ ¢, (6)d0+ Ma (1 +[y]) [z, (0)do[, (t-5) o(s)ds

+Ma (Ler+y]) [Joc, (8)daf (t-s)"" p(s)ds.

£, (0)o(s)(1+]x])deds

-1

+|v|a” o(t-s)"

Using Holder’s inequality to get

||y(t)—yM (t)||s M ("y/(O ||+ar+a||y/||+d)r§ 6)de

ped A
Ma (L4l o 1_qf 0c,(0)d0+Ma (+r+[y|)lelz(, o) (@ ], 66, (6)de

(w

Obviously, by Lemma 4(2), the right hand side of the there exists a relatively compact set that can be arbitrary
previous inequality tend to zero as A,h — 0. Hence, close to the set Q,(t),te(0,b]. Hence, this set is rela-

Copyright © 2013 SciRes. AM
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tively compact in E. Hence, Q(t),te[-r,b] is rela-
tively compact

As a consequence of Steps 3 and 4 with Arzela-Ascoli
theorem we conclude that, B is relatively compact.
Step5. G hasaclosed graphon B.

w(t)-9(x,).te[-r,0],
Ky (t)

K. (1)

v (0)-9(x,))+];

Yo (t)= ( |
( k=i

k=1

Let us show that the sequence (f,)  is semicom-
pact. From the uniform convergence of x, towards x,
forany teld

lm”r(t) X, —7(t) X"q) =0.

Moreover F(t,.) is upper semicontinuous with
compact values, then for every e>0, there exists a
natural number ng(e) such that for every n>n,

f.(t) e F(t.z(t)x,)

c F(t,r(t)x)+eB(0,1),a.e. teld,

where B(0,1)={zeE:|z|<1}. Then, the compactness
of F(t,z(t)x) implies that the set {f (t):nx>1} is
relatively compact for a.e.. In addition, assumption (Hs)
implies

This proves that the graph of G s closed.

Now, as a consequence of Step 1 to Step 5, we con-
clude that the multifunction of G is a compact multi-
valued function, u.s.c with convex compact values. By
applying Theorem 1, we can deduce that G has a
fixed point x which is a mild solution of Problem
(1.2).

In the following Theorems we give another version for
an existence result for (1.1).

Theorem 5 Let F:Jx® — P, (E) be a multifunc-

tion, A is the infinitesimal generator of a C;- semi-
group {T(t):tzo}, and g:H— E. We suppose the

following assumptions:
(He) Forevery xe®,t— F(t,x) is measurable.

Copyright © 2013 SciRes.

(t=s)" " K, (t=s)f,(s)ds,t e Jy,

w(0) =9 (%)) + 2Ky (t=t ) 1 (%, (t
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Let x,€B (x'),x, >x in H and

¥, €G(x,),vn=1 with y —y in B. We will show

that yeG(x). By recalling the definition of G, for

any n>1 thereexists f, e SF( such that

7()%n)

(3.16)

))+J';(t_s)ail Kz (t—s) fn(S)dS,t e Ji,i =12,---,m.

[f. (V)] < 2(B)[1+7(t)x, (0)
<o(V)(2+[xl)
< go(t)(1+ r +||l//||),a.e. teld.

Then, by Lemma 2, {f ,n>1} is semicompact,
hence weakly compact. Arguing as in Step 1 from Ma-
zur’s theorem, there is a sequence (z,),n>1 such
that

{z,(t):n=1}  Conv{f, (t):n=1};ted
and z, converges strongly to f e L"(J,E). Since, the
values of F are convex, z, ESF(.,T(.)XH) and hence,

feS. . BY passing to the limit in (3.16), with tak-

ing into account that g is continuous, we obtain

1

(H,) There is a function ¢ e LE(J,R+),(O<q<a)

such that
Forevery x,ye®

h(F(t,x),F(t,y)) <5 (t)|x(0)-y(0)].

foraetel,

Sup{|z]: xe F(t,0)} <¢(t),forae.ted.
(Hg) There is a positive constant a such that

||g (z)-9 (w)" <alz-w|,forallz,we H.

(Hg) For each i=12,---,m, there is & >0 such

that

AM
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) -1 (v)|<& [x=y], forallx,y e E.

(H1o)
4 } <],

I'(a)

a+M{a+§+

1
SF(.,r(.)X)
By Lemma 1, (Hs) and (H;), F(.z(.)x) is meas-
urable. Since its values are closed, it has a measurable
selection (see [29], Theorem 8.1.3) which, by hypothesis

(H7), belongs to L'(J,E). Thus S;(”T(.)X) is non-

w(t)-

K. (1)

(
(

X).te[-r,0],

)-9(x))

(X)) + DK, (t=t )1,

k=’

g

t

+
0

o

(t—s)" " K, (t-
(x(

where f e Si - Itis easy to see that any fixed point
for R is a mild solution for (1.1). So, we shall show
that R satisfies the assumptions of Theorem 2. The
proof will be given in two steps.

y(t)

9

«

iN

, N. A. AL SARORI
he~ 1 _ a-1
here 7 =————|cf &, oy, @=7— and
where y (T)-i—l)lﬁq "g"Lq(J,R ) @ 1-q an
£=204

Then (1.1) has a mild solution.
Proof. For xeH, set

={f el'(J,E): f(t)eF(tz(t)x) fora.e.teJ}.

empty. Let us transform the problem into a fixed point

problem. Consider the multifunction map, R:H — 2"
defined as follows: for xeH, R(x) is the set of all
functions ye R(x), suchthatforeach i=12,--,m,

s)f(s)ds,ted,,

k

t))+ [o(t=s) 7 Ky (t=s) f (s)ds,te d,i=1,m.

non-empty. In order to prove the values of R are closed,
let xeH and (y,),n>1 be a sequence in R(x)

such that y, -y in H. Then, according to the defi-

Stepl. The values of R are nonempty and closed. nition of R, there is a sequence (f,),n>1 in
Since Si(.’[(‘)x) is non-empty, the values of R are Sjl;(.,r(.)x) such that forany teJ,,i=0,1---,m
w(t)-9(x).te[-r.0],
Yo (t)= Kl(t)(z//(O)—g(x))—i- ;(t_s)ail K, (t=s) f,(s)ds, te Jo, 3.17)
k=i
K, ()(w(0)-g(x))+ Kl(t—tk)Ik(x(tk’))+j;(t—s)HKz(t—s)fn(s)ds,teJi,i:1,2,...,m.
k=1

Since F(t,0) is closed, for any teJ, there is
v(t)e F(t,0) such that |v(t)|=d(0,F(t,0)). Inview
of (Hy), forevery n>1, andforae. tel

[, (] < v (t)|+d (. (t), F(t,0))
=d(0,F(t,0))+d(f,(t), F(t,0))
<g(t)+H(F(tz(t)x),F(t,0))
<g()+¢ () (t)x(0)].
= (O)(2+[x(V)]. ) <5 (V) (2+],, )

This show that the set {f :n>1} is integrably

bounded. Using the fact that F has compact values, the
set {fn (t):n>1} is relativity compact in E for a.e.
teJ. Therefore, the set {f :n>1} is semi-compact

Copyright © 2013 SciRes.

and in L'(J,E). Then, by Lemma 2, it is weakly com-
pact. So, we may pass to a subsequence if necessary to
getthat f, converges weakly to a function

f e '(J,E). From Mazur’s theorem, there is a se-
quence (z,),n>1 such that

{z,(t):n>1} = Conv{f, (t):n>1};te

and z, converges strongly to f. Since, the values of

F are convex, z, es;(ﬁ(.)x) and hence, by the com-
1

pactness of F(.z(.)x), f €St .- Note that for

every t,seJ, se(0t] and forevery n>1,

It— s|”’_1 ||K2 (t-s)f, (s)"

<=5 Mg ()1, ) e L((04].RY).

AM
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Therefore, by means of the Lebesgue dominated con- we obtain from (3.17)
vergence Theorem and the continuity of K, (t),t>0

-

n—oo

o

limy, (t)=1K, (t)(w (0)- g (x))+], (t=5)"" K, (t-s) f (s)ds,t e J,,
(

k=1
So, yeR(x). y, € R(x). Then, there is feSl( ()q) Such that for
Step 2. R is contraction. Let x,,x eH and any tel;,i=012,--
w(t)-g(x) te[-r0],
¥ (t)= Kl(t)(‘//(o)_g(xi))+ ;(t_s)uil K, (t=s) f(s)ds,tedy, (3.18)
k=i
K, ()(w (0)~g(x))+ Kl(t_tk)lk(x(t;))+j;(t_s)“Kz(t_s)f(s)ds,teai,i:m,...,m
k=1

Consider the multifunction Z :J — 2% defined by

o= (0 =<0 () 0]
Z(t)={ueE:|f(t)-u|<s(®)x(t)=x ()]}

Since the functions f,¢,x,x, are measurable, Pro-

For each teJ,Z(t) is nonempty. Indeed, let teJ, position 111.4 in [30], tells us that the multifunction
from (H-), we have V:it—>Z(t)NF(tz(t)x,) is measurable. Because its
values are nonempty and closed there is heS Flt(ts)
( (te(t )Xl)'F(t'T(t)Xz)) with
<c(t)]7 ()% (0)-z(t)x, (0) [h(®)=f (1) <5 (0)]x (t)=x, (1) .19)
= (1) % (t) =%, ()] <c(t)|x =%, aeted.
Hence, there exists u, € F (t,x,(t)) such that Let us define
v(t)-9(x).te[-r0],
Y, (t)= Kl(t)(w(o)—g(xz))+j;(t—s)a'1Kz(t—s)h(s)ds,teJo, (3.20)
k=i
K, (t)(w(0)-g(x,))+ Kl(t—tk)|k(x(tk‘))+j;(t—s)“‘lKz(t—s)h(s)ds,teJi,i=1,2,...,m.
k=1

Obviously, y, e R(x,) andif te[-r,0], then by (Hs)
[y (O)-w ()] <alx—x],-

If ted,, wegetfrom (3.18)—(3.20) and (Hg)

[, (6)- v, (8)] < M ||g<x1>—g<x2>||+i)r(t—s)“‘luh(s)— f(s)ds

I'(a

< Mal|x, — ||, to— ||x1 X, J' s)ds (3.21)

at M
gMa"xl-xan+mux1—x2||H||g||Lq(J,R+)(I (t-s)- ds] ﬁ"Xsz"H(M“rWJ

Copyright © 2013 SciRes. AM
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Similarly, if teJ,,i=1---,

||y2( yl( )" a+§ ”X1 X2||7-{ ( )I (t_

By interchanging the role of y, and y,, we obtain
from (3.21), (3.22) and (Hy0)

RO <% =% -

Therefore, R is contraction and thus by Theorem 2
R has a fixed point which is a mild solution for (1.1).

"R(Xz)_

3.2. Nonconvex Case

In the following Theorem we give nonconvex version for
Theorem 4. Our hypothesis on the orient field is the
following:

(Hu) F:Jx®— P, (E) is a multifunction such that

_cl
N (X) - SF(.,Z(.)X

We shall prove that N has a nonempty closed de-
composable value and l.s.c. Since F has closed values,

St is closed ([37]). Because F is integrably bounded,
St is nonempty (see, Theorem 3.2 [37]). It is readily

d(u,N(x))=inf ||u v||L1—

VEN
_f inf
eFtr

the set

U

We shall show that, for any 4 >0,
u, :{XeH:d(u,N(x))Z/l}

is closed. For this purpose, let {x,}cu, and assume

A<limsupd (u, N ( n))—Ilmsupj d(

n— n—oo

Therefore, xeu, and this proves the lower semicon-
tinuity of N. This allows us to apply Theorem 3 of [38]
and obtain a continuous map Z:H — L'(J,E) such

(Ax)(t) =1 Ky (t)

Copyright © 2013 SciRes.

m, we get from (3.18) —»

o [n(s)=f(s)|ds <%, —x,],, M {a+ £+

(320) , (Hg) and (Hg)

4
. (3.22
| e
1) (t,x)—> F(t,x) is graph measurable and

x — F(t,x) is lower semicontinuous.
1

2) There exists a function ¢ e LE(J,]R*), 0<g<a
such that for any x e ®

|F(tx)|<e(t), aeted.

Theorem 6 If the hypotheses (H;), (Hs), (Hs) and (Hy1),
then the problem (1.1) has a mild solution provided that
there is r >0 such that the condition (3.4) is satisfied.

Proof. Consider the multivalued Nemitsky operator

N :H — 2" defined by

={fel(JE): f(t)eF(tr(t)x), aete ).

verified, Sy is decomposable. To check the lower
semi-continuity of N, we need to show that, for every
uel'(J,E), x—d(u,N(x)) is upper semicontinu-
ous. To this end from Theorem 2.2 [37], we have

eF t 7(t)x) J. ||U t)”dt

(3.23)

2(0)]de= [y (u(t

that x, > x in H. Then, forall tel,
in E. By virtue of (Hy;)(1) the function

z—>d (u(t), F(t, z)) is u.s.c. So, via the Fatou Lemma,
and (3.23) we have

F(tz(t)x,))dt

JF(tz(t)x))dt.

X, (1) = x(t)

Sjob!iﬂlsupd( (t),F(t.z(t)x ))dtS_[Obd(u(t),F(t,r(t)x))dt:d(u,N(x)),

that Z(x)e N(x), forevery xeH. Then,
Z(x)(s)eF(s.z(s)x),ae.s€J.
Consideramap A:H — H defined by
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Arguing as in the proof of Theorem 4, we can show
that A satiesfies all the conditions of Theorem 3 (Schau-
der fixed point theorem). Thus, there is x € H such that
x(t)=(Ax)(t). This means that x is a mild solution
for (1.1).

Remark 4 The condition (3.4) will be satisfied if

a+M(a+h+ny)<1.
Indeed, condition (3.4) can be written as

(M +2)[ | (1+a)+d |+ Mhfy |+ M (1+]y])

1-[a+M(a+h+7)] ="

4. Conclusion

In this paper, existence problems of nonlocal fractional-
order impulsive semi-linear differential inclusions with
delay have been considered. We have been considered
the case when the values of the orient field are convex as
well as non-convex. Some sufficient conditions have
been obtained, as pointed in the first section, theses con-
ditions are strictly weaker than the most of the existing
ones. In addition, our technique allows us to discuss
some fractional differential inclusions with delay.
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