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ABSTRACT

In this paper, we study the existence of mild solutions for fractional semilinear integro-differential equations in an arbi-
trary Banach space associated with operators generating compact semigroup on the Banach space. The arguments are

based on the Schauder fixed point theorem.
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1. Introduction

The purpose of the present paper is to present an alterna-
tive approach to the existence of solution of fractional
semilinear integro-differential equations in an arbitrary
Banach space X of the form

K(0) = AL X(1)+ F(6x(0), [u(ts,x(s)ds).

x(0)=x, € X,

)

where t>0,0<a<1 and A(t):D,c X - X gener-

ates an evolution system U (t,s), satisfying:

e U(t,s)eB(X), where B(X) denotes the Banach
space of bounded linear operators from X into X,

e U(t,t)=1 (I istheidentity operatorin X),

e U(t,s)U(s,z)=U(t,z) for 0<z<s<t<oo,

e the mapping (t,s)—>U(t,s)x is strongly continu-
ous in {(t,s):0<s<t<oo}, and f:R xX —>X
is a given function.

Differential equations of fractional order have recently
proved to be valuable tools in the modeling of many
phenomena in various fields of science and engineering.
This equations also serve as an tool for the description of
hereditary properties of various materials and processes.
For details, see [1-5]. The most important problem ex-
amined up to now is that concerning the existence of
solutions of considered equations. In order to solve (1),
many different methods have been applied in the litera-
ture. Most of these methods use the notion of a measure
of noncompactness in Banach spaces, see [6-10]. Such a
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method can be to apply in this work. The method we are
going to use is to reduce the existence of mild solutions
of fractional semilinear integro-differential equations of
type (0.1) to searching a fixed points of a suitable map on
the space C(R,,X,p(t)) tempered by an arbitrary
positive real continuous function p(t) definedon R, .
In order to prove the existence of fixed points, we shall
rely on the Schauder theorem. Moreover, an application
to fractional differential equations is provided to illus-
trate the results of this work.

2. Preliminary Tools

In what follows, X will represent a Banach space with
norm ||. Denote by C(R,,X) the space of continu-
ous functions x:R, — X . Now, let us assume thet
p=p(t) isagiven function defined and continuous on
the interval R, with real positive values. Denote by
C(R,.p(t),X)=C,(R,,X) the Banach space con-
sisting of all functions x =x(t) defined and continuous
on R, with values in the Banach space X such that

sup{p(t)"x(t)” t> 0} <.

The space C,(R,,X) is furnished with the follow-
ing standard norm

I, = sup{p(t)”x(t)" > 0}.

Let us recall two facts:
e The convergence in C, (R, X) is the uniform
convergence in the compact intervals, i.e. X; con-
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verge to x in C,(R,,X) if and only if (x;) is
uniformly convergent to x on compact subsets of
R,.

e A subset M cC, (R, X) is relatively compact if
and only if the restrictions to [0,T] of all functions
from X form an equicontinuous set for each T >0
and M (t) is relatively compact in X for each
teR, where M (t)={x(t):xe X}, See[11].
Definition 1 A nonempty subset McC, (R,,X) is

said to be bounded if the there is a function r:R, >R,
such that |x(t)f<r(t) foreach t>0 and xeM.

Namely, denote by L, (R,) the space of real func-
tions defined and Lebesgue integrable on R, and equi-
ped with the standard norm. For xe Li,.(R,) and for a
fixed number « >0 we define the Riemann-Liouville
fractional integral of order « of the function x(t) by
putting

|ax(t)=th—x(s)

T(a)®(t-s)™ 120

It may be shown that the fractional integral operator
I“ transforms the space L'(R,) into itself and has
some other properties (see [6-8], for example). More
generally, we can consider the operator 1“ on the func-
tion space L, (R,) consisting of real functions being
locally integrable over R, .

The following result is well known, one can see Mi-
chalski [12]

LemmalForall >0 and g>-1.

U o) oigs < L(AT(BHY) oy
jo(t s) “sfds < F(a+ﬁ+1)t . 2)

Our consideration is based on following Schauder
fixed point theorem.

Theorem 1 [13] Let C be a closed convex subset of
the Banach space X . Suppose F:C—C and F is
compact (i.e., bounded sets in C are mapped into rela-
tively compact sets). Then, F has a fixed pointin C.

3. Existence of Mild Solutions

The following hypotheses well be needed in the sequel.

e (A)A(t) is a bounded linear operator on E for
each t>0 and generates a uniformly continuous evo-
lution system U (t,s) such that

sup{”U (ts):0<s< t} <.

e () ()(txy)eR, xXxX> f(t,xy)eX satisfies
the Caratheodory type conditions, i.e. f(.,x,y) is
measurable for (x,y)eXxX and f(t,.,.) con-
tinuous for a.e. t>0, (ii) there exists a continuous
positive function p:R, - R, such that

[t x )< @) (X +[])
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forae. t>0 andall x,yeX.

e (Cy) () u(t,s,x):R, xR, xX — X iscontinuous on
R, xR, xX,

e (i) k:(t;s)eR, xR, >R, being continuous such
that

Juts )] <k(ts)a(Id).

where ¢:R, —(0,00) is continuous and increasing func-
tion with

[ o 3)

Ls+g(s)
o (iii) For all positive function - there exist
l e G, ([R,]) such that

loc

IS%@W(S)dSSJQI(S)w(S)ds :
where IZ(s) = max {1, j;k(t, s)ds}.

Definition 2 [14] A continuous function x:R, — X
is said to be a mild solution of (0.1) if x satisfies to

X(t)=U (£,0)x,
1 .t U(t,S) s
+mjom f (s,x(s),jou(s,r,x(r))dr)ds.

Our main result is given by the following theorem.
Theorem 2 If the Banach space X is separable.

Assume that the hypotheses ((A)(Cf)) and (C,) are

satisfied. Then for each x, e X , the problem (0.1) has
at least one mild solution x in C_ (R, X),for t>0.

Proof. Consider the operator F defined by the for-
mula

(Fx)(t)=U (t,0)x,
Lft U(t,s)

+r(a) (i) f (S,X(S),J.;U(S,T,X(T))dz-)d&

for t>0 and xeC(R,,X). Let

F(t)=G" [% jgl(s)ds],

(4)

where
t ds
G(0= s+¢(s)’
and
M =sup{U (t,s)}.

s<t

The estimate (0.3) guarantee the convergence of the
integral G(t). In the other hand, observe that if
p:R, —> R, is nondecreasing function, then the func-
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tion

ds is also nondecreasing on R, .There-
0 (t—S 1-a

fore, the function r(t) is will defined and nonde-
creasingon R,. Next, put
1

p(t):(t“”+1)(r(t)+1)'

B(s)
)

®)
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Obviously, the function p(t) is continuous, positive
and decreasing. In the space C,(R,,X) let us consider
the set

(6)

Clearly Q, is closed convex of C, (R,,X). Next,
let xeQ . Applying assumptions C, (1) and C, (2)
we have

Q,={xeC, (R, X):[x|<r(t),t=0}.

(PO <[v (r.0 Xo||+

(@) ] (t-

<||U t,0)x ||+

)J(

<M |x, ||+

<My ||+ )

<M ol [ o k)(

SMnxonﬁ;mI(s)(r(s

<M ||xo||+j;r'(s)ds:

From the estimate (7), we deduce that F transforms
Q, into itself. In what follows we show that
FiQ —->Q) is continuous. To do this, let us fix x e Q,

p(O)]Fx. (1)~

Fx(t)] <

Then, keeping in mind that lim,__ (ta+1+1):oo, we
obtain, that there exists T so big that

sup{p(t)”Fxn (t)—Fx(t)||:tzT}<5. (8)
”(:Zi)ltf) (5%, (0)-sx(v))| <2(r(T

Next, by the Lebesgue dominated convergence theo-
rem and (0.8) we derive that for suitable large n we
have [Fx,—Fx| <é. this fact proves that F is con-

tinuouson Q.
Next, from (**) we see that to prove the compactness

Copyright © 2013 SciRes.

It U('[ S)

sy

1a

p(t)(||Fxn ()] +

o f(s,x(s),j:u(s,r,x(r))dr)ds

ds

S) - ( X(s )J.:U(S,r,x(z-))d,[)

PO Lo oe o
[r fk S7 d’)f?‘( (s ))}ds @)

P 5y g ()
)+4(r(s)))ds

and take arbitrary sequence (x,)eQ, such that x,
converge to x in C (R, X). Further, let us fix
6 >0. Applying the properties of o and F we get

2r(t) 2

"':X(t)")S (t‘“l+l)(r(t)+1) < (ta+1+1)'

Next, for t<T,denote S the operator defined by
Sx(t) = f (t,x(t),j;u (t,s,x(s))ds).

For t<T, we have,

Mp()K(5)
Ma)(t-s)”

of F, we should prove that FQ, <C, (R,,

Ll

)+4(r(T))) e ([0.T]).

X) is
equicontinuous on [0,T] and (FQ,) is relatively com-
pact for each T>0 and t>0. For any xeQ  and

t,t, [0,T] t, >t weget,
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o (t2)(F)(t) = A (6) (F) ()] <o (t)U (t205) = £ (1)U (4, 5)] [
1 ¢ U(tz,s)Sx(s)dS_p(tl)r1 (t,,5)Sx(s )ds

[ p(tz)jo (tz —S)l_a ( )

I'(a)
s||p(t2)U(t2,s)—p(t1)U (ti’s)”"Xo"*'F(la (2),[; E )) s )dS—p(tz)J.:%dSH

: p(tz)ﬁzU((?’_S)S;)fa(,s)ds—p(tz)rlu(Hys)sxgs)d
P(tz)_[;%ds_p(tz)"%u(tl’s—isx(s)d
p(tz)ﬁ%ds—p@)fﬁwd

Thus,

le(t)(F )(tz)—p(ti) ()] (t)U (t.s) - p(4)U (

1Al ) el t1S||||SX s

Fa) o, s) T ©
(

tz a—l o U s SX
Fig b GollsH[ -9 (- JdS*Wlpt o e,

Observe that for any >0 there exists 6>0 such  se[0,T] and t,, t, €[0,T] such that |t,—t|<s.

Then, by the monotonicity of and for all t>0
that U (t,.s)-U (t,s)[|sx(s)|<e for all xeQ,, p(t)£1>,/weget y of p

5%

(t)u
||Ut $)-U (t,5)][sx(s)] ds + E

+

o (t.) )( )= (L) (F)()]<]lo(t)U (ts) = p(6)U (&5 ]
K ( )ro(r(T )) [t BMEED M) o
I'(a) (t,—s)" I(a) b (t,-s) "
BM (r(T)+4(r(T))) 1 1 (10)
) o (=8 ~(t,—s)"" |ds
BM (r(T)+¢(r(T))) Y ds
’ I (a) |p(t2)‘p(tl)|fowv

where B =sup, p(s)k(s). Keeping in mind the * If 0<t <T<t,, note that t, >t implies that
’ t, >T and T —t,. According to the above results,

continuity of p, the right-hand side of the above inequa- we have
lity tends to zeroas t, - t,.
o If t,t,>T, thenwe have ||/J )(tz) P(H)(FX)(H)"
lo(t:)(F )(tz)—p( ) (P (6] <||p FX)(t)-p(M)(F)(T)] - @2)
<[e@) (P +|oL)(PIL)] @D +e(T) )(T) p(6)(F)(t))
< 1 +i£e convergingtoOas t, —>t,.
L So for t,t,20, {p(t)FQ,} is equicontinuous.
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Meanwhile, F(Qp) is relatively compact because that
F(Qp)ch is uniformly bounded. Thus F is com-
pletely continuous on Q . By Schauder fixed point
theorem, we deduce that F has a fixed point x in
Q .
El'he last result in this article is to prove the existence
of solutions to (0.1) but with the following conditions.
e (tx,y)eR, xXxX > f(t,x,y)eX satisfies the
Caratheodory type conditions, i.e. f(.,x,y) is mea-

(HX)(t) =U (1,0), + g)j‘u( °)

"(t-s)

surable for (x,y)e XxX and f(t
ous forae. t>0,

,,-) continu-

||f(t,x, y)||$t_% forae. t>0 andall x,ye X .

Theorem 3 If the Banach space X is separable.
Assume that the hypotheses A and C; are satisfied.
Then for each x, € X, the problem (0.1) has at least
one mild solution x in C(R,,E),for t>0.

Proof. Define the operator H by:

f (s,x(s),ﬁu(s,r,x(r))dr)ds, (13)

for t>0. Kipping in mind the result of lemma (0.2), we get, for xe C(R,,E).

I(Hx) ()] <|u (t,O)x0||+

)

<|u (t,O)x0||

1
I'(a
1
I(a)

(t- s)l_“

Mt
<M ||X0||+mjo

Mr(l—a) B}
= M [+ —~—22t2 and

2
1

(t‘”l+1)(m(t)+1)

P(t)=

Next, define the set
B, ={xeC, (R, X):|x|<m(t

a;x(g,f):a2 (t 5) ,/sm (t

e o& 1+t2
x(0,£) =4,

).t=0}.  (15)

for t>0. Let ([0,1],.4,P) be a complete probability
measure space. Let X =L*([0,1],.A,P) the space of

A -measurable maps v(x;t) with

Ix ()], = ( j:|x(t;s)|dp(s))§.

Consider the operator
A:D(A)c X > X
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IU(tS)
I(—)

f (5, x(s),j;u(s,r, x(r))dr)ds

ds (14)

( (s),j;u(s,r, X(r))dr)

Mr(l—gj 3
<M x|+ —r—2212,

I

Then, we have that H is a self-mapping of B, . We

omit the proof of continuity H and H(B,) is rela-
tively compact, because are similar to that in Theorem 2.

4. Example

In this section, we illustrate the main result contained in
Theorem 2 by the following quadratic fractional differ-
ential equation

sm e +1 sef

(tE)+y téZJ.1+t+s 1+| s§|) > (16)

defined by
2
D(A)= {VEX %%ex and x(0) = x(1)=o}.
2
Put A(x):%.

Clearly A is densely defined in X and is the infi-
nitesimal generator of a strongly continuous semigroup
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(U (t,s){oqgm}) in X . Observe that the above equa-

tion is a special case of Equation (1) if we put « :%

and

f(t,x(t,f),j;u(t,s,x(S,f)) )= |Slﬂ(2)|

J___JJ;TT@

1+t +S ) 1+|x t,§ |)

x(t.$)

Bay using the Jensen’s inequality it is not difficult to
see that

Hf (t,x(t,f),j;u (t,s,x(s,f))ds) 2
O o, + ) O]

1+t°

To check conditions (H,) and (H,) it is enough
to take

p(t)=sin (t)|/(1+t2)
k(t,s)=e"+1, and max (1, e +1) =e'+1

¢(s):\/§, s>0.

Let be a positive function y definedon R, .

Ji'm(zt)gls;—ffs))l//(S)dS=
e 2Jsin (t—u)[ ™"

I°(1+(t—u)2)u1”
< t 2|t—u|17”

¢ 2[sin (t)|1_a
Ot (t—s) "

w(t—u)ds

w(s)ds

w(t—u)ds

S.[t 2

°(1+5%)
Thus, on the basis of Theorem 2, we conclude that
Equation (4.1) has at least one mild solution in the space

C, (=..U([01).
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