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ABSTRACT

In this paper the integrals of entwining structure (A,C,l//) are discussed, where A is a k-algebra, C a k-coalgebra
and :C®A—> A®C a k-linear map. We prove that there exists a normalized integral y:C —>Hom(C,A) of

(A.C,y) if and only if any representation of (A,C,y) is injective in a functorial way as a corepresentation of C .

We give the dual results as well.
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1. Introduction

The integrals for Hopf algebras were introduced by Larson
and Sweedler [1,2]. Integrals have proven to be essential
instruments in constructing invariants of surgically pre-
sented 3-manifolds or 3-dimensional topological quantum
field theories [3-5]. The aim of this paper is to show that
some results of recent paper [6] concerning integrals and
its properties for Doi-Koppinen structure hold for the
more general concept known as entwining structure [7,8].
It is a structure of an algebra, a coalgebra and a k-linear
map such that several compatibility conditions are satis-
fied. Unlike Doi-Koppinen structure, there is no need for
a background bialgebra, which is an indispensable part of
the Doi-Koppinen construction. The bialgebra-free formu-
lation also has a remarkable self-duality property, which
essentially implies that for every statement involving co-
algebra structure of an entwining structure there is a cor-
responding statement involving its algebra structure.

This paper is organized as follows. In Section 2, we
recall definitions and give examples of entwining struc-
tures and entwined modules. In Section 3, we introduce
the integrals of entwining structure and analyse its pro-
perties generalizing the results of [6]. Finally, in Sec-
tion 4 we derive the dual form of the integrals of entwin-
ing structure and its properties.

2. Preliminaries
Throughout this paper, k will be a field. Unless spe-
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Copyright © 2013 SciRes.

cified otherwise, all modules, algebras, coalgebras, bial-
gebras, tensor products and homomorphisms are over K.
For a k -algebra A, M, (resp. ,M ) will be the
category of right(resp. left) A-modules and A -linear
maps. H will be a Hopf algebra over k. We omit
Sweedler’s sigma-notion [9] extensively. For example, if
(C,A) is a coalgebra, then for all ceC we write
A(c)=c, ®cp, .

Definition 2.1 An entwining structure on K consists
of a triple (A,C,i), where A is a k-algebra, C a
k -coalgebra and v :C®A—> A®C, a k-linear map
satisfying the relations

(ab)w ®c” =a,b, ®c",
(1n), ®c" =1, ®c,
a, ®AC(CV’):aW ®C(T)®c(”;),

(¢ )a, =c (c)a
forall a,be A,ceC, where
y(c®a)=a, ®c” =a, ®c”.

Remark 2.2 Generally, we call the entwining structure
in Definition 2.1 a right-right entwining structure. Unless
specified otherwise, all the entwining structures men-
tioned in this paper are right-right entwining structures.

Definition 2.3 Let (A,C,y) and (A,C,(/?) be two
entwining structures, f:A— A be an algebra map and
g:C —> C be acoalgebra map. We call
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(f,g):(A,C,w)—)(A, N,l/;) is an entwining map if
(f®g)oy=yo(g®f).

Example 2.4 Let H be a bialgebra, A aright H -
comodule algebra, C a right H -module coalgebra.
Then Doi-Koppinen structure (H , A,C) [10] is an ent-

wining structure. The entwining structure map is
w:COA—-> A®C,c®a— A ®c~a<l>.

If H has abijective antipode S, the y is bijective
with

-1, -1
v~ :a®c—>c-S (a<l>)®a<0>.

Example 2.5 [3] Let C be a coalgebra, A an alge-
bra and a right C -comodule. Let

B={beAVaeA, p,(ba)=bp,(a)},

and assume that the canonical right A-module, right C -
comodule map

can: A®; A—> A®C,a®a’ —»ap,(a’)

is bijective. Let v :C®A—> A®C bea Kk -linear map
given by

w(c®a)=can(can” (1, ®c)a).

Then (A,C,y) is an entwining structure. The exten-
sion Bc A is called a coalgebra-Galois extension and
denoted by A(B)C . (A,C,y) is the canonical entwin-
ing structure associated to  A( B)C )

Lemma 2.6 Let (A,C,p) be a right-right entwin-
ing structure. where y is invertible, its inverse is
9:AQC >C®A, then (AC,p) is a left-left ent-

wining structure. i.e.

ab) ®c’=a b, ®c®,
0 pr®
(1x), ®c” =1, ®c,

a, ®A. (c"’):a@ ®ch ®ch,

& (c”)a, =& (c)a,
forall a,be A,ceC, where
p(c®a)=a,®c’ =a, ®c”.

Definition 2.7 Let (A,C,y) be an entwining struc-
ture. An (A,C,y/) -entwined module is a k -module
M with a right A -action and a right C -coaction such
that forall ac AmeM ,

Py (M-a)=m, -a, @m.

A module morphism of entwining structure (A,C,y)
is aright A -module map and a right C -comodule map.
Generally, we denote the module category of (A,C,y)

Modules associated to the entwining

by M(y), -
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structure in Example 2.4 are Doi-Hopf module. But
entwined modules associated to the entwining structure
in Example 2.5 do not seem to be of Doi-Hopf type.

Let F° ZM(l//)i — M, be the forgetful functor
which forgets the C -coaction and

®C:M, > M(y),, M >M®C

its right adjoint, where the structure maps on M ®C
are given by

(m®c)-a=ma, ®c,
Pnmec (m®c):m®c(])®c(2),
forany ae A,ceC,me M . The unit of the adjoint pair
(Fe,-®cC) is
. . EC
p.lM(W)i - (-®C)-F

the C -coaction p,, :M — M ®C, therefor p,, is A-
linear and C-colinear and can be viewed as a natural trans-

e and (-®C)-F°.

A is a right A -module, so A®C and A®C®C
are entwining module via:

(b®c)-a=ba, ®c”,

formation between the functor lM

Prec (0®C)=b®c, ®cC,),
(b®c®d)-a=ha, ®c* ®d",
Precec (D®Cc®d)=b®c®d ®d,,

forany a,be Ajc,deC.
Let G, :M(l//)i — M be the other forgetful func-
tor which forgets the A -action and

QAM > M(y),, N>NSA

A b
its left adjoint, where for N e M(y),, N®A via the

A’
structures
Puea(nN®a)=n, ®a, ®ny,
(n®a)b=n®ab,

for any a,be A,ne N . The unit and counit of the ad-
joint pair (-®A,G,) are

a:(-®A)G, _>1M(W)§"B:1MC -G, (-®A),
ay M®A— A ay,(m®a)=ma,
By :N>N®A B (n)=n®1.
In particular, C® AC®A® Ac M(y);.

3. The Integrals of the Entwining Structure

In this section, we first present a point of view which is
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essential for the rest of paper: the existence of an integral
on a Hopf algebra is a necessary and sufficient criterion
for constructing a natural transformation between two
functors.

Lemma 3.1 [6] Let H be a finite dimension Hopf
algebra over k, H" is its dual. There exists a right
integral y e H" on H such that yh" = h*,ley for
all h*eH” if and only if y:H —k is right H-
comodule map, where Kk has the trivial right H- co-
moule structure. []

Doi [11] generalizes this result as follows.

Definition 3.2 Let A be a H -comodule algebra. A
map y:H —> A is called an integral if y is right
H -linear. y is called a total integral if additionally
7(1y)=1,.

The criterion for the existence of a total integral is
given by the theorem following.

Theorem 3.3 [11] Let A be a right H -comodule
algebra. The following are equivalent

1) There exists a total integral y:H — A;

2) Any Hopf module M e M" is injective as right
H-comodule. i.e. the right H-coaction p:M - M ®H
splits in the category M" ;

3) po:A— A®H splits in the category M" .

The theorem of Doi can be restated as follows.

Theorem 3.4 [6] Let A be a right H -comodule
algebra. The following are equivalent

1) There exists a total integral y:H — A

2) There exists a natural transformation

A:Fyo(-®@H)oF" > Fyol , that splits
p:FAOIMH —>FAo(~®H)oFH;
Mp

3) po:A— A®H splits in the category M" .

Remark 3.5 1) The above theorem is still valid
leaving aside the normalizing condition y(1,)=1, .
More exactly, there exists an integral y:H — A if and
only if there exists A:F,o(-®H)oF" > F el ,.1In
particular, if A=Kk, we obtain that there exists aAright
integral y:H —k on H if and only if there exists a
natural transformation A:(-®H)oF" —1 - Further-
more, y(l,)=1, if and only if A splits
P — (-®H)oF". This is equivalent to the fact
that the forgetful functor F" : M" — M, is separable.

2) Let A be a right H -comodule algebra. The
version of Theorem 3.4 for the category M, is still
true. In this case the H-colinear split of
Pu M —>M®H associated to a right total integral
y:H — A is given by the formula

A M®H > M,

Ay (m®h) = m<0>7/(8(m<]>)h).

We will now give the definition of integral of entwine-
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ing structure arising from Theorem 2.4 and the definition
of integral of Doi-Koppinen structure in [6].

Definition 3.6 Let (A,C,i) be an entwining struc-
ture. A k-linear map y:C — Hom(C,A) is called an
integral of (A,C,y) if

7(60)(d)®cp =7 (e)(dy)), @),

for all c,d eC . An integral y:C — Hom(C,A) is
called normalized if forall ceC

7(Ge e =2 (@)1

Remark 3.7 If Doi-Koppinen structure (H,A,C) in
Example 2.4 takes place of the entwining structure in the
above definition and obviously entwining structure map
is

y:COA>ARC,c®a—>a, ®cC-a,.

Definition 3.6 is just the definition of integral of Doi-
Koppinen structure.

We shall now prove that the existence of an integral
7:C —>Hom(C,A) permits the deformation of k -
linear map between two entwined modules until it
becomes a C -colinear map.

Proposition 3.8 Let (A,C,y) be an entwining
structure. M eM(l//)i,N eM® and u:N>M ak-
linear map. Suppose that there exists
7:C - Hom(C, A). Then

1) Forall ne N, the map

0:N - M,G(n):u(n<0>)<0>y(n<l>)(u(n<o>)<l>) is right

C-colinear;

2) If y:C—> Hom(C, A) is a normalized integral
and f:M — N isa morphism in M(l//)i which is a
k-split injection (resp. a kK -split surjection), then f has
a C -colinear retraction(resp. a section).

Proof. 1) For ne N, we have

Pwm (ﬁ(n))

2) Let u:N —>M be a k -linear retraction(resp.
section) of f . Then G:N — M is aright C -colinear
retraction(resp. a section) of f . Then, for me M
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hence U isaright C -colinear retraction of f .
On the other hand, if u:N — M is a section of f,
then for ne N

-1 (”(”<o>)))<o> 7(ny)( (”(n<°>)))<l>

=Ny (“<z> )(%) =n

i.e. 0 isaright C -colinear section of f . [

Definition 3.9 [11] A right C -comodule M is called
injective, if for any K -split monomorhism i:U —»V
in M® and for any C -colinear map f:U >M ,
there exists C -colinear map g:V — M such that
gei="f.

Lemma 3.10 [11] A right C -comodule M is in-
jective, if p,, :M ->M®C splits in M, ie. there
exists a C -colinear map 4, :M ®C — M such that
Ay o py =idy, . O

We will prove now the version of Theorem 3.4 for
entwining modules which have inverse entwining struc-
ture map. Parts of the following theorem are closely
related to the ideas presented in [6].

Theorem 3.11 Let (A,C,y) be an entwining struc-
ture, where y is invertible, its inverse is ¢ . The
following statements are equivalent:

1) There exists a normalized integral
7:C —>Hom(C,A);

2) The natural transformation
p:Fyo 2o(-®C)oF© splits;

3) The rlgi‘i‘t C coactlon on A®C,

Phoc :A®C > A®C®C splits in ME

Consequently, if one of the equivalent conditions
holds, any entwined module is injective as a right C -
comodule.

Proof. (1)=(2) Let y:C —Hom(C,A) be a nor-
malized integral. We have to construct a natural trans-
formation A that splits p . Let M e M(p); . and

Uy :M®C —>M, uy, (m®c)=¢(c)m be the k-linear
retraction of p, :M - M ®C given by
w(m®c)=¢(c)m, for all ceC,meM . We define

Ay =0y, ,ieforall ceC,meM,
Ay =4 (7):M®C > M,

Copyright © 2013 SciRes.

Ay (m®c)= m<0>;/(c)(m<1> )

It follows from Proposition 3.8 that the map 4,, isa
right C -colinear retraction of p,, .

It remains to prove that A=A(y) is a natural trans-
formation. Let f:M — N be a morphism in M (y )
We have to prove that

fody =Ayo(f®ide).

Since f isright A -linear, we have

(fo4)(m®C)

i.e. A isanatural transformation that splits p
(2)=(3) Assume that for any M e/\/l(gu)i,

C -coaction splits in M . In particular,

Phoc :A®C > A®C®C splitsin MC . Let

A=A :ABC®C - A®C be a right C -colinear

retraction of pj,.c . Using the naturality of A,gc, we

will prove that A,gc is also left C -colinear, where

A®C and A®CQ®C areleft C-comodules via:

'(a®0)=c(‘” ®a,®C,),

the

(a®c®d) ‘”®a ®c, ®d

Let V be a k -module and M e/\/l(l//)i. Then

VoM e/\/l(l//)i via the structures arising from the

ones of M as follows
(vem)=v®ma, p,ey =id, ®p,,.
Using the naturality of A, we shall prove that
Ao =0, ® .

Let veV and g, :M -V ®M,g, (m)=v®m. From
the naturality of 4 we obtain that

ﬂ'M :;iV®M O(gv ®idc)~
Hence

Ayou (VOM®C)
=gy ody (M®C)=v® 4, (M®c)
=(id, ® 4, )(v®m®c).

In particular, let M = A®C,V =C , then
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CRA®CEe M(l//)i via the structures arising from the
ones of A®C,i.e forall a,beAc,deC,

(c®b®d)-a=c®ba, ®d",
Plonsc (COD®D)=c®b®d, ®d,).
With these structures the map
f=phec :A®C 5> CRA®C,
f(a®c)=cf )

is a morphism in M(t//)i. From the naturality of A,
the following diagram is commutative.

®a, ®c

A®C®C Aapc > A®C
PL®c®idc ,OL®C
id. ® 1
C®A®C®C c —TAsC > CR®ARC

i.e. 1=A,ec isalsoleft C -colinear.

(3)=(1) Theright C -coaction
Prsc - A®C > A®C®C is a C-bicomodule map. Let
A=Ahoc :A®C®C > A®C be a split of ppg in
°MC . In particular, for all ac A,ceC,

;t(a@c(]) ®c(2)):a®c.
Forall c¢,d € C , define
7:C = Hom(C,A),
y(¢)(d)=(id, ®¢) A(1, ®d ®c).

We will prove that y is a normalized integral.
Because the right C-coaction pj.. is a C-bimodule
map, on the one hand

7(e0)(@)@cy
= (id, ®)4(1, ®d ® ) )@,
=(idA ®e®idc)(/1®idc)
p:\®C®C (1A ®d ®C)
=(idA ®e®idc)p,§®c/1(lA ®d ®C)
= /1(1A ®d ®c);
on the other hand,

7()(dp ), @)

= ‘//(d(1) ®7(C)(d(z) ))

~y(d, ®(id, ®2)2(1, @4, ®c)).

Copyright © 2013 SciRes.

We adopt the temporary notion
A(1,®d®c)=) a ®c € A®C, then
i

pL@Cﬂ’A@C@C (1A ®d ®C)
= Phsc (Zai ®c j = ZC?‘(’I) ®a, ®C,),

(idc ® Apac )pL@)C@uc (IA ®d ®C)
= (ide ® Zpsc ) (dyy ®1, @7, Oc)

=d, ®A(1,®d, ®c),
For A,gc isleft C -colinear,

>d, ®4(1,®d, ®c)= >el) @, .

Hence
> dyy ®(id, ®e) A(1, ®d, ®c) =Y ®a,,
ie.
Zt//(d(l) ®(id, ®c)2(1,®4d,, ®c)) - zi:ai ®c,.

We have proved that y is a normalized integral of
(A.C,y) atlast. OJ

Leaving aside the normalizing condition, we obtain the
following corollary.

Corollary 3.12 Let (A,C,y) be an entwining
structure, where y is invertible. The following state-
ments are equivalent

1) There exists an integral y:C —>H0m(C,A) of
(AC.y);

2) There exists A:F,o(-®C)oF® > F,ol .
natural transformation; M)

3) There exists A':AQC®C - A®C a C -bico-
module map. []

If the entwining structure map is invertible, the object
A®C take an important role in M(!//)i. We shall
prove the main application of the existence of a
normalized integral in this paper.

Theorem 3.13 Let (AC,y) be an entwining
structure, where y is invertible, its inverse is @ .
Suppose there exists a normalized integral of (A,C,y)
7:C — Hom(C,A), forany M e M(l//)i, the map

f:M®AR®C > M,
f(m®a®c)= m<0>;/(c‘”)(m<l>)aw

is a Kk -split epimorphism in M(l//)i. In particular,
A®C is a generator in the category ./\/l(l//)i .

Proof. M ®A®C is viewed as an object in
M(l//)i, with the structures arising from the ones of
A®C,i.e.

a
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(M®b®c)-a=m®ba, ®c”,
pP(MBb®C)=mMBb®C ®Cy).

for all a,be A,ceC,meM . First we shall prove that
f isa k-split surjection. Let

g:M >M®ARC, g(m):m<0> ®1,®m,

for all meM . Then g
me M , we have

(fog)(m)=f(m, ©1,0m,)
= m<0><0>7(m<1> )(m<0><1>)
= m<0>}’(m<z>)(m<l>)
= m<o>€(m<1> ) -m

i.e. g isaright c-colinear section of f . For
a,be A,ceC,meM, we have

f(m®b®c)-a)
= f(m®ba, ®c” )= m<0>7(c"”"¢’)(m<l>)b¢aw

is right C -colinear. For

= m<0>7(c"’)(m<l>)b¢a = f(m®b®c)-a,

i.e. f isright A -linear. It remains to prove that f is
also right C -colinear. In fact,

(f ®id;) pyenec (MB®b®C)
= (f ®id. )(m®b&®c, ®c,y))

= f(m®b®c(]))®c(2)

= myy7(cfy ) (my )b, ®c.

Py f(M®b®c)

i.e. f isright C -colinear.
Hence, f is an epimorphism in ./\/l(!//)C

, and has a
right C -colinear section.

Copyright © 2013 SciRes.

Taking a k -free presentation of M in the category
of k -modules

k) —“5M -0,
C

we obtain an epimorphism in M (y) .

(A®C)" 2k ® A®C—45M >0
where g=fo(7®I1,®I.). Hence A®C is a gene-

rator in /\/l(l//) .0

Remark 3.14 An important application of integrals in
finite dimension Hopf algebra is Maschke theorem. It
finds the condition of finite dimension Hopf algebras to
be semisimple. [12-14] have studied the relation between
the integral of Doi-Koppinen structure and Maschke
theorem. The integrals of entwining structure we study
here also have a tend relation with Maschke theorem, the
readers can refer to the reference [3,15].

C
A

4. The Cointegrals of Entwining Structure

Because the entwining structure has the property of self-
duality, we will get some dual results of Section 3. In
order to give the dual definition of integrals of the
entwining structure conveniently, we have the lemma as
follows

Lemma 4.1 Let (A,C,y) be an entwining structure.
The following are equivalent:

1) There exists a normalized integral
7:C —Hom(C,A);

2) There exists a Kk -linear map €:C®C — A such
that for all c,d e C.

0(c®d, )®d, =0(c, ®d)w ®c).

9(0(1) ®c(2))=e(c)1A.

Proof. Let y(d)(c)=6(c®d).
lemma is obvious. []

Definition 4.2 Let (A,C,y) be an entwining
structure. A K -linear map 0:C —> A® A is called an
cointegral of (A,C,y) if for any

The proof of the

ceC,6(c)=0"(c)®5°(c)e A®A,
s'(c)®s’(c)a=a,s' (c”’)®52 (c”’).

A cointegral o is called normalized if
5'(c)s* (c)=€(c)l,

We shall have the dual results of Proposition 3.8,
Theorem 3.11 and Theorem 3.13.

Proposition 4.3 Let (A,C,y) be a entwining struc-
ture. M e/\/l(l//)i, NeM,, u:N—>M a Kk -linear

map. Suppose that there exists 6:C —> A® A, then:
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1) Forall ne N, the map
a:N—>M,a=u(n,s'(n, )}’ (n,)

is right A -linear;

2) Let 0:C > A® A is a normalized cointegral and
f:M—>N is a morphism in M(y), which is a
k -split injection (resp. a Kk -split surjection), then f
has a A -linear retraction(resp. a section).

Proof. It is just the dual of Proposition 3.8. [

Theorem 4.4 Let (A,C,y) be an entwining struc-
ture, where w is invertible, its inverse is ¢ . The
following statements are equivalent:

1) There exists a normalized cointegral
0:C > A®A;

2) The natural transformation

,u:GCo(-®A)oGA—>GcolM splits;

W)a

3) Theright A-actionon C®A,

Ueon COA®A—SCR®A splitsin ,M,.

Consequently, if one of the equivalent conditions
holds, any entwined module is projective as a right
C -comodule.

Proof. (1)=(2) Let 6:C—>A®A be a norma-
lized cointegral. We have to construct a natural trans-
formation 7 that splits z. Let M e/\/l(y/)i and for
any meM,ceC,u, :M >M®Au, (m)=m®I,
be the K -linear section of x4, :M ®A—>M . We de-
fine 7, =0, ,ie.

M =1 (6):M > M ®A,

M (M) =my 3" (my )® 67 (m, )

where me M . It follows from Proposition 4.3 that the
map 7, isaright A -linear section of ,, . It remains
to prove that 7 = 77(5 ) is a natural transformatiorcl.

Let f:M —N be a morphism in M(y),. We
have to prove that

(f®id,)ony =nyof.

For any me M, using that f is right C -colinear,

we have

Copyright © 2013 SciRes.

i.e. 7 isanatural transformation that splits s .

(2) = (3) Assume that for any M e ./\/l(l//)i , right
A -action splits in M, . In particular,
Heon COAR®A>C®A splitsin M, . Let
N=1con :COA>CROA®A be a right A -linear

section of .o, . Using the naturality of 7.4, , we will
prove that 7.g, is also left A -linear, where C® A
and COA®A areleft A-modules via:

a-(c®b)=c”®a,b,
a-(c®b®b’)=c’®ab®b,
where a,b,b’'e A,ceC.
Firstlet V bea k-module and M e M(l//)i. Then

VoM e/\/l(l//)i , via the structures arising from the
ones of M ,i.e.

(vem)a=vema, g ey =id, ® py.
Using the naturality of 77, we prove that
Mow =10y ®7y.

Let veV and g,:M >V ®M,g,(m)=v®m. From
the naturality of 7 we obtain that

Tvem ° Oy :(gv ®idA)°77M~
Hence
N em (V®m)
=Thvem ° Oy (m):(gv ®idA)°77M (m)
—v®n, (M) =(id, ®7, )(m).

In particular, let M =C® AV = A, then
AR®RC®AEe /\/l(t//)i via the structures arising from the
ones of

(b'®c®b)-a=b'®c®ba,
Phecen (D' ©C®D)=b'®c, ®b, ®cf).
forall a,b,b’e A, ceC . With these structures the map

f=tie, :AQC®ASC®A,
a-(c®b)=c’®ab

is a morphism in M(l//)i. From the naturality of 7,
the following diagram is commutative.

id, ®77cen

AR®CQ®A >ARCR®ARA
| | )
Heen Heon ®id,
Thaec
C®A >PCRA®A
APM
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i.e. 7 =1gea isalsoleft A -linear.
(3) = (1) : The right A -action
Uios :COA®A->C®A is a A-bimodule map. Let
N=Negn :COA®A—>CR®A be a split of sy, in
aM, . In particular, forall ae A,ceC,
(id®m)p(c®a)=c®a.
Forall ceC, we define

5:Co>A®A 5(c)=(e®id, ®id,)n(c®1,).

We will prove that ¢ is a normalized cointegral.
5'(c)s*(c)=m(e®id, ®id, )n(c®1,)
—(e®id)(id ®m)7(c®1,) =€ (c)1,

Forany ceC,ae A, on the one hand

a,s' (¢")®o* ()

(m®id,)(id, ®5)y(c®a)

=(m®id,)(id, ®(e®id, ®id, )7)

(v ®id,)(c®a®1,)

- (m®id,)(a, ®(c®id, ®id,)n(c* ®1,)),

Let n(c”@lA):ZCj(@aj@bj , then
a, s (¢ )@ (")
:(m®idA)(aw ®(e®idA®idA)(2cj®aj®bjD
i
:ZE(Cj)%aj@)bj?
]
on the other hand,
5'(c)®s’(c)a
id, ®m)(s®id,)(c®a)
id, ®m)(e®id, ®id,)(7®id,)(c®1, ®a)
e®id, ®id, )(id, ®id, ®m)(7®id, )(c®1, ®a)

=(
=(
=(
(e@ld ®id
(
(

Jn(cea)
= (e®id, ®id, ) (c"” ®a")
= (e®id, ®id,)(a"n(c ®1,))

n

=(e®id, ®id, [aw(Zc ®a; ®b; D
=(e®id, ®id, (Zc“’(@z'%a ®bj
=Zj:e(cj)awaj®bj
:Ze(cj)awaj(@bj,

we have used 7 isa A -bimodule map. Hence

Copyright © 2013 SciRes.

§'(c)®s*(c)a=a,s' (c“’)@é2 (c"’).

Then we obtained that & is a normalized cointegral
of (A,C,y) finally. OJ

Leaving aside the normalizing condition, we obtain the
following corollary

Corollary 4.5 Let (A,C,p) be an entwining struc-
ture, where i is invertible. The following statements
are equivalent:

1) There exists a cointegral 6:C > A® A}

2) There exists 77: Gcol ¢ >G o(-®A)G, a
natural transformation; MW

3) There exists ':CO®A—->C®A®A an A -bi-
module map. [

Theorem 4.6 Let (A,C,y) be an entwining struc-
ture, where y is invertible, its inverse is ¢ . Suppose
there exists a normalized cointegral of (A,C,y)
0:C—>A®A, forany M e./\/l(!//)A,themap

f:M>M&CQRA,

- 1 2
f(m)=mys' (my )®me, ©5% (m) .
forall ac A,ceC,meM isa Kk -split monomorphism
in M( ) In partlcular C®A 1is a cogenerator in

the category M (y ) A
Proof. 1t is just the dual of Theorem 3.13. [J
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