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ABSTRACT

This research paper deals with the boundary and initial value problems for the Bratu-type model by using the New Im-
proved Variational Homotopy Perturbation Method. The New Method does not require discritization, linearization or
any restrictive assumption of any form in providing analytical or approximate solutions to linear and nonlinear equation
without the integral related with nonlinear term. Theses virtues make it to be reliable and its efficiency is demonstrated

with numerical examples.
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1. Introduction

The Bratu-type boundary value problem in one-dimen-
sional planar coordinates

u"+4e" =0

u(0)=u(1)=0 (-1

arises from a simplification of the solid fuel ignition
model in thermal combustion theory, physical applica-
tions ranging from chemical reaction theory, radiative
heat transfer and nanotechnology to the expansion of
universe [1-5]. The initial value problem of the Bratu-
type model [5] is given by

u"—2e" =0

4(0)=u'(0)=0 (12

Due to its mathematical and physical properties, the
Bratu-type problems have been studied extensively [4-8].
Recently, Wazwaz [5] applied Adomian decomposition
method to study the Bratu-type equations, Syam [4] dis-
cussed the Bratu-type problems with variational iteration
method, and Feng [6] considered these problems by
means of modified homotopy perturbation method. How-
ever, the existing methods such as Adomian decomposi-
tion method, variational iteration method and homotopy
perturbation method involve the computation of Ado-
mian polynomials, and the integral related with e" or the
perturbation of small parameters, this leads to increase
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the numerical computation cost and narrow down their
applications. To avoid these disadvantages, Lin Jin [9]
proposed a modified variational iteration method to solve
the Bratu problems, based upon the Taylor series expan-
sion. In order to improve on what Lin Jin [9] has done,
we introduce the New Improved Variational Homotopy
Perturbation Method for Bratu-Type Problems which is a
time cost effective and uses friendly.

2. Variational Iteration Method and Its
Modification

To illustrate the basic concepts of the variational iteration
method [10-12], we consider the following differential
equation:

Lu+Nu=g(t) 2.1

where L is a linear operator, N is a nonlinear operator,
and g(x) is an inhomogeneous term. Then, we can
construct a correct functional as follows:

s (8) =0, (8)+ [A[LU, (£) + NO, () g () ]dr 2.2)

where A is a general Lagrange multiplier [10,11], which
can be optimally identified via variational theory. The
second term on the right is called the correction and T,
is considered as a restricted variation, i.e. 6U, =0. For
the nonlinear differential Equation (2.1), the nonlinear
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term N (u) can be expressed in Taylor series

N(u)=> au*
k=0
We determine the Lagrange multiplier A in the cor-
rection functional (2.2) with the series above. This results
in the following iteration formula:

Uy (1)
_u, (t)+’:[/{LUn(r)+(§aku'n‘ (T)j—g(f)}dr

2.3)

3. New Imprved Variational Homotopy
Perturbation Method

To illustrate the basic concept of the New Improved
Variational Homotopy Perturbation Method, we consider
the following general differential equation:

LU +NU =g(t) 3.1)

where L is a linear operator, N a non-linear operator, and
g (t) is the homogenous term. By the variational itera-
tion method, we construct a correction functional :

Uy, ()

=un(t)+jﬁ[LUn(r)+Nljn(z')—g(z')}dr G.2)
where N(u)=§:akuk
Hence, 7
un+1(t)
(33)

:un(t)+.:[ﬂ{LUn(r)+(§akukj—g(r)}dr

where A is a Lagrange multiplier according to Barari et
al. [1], which can be identified optimally via variational
theory. The subscript n denotes the n-th approximation,
Un is considered as a restricted variational, that is,
oU, , =0 and Equation (3.2) is called a correction func-
tional.

Now we implement the New Improved Variational
Homotopy Perturbation Method to the correction func-
tional in Equation (3.3). we have the following:

U, +PU, +PU, +--

:UO+Pj'/i(r)L[(Uo+PU1+P2U2+~~-) (3.4)

+(NLTO+P(éakukj—:[l(r)g(r)drﬂ

This can be expressed as:
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Hence, Equation (3.5) represents the coupling of varia-
tional iteration and Homotopy Perturbation methods.

The comparison of the coefficients of like powers of P
gives solutions of various orders, this implies:

t

P*:U, =U,(t)-[(2(r)g(r))dr

0

t
P':U, =[A(7)(LU, +3,)dr
0

t
P*:U,=[A(r)(LU,+a,+aV,)dr  (3.6)
1

k=0

t n
P":U,, :ji(r)(LUn +Zakuder

4. Numerical Examples

In this section, we will apply the New Improved Varia-
tional Homotopy Perturbation Method for soving bound-
ary value problems or Initial value problems of the
Bratu-type equation. Numerical results are shown to il-
lustrate the efficiency of the method.
Example 1: We consider the Bratu-type equation [12]
u"—m’e' =0 @4.1)
with the boundary conditions
u(0)=u(1)=0

Based on the Taylor series of €",

the NIVHPM is given as

2
Uy + pu, +P7u, +---

t

n k
=u, + pj(r—t)[(u{ﬁ pu;++Puj +)—n2 [Z%Ddr

0 k=0
4.4)

Comparing the coefficients of like powers of p, we
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2 2 4
T4

2 T , T
VA :ax+7x +—aX+—X

p

Example 2: We next consider the Bratu-type equation
[12]

u'-n’e’ =0 4.5)
with the boundary conditions
u(0)=u(1)=0

Using the Taylor series of e, the correction func-
tional is given as

u,, =Uu, +.t[(r—t)[ur’]'+n2 [Zn:(—l)k u_andz- (4.6)
0 k=0 k!

the NIVHPM is given as

Uy + pu, +P?u, +---

=u, + pj'(r—t)((ug + puy'+P?u) +) 4.7
0

k

+ [i(-l)k %Ddr

k=0

Comparing the coefficients of like powers of p, we
have:

1.

p

2 n’ 2 n’ 0 4
p ZU2=aX+7X +—aX+—X

Example 3: We again consider the Bratu-type equation
[9]
u"-2e"=0 4.8)
with the boundary conditions
u(0)=u’(0)=0

Using the Taylor series of €', the correction func-
tional is given as

u,, =u, +.|t'(r—t)(ur’,’ _2[Zn:%]JdT 4.9)

0 k=0 K:

the NIVHPM is given as
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Uy + pu, +P?u, +---
Nk
—u, + pf(r—t)((u()’ + pu/'+ P2u! +)—2(Z%Bdr
k=0 N«
(4.10)

Comparing the coefficients of like powers of p, we
have:

%:u,=0
piu =x*
b iU e X (4.11)
2
iy X 20 X o
B 6 45 168 3240
5. Conclusion

In this paper, New Improved Variational Homotopy Per-
turbation Method has been successfully applied to find
the solution of Bratu-type problem and the results ob-
tained were compared favourably with the two convec-
tional variational iteration and Homotopy Perturbation
Method. It can be concluded that the NIVHPM is a very
powerful and efficient technique for finding approximate
solutions for wide classes of problems. It is worth men-
tioning that the Method is the computational cost friendly.
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