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ABSTRACT 

Numerical calculation of normalization factor in a maximum likelihood technique providing a bin-free fit in azimuthal 
angles to the data is presented. It can be used for simultaneous extraction of asymmetry amplitudes with respect to the 
combined dependence of the cross section of hard exclusive leptoproduction of real photons on transversely polarized 
protons on beam charge and helicity and target transverse polarization. This method of data processing can reveal pre- 
viously unseparated contributions from deeply virtual Compton scattering and its interference with the Bethe-Heitler 
process. 
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1. Deeply Virtual Compton Scattering 

Deeply virtual Compton scattering (DVCS) is one of the 
cleanest processes that used to constraint Generalized 
Parton Distributions (GPDs) [1-3] via Compton Form 
Factors (CFFs). Such CFFs are convolutions of corre- 
sponding GPDs with hard scattering coefficient functions. 

The five-fold differential cross section for the exclu- 
sive leptoproduction of real photons from a transversely 
polarized hydrogen target reads [4] 
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Here, e is the elementary charge,  2 2Bx Q p q   is 
the Bjorken scaling variable, where p is the proton’s four 
momentum and Q2 is the negative square of the four- 
momentum of the virtual photon q that mediates the lep- 
ton-nucleon scattering process, t is the Mandelstam vari- 
able, which is the squared momentum transfer to the tar- 
get nucleon, 22 B px M Q   with Mp the proton mass 
and ࣮ is the reaction amplitude. Two azimuthal angles ߶ 
and ߶S appear in the cross section in the case of trans- 
verse polarization of the target. The angle ߶ is defined as  

the angle between the lepton scattering plane and the real 
photon production plane, while the angle ߶S denotes the 
angle between the lepton scattering plane and the com- 
ponent of the target polarization vector orthogonal to the 
momentum of the virtual photon 

The initial and final states of the DVCS process are 
indistinguishable from those of the Bethe-Heitler (BH) 
process, which is elastic lepton-nucleon scattering with 
the emission of a bremsstrahlung photon by the lepton. 
Hence the cross section contains the coherent superposi- 
tion of the BH and DVCS amplitudes: 

22 2
,BH DVCS I Τ Τ Τ           (1.2) 

where DVCS BH DVCS BH  denotes the BH- 
DVCS interference term. The BH amplitude is calculable 
to leading order in QED using the form factors measured 
in elastic scattering. The interference term I and the 
squared DVCS amplitude |࣮DVCS|2 in Equation (1.2) pro- 
vide experimental access to the (complex) DVCS ampli- 
tude through measurements of various cross-section 
asymmetries [4]. 

I   Τ Τ Τ Τ

Each of the three terms of Equation (1.2) can be de-
composed as a Fourier series: 
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The symbols  22 21 1BH BK x t     
,  21DVCSK Q  

and  1I BK x yt  denote kinematic factors, where y is  

the fraction of the beam energy carried by the virtual 
photon in the target rest frame and eℓ stands for the 
(signed) lepton charge in units of the elementary charge. 
Also, λ = ±1 and S⊥ are respectively the helicity of the 
lepton beam and the magnitude of the component of the 
target polarization vector that is orthogonal to the direc- 
tion of the virtual photon. The subscript “TP” is used for 
BH terms, while the subscript “TP+” (“TP−”) is used for 
DVCS and interference terms containing cos(߶ − ߶S) 
(sin(߶−߶S)). The BH coefficients ,

BH
n unpc , ,

BH
n TPc  and 

 in Equation (1.3) depend on electromagnetic elastic 
form factors of the target, while the DVCS (interference)  

BH
1,TPs

coefficients ,
DVCS
n unpc  ,  ,

I
n unpc 1,

DVCS
unps  ,  ,

I
n unps  ,

DVCS
n TPc    

  ,
I
n TPc    and   involve various   ,

DVCS
n TPs     ,

I
n TPs   

GPDs. The squared BH and interference terms in Equa- 
tion (1.3) and Equation (1.5) have an additional ߶ de- 
pendence in the denominator due to the lepton propaga- 
tors ࣪1(߶) and ࣪2(߶) [4,5]. The Fourier coefficients ap- 
pearing in the interference term can be expressed as lin- 
ear combinations of CFFs [4], while the coefficients from 
the squared DVCS term are bilinear in the CFFs. 

The coefficients of particular interest in Ref. [6] were 

,
BH
n TPc , 1,

BH
TPs , ,

DVCS
n TPc  , 1,

DVCS
TPs  , ,  and ,

I
n TPc 

I
n TPs  , which 

relate the double-spin asymmetries involving transverse 
target polarization. (The dependences of beam-charge 
and charge-difference or charge-averaged single-spin 
asymmetry amplitudes on remaining Fourier coefficients 
in Equations (1.3)-(1.5) were discussed in previously 
published HERMES papers [7-10]). The leading (twist- 
two) coefficients , 0,

Ic TP 1
Ic TP  and 1

I
TPs   can be ap- 

proximated as [4] 
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Here, K is a kinematic factor and the C-functions 
I
TPC  , 

I
TPC   and I

TPC   can be expressed as linear com-
bination of four CFFs (H , Ε , and ) and the Dirac 
and Pauli electromagnetic form factors F1 and F2, respec-
tively: 
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Note that even if the cross sections were measured for 
all eight possible combinations of beam charge and 
helicity and target polarization, at fixed Q2 it would still 
be impossible to separate the coefficients ,

BH
n TPc   1,

BH
TPs  

and ,
DVCS
n TPc    1, DVCS

TPs  . Nevertheless, the BH coefficients 
can be calculated from the measured elastic form factors. 

2. Azimuthal Asymmetries 

The asymmetry in the cross section of a longitudinally 
polarized electron/positron beam off a transversely po- 
larized hydrogen target, which embodies the essential 
features of the Fourier coefficients in Equations (1.3)- 
(1.5), can be defined through 
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Here, dσUU is the differential cross section of produc- 
tion of real photons from scattering of an unpolarized 
lepton beam on an unpolarized hydrogen target averaged 
over both beam charges. The seven asymmetries pre- 
sented in Equation (2.1) are defined as 



 

1

,

C
UU

A d d d d
d

d d d d

   


   

  
   

   
   

   

    

   

   



     (2.2) 

 

 

1

,

DVCS
LU

UU

A d d d
d

d d d d

d   


   

  
   

   
   

   

    

   

   



 (2.3) 

 

 

1

,

DVCS
UT

UU

A d d d
d

d d d d

d   


   

  
   

   
   

   

    

   

   



 (2.4) 

 

 

1

,

I
LU

UU

A d d d
d

d d d d

d   


   

   
   

   
   

   

    

   

   
   (2.5) 

 

 

1

,

I
UT

UU

A d d d
d

d d d d

d   


   

   
   

   
   

   

    

   

   
    (2.6) 

 

 

1

,

BH DVCS
LT

UU

A d d d
d

d d d d

 

 

1

,

I
LT

UU

A d d d
d

d d d d

d   


   

   
   

   
   

   

    

   

   
    (2.8) 

where the + (−) sign stands for lepton charge and hori- 
zontal (vertical) arrows for beam (target) polarization 
states. The experimentally measured quantities are the 
trigonometric cos(n߶) and sin(n߶) moments (amplitudes) 
of the above defined asymmetries 
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Here, F is the normalization factor and is equal to 2ߨ 
when n = 0, and ߨ when n > 1. 

When extracting the asymmetry amplitudes from the 
real experiment, one deals with the measured beam and 
target polarization values, which are not equal to ±1. 
Moreover, they can be different for different data sets. In 
order to account for these imbalances in the luminosity- 
averaged beam and target polarization values an appro- 
priate normalization needs to be applied. In this case the 
distribution in the expectation value of the measured 
yield can be written through the integrated luminosity ℒ 
and values of the beam and target polarization Pℓ and ST. 
The number of events dN in a small time period dτ and 
phase-space interval dx = dQ2dxBd|t|d߶d߶S can be writ-
ten as 
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It is convenient to introduce an effective charge Peff as 
a product of beam charge with beam and target polariza- 
tion Peff = eℓ Pℓ ST and change an integration variable 
from time τ to effective charge Peff, then integration of 
Equation (2.11) over Peff for different states gives 
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where ॷ is the integrated luminosity for the given state 
(configuration of beam charge and beam (target) polari- 
zation), ℕ is the corresponding yield in a small phase- 
space interval, and ℙ and ॺ respectively are luminosity- 
averaged beam and target polarizations for given states. 
Since in the analyzed data sample the polarization value 
was not varying to much the averaged value |ॺ| = 0.721 
was used for all states. 

(2.19) 

Resolving the system of Equations (2.12)-(2.19), one 
can represent the unpolarized cross section dσUU and 
seven asymmetries through the luminosity normalized 
yields n = ℕ/ॷ for each state and polarization values ℙ 
and ॺ. The analytical solution can be approximated by 
numerical methods using the measured values for the 
beam/target polarizations for the various helisity states as 
input. For example, taking into account the measured 
values of the beam and target polarization for data used 
in the analysis of DVCS process on transversely polar- 
ized hydrogen target at HERMES (see Table 1) one can 
get 
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Table 1. The type of the beam particle, the luminosity-av- 
eraged beam and target polarizations and the integrated 
luminosity of the data sets used for the extraction of the va- 
rious asymmetry amplitudes on a transversely polarized hy- 
drogen target at HERMES experiment [6]. The data were 
taken with an e+ beam during the years 2003 (6.9 pb−1) and 
2004 (51.7 pb−1) and an e− beam during 2005 (98.7 pb−1). 
The uncertainties for the beam and target polarizations are 
2.2% and 8.3%, respectively. 

Lepton 
Type 

Longitudinal  
Beam Polarization 

Transverse  
Target Polarization 

Luminosity 
[pb−1] 

 ← →  ← →

e− − 0.286 + 0.338 + 0.721 29.1 20.1

e− − 0.286 + 0.338 − 0.721 28.9 20.6

e+ − 0.401 + 0.323 + 0.721 11.8 17.5

e+ − 0.401 + 0.323 − 0.721 11.7 17.6

Total    81.5 75.8
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will give the total numbers of events or the normalization 
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Here, 
The above given expressions for the asymmetries can 

be used for a least square fit without applying any helic-
ity balancing cuts, since the coefficients in front of the 
each normalized yield account for the polarization im-
balances in data sets. In order to obtain the normalization 
of the maximum likelihood function Equation (2.20) can 
be substituted into the system of Equations (2.12)-(2.19) 
and an integration over the whole phase-space x accord-
ing to 



    (2.26) 

 
 
 
 
 
 
 
 

, ,

0.138405 1, 0, 0

0.138431 1, 0, 0

0.111595 1, 0, 0

0.111569 1, 0, 0

0.114496 1, 0, 0

0.114567 1, 0, 0

0.135504 1, 0, 0

0

T

T

T

T

T

T

T

T

K e P S

e P S

e P S

e P S

e P S

e P S

e P S

e P S















   

   

   

   


   

   

   

 

 

 

 

 

 

 

 























 .135433 1, 0, 0Te P S














      




    (2.31) 

and 
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As an example, in Figure 1 the results of asymmetry 
amplitudes of particular interest extracted in a single bin 
over all kinematic variables, obtained from HERMES 
data on DVCS from transversely polarized hydrogen 
target [6,9], are shown with their statistical and total un-
certainties. 
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    The correlation among all fitted asymmetry amplitudes 
is presented in Figure 2. 
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    (2.39) Figure 1. Azimuthal asymmetry amplitudes of particular 

interest measured at HERMES with transversely polarized 
proton [6,9], given at the average kinematics. 

 

 

Figure 2. Correlation matrix for all fitted asymmetry amplitudes. The closed symbols represent positive values, while the 
open ones are for negative values. The area of the symbols represents the size of the correlation [6]. 
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The above described method of simultaneous extrac-

tion of the “full set” of asymmetry amplitudes from data 
obtained from hard exclusive leptoproduction of real 
photons from transversely polarized protons is applicable 
for any other experiments (for example the planned 
COMPASS II program on DVCS at CERN), where 
measurements with both polarization states of the beam 
and target can be realized. 
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