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ABSTRACT 

The classical economic production quantity (EPQ) assumes that the replenishments are instantaneous. As a manager of 
a factory, there is a problem must be taken into consideration. If the establishment buys all of the raw materials at the 
beginning, the stock-holding cost for the raw materials should be counted into the relevant costs. So the main purpose of 
this paper will add the raw materials stock-holding cost to the EPQ model and take the time value of money into con-
sideration. Therefore, we will calculate the present value and compare the difference between take and does not take the 
time value of money into consideration. From these procedures of calculating, we found some interesting results: 1) the 
present value of total stock-holding cost of raw materials plus products from the beginning to time t is the same as the 
stock-holding cost of classical economic order quantity (EOQ) model; 2) the present value of total relevant cost is in-
dependent of the production rate (if the production rate is greater than the demand rate); 3) the optimal cycle time of 
total relevant cost not taking the time value into consideration is the same the optimal cycle time of classical EOQ 
model; 4) the purchasing cost per unit time is irrelevant to time. 
 
Keywords: Inventory; EPQ; Present Value 

1. Introduction 

Harris (1915) is the first one to use the idea of mathe-
matical way to model the EOQ model. The EPQ was de-
veloped by E.W. Taft ([1]) in 1918. The EPQ model is a 
well-known and commonly used inventory control tech-
nique. E.W. Taft ([1]) did not consider the stock-holding 
cost for the raw materials in EPQ system. The EPQ is a 
well-known and commonly used inventory control tech-
nique. Kim et al. ([2]) shows a method for evaluating 
investments in inventory. Teng ([3]) uses the discount 
cash-flow approach to establish the models, and obtain 
the optimal ordering policies to the problem. Moon and 
Yun ([4]) justified the optimality of solutions derived 
from the first order conditions in Kim et al. ([2]), and 
then Chung and Lin ([5]) refute the concavity of the net 
present value for infinite planning horizon and conclu-
sions expressed or implied by Kim and Chung ([6]). 
Chung and Lin ([7]) follow the optimality of solutions, 
bounds for the optimal cycle is derived. So this paper 
mainly bases on Richter’s ([8]) idea, and follows the ideas  

of Trippi ([9]), Moon and Yun ([4]) and Chung and Lin 
([7]) about time value of money. 

The classical EPQ assumes that the replenishments are 
instantaneous and the relevant costs only contain order-
ing cost, stock-holding cost of products and cost of buy-
ing raw materials. As a manager of a factory, there is a 
problem must be taken into consideration. If the estab-
lishment buys all of the raw materials at the beginning, the 
stock-holding cost for the raw materials should be coun- 
ted into the relevant costs. Therefore, the main purpose of 
the inventory model will add the raw materials’ stock- 
holding cost to the EPQ model and compute the total 
relevant costs. Moreover, using the upper and lower 
bounds, an algorithm to compute the optimal cycle time 
is developed. The numerical examples are given to illus-
trate the algorithm to compute the different conclusions. 
We hope the model will be more reasonable and practical. 

2. The Models 

The mathematical model developed in this study is based 
on the following notations and assumptions:  *Corresponding author. 
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2.1. Definition 

 1PV T  = present value of the cash flows for the first 
inventory horizon, 

 PV T  = present value of the cash flows for the in-
finite planning horizon, 

 TRC T
 

= the total relevant costs per unit time, 
Q  = the order quantity, 
C  = the purchasing cost per unit, 
S  = the ordering cost per order, 

1h  = the inventory carrying cost of raw material per 
unit per year, 

2h  = the inventory carrying cost of finished product 
per unit per year, 

P  = the production rate unit time, 
D  = the demand rate per unit time, 
r  = the discount rate, 
T  = the cycle length, and 
T   = the optimal cycle length. 

2.2. Assumption 

1) Production rate is greater than demand rate. 
2) Production rate and demand rate is known and con-

stant. 
3) Shortage is not allowed. 
4) A single item is considered. 
5) Time horizon is infinite. 
The traditional EPQ model assumes that the replen-

ishments are instantaneous and the relevant costs only 
contain ordering cost, stock holding cost of products and 
cost of buying materials. In fact, it is different from the 
classical EPQ model. Because we need to buy the raw 
materials at the beginning of the cycle time for produc-
tion and then sale the products. So, about the total rele-
vant cost, we also must consider about the ordering and 
the stock-holding cost for the raw materials in stock 
(shown in Figure 1). On the other hand, we must take the 
time value of money into consideration to avoid con-
suming cost when a company makes a decision. There-
fore, in this section we will calculate the total relevant 
costs per unit time of the modified EPQ model and the 
present value of modified EPQ model. Moreover, we can 
compute the optimal cycle time by the total relevant 
costs. 

There are two models considered in this paper. 
Case 1. The modified EPQ model. 
The total relevant cost per unit time consists of the 

following elements: 

1) The ordering cost per order = 
S

T ,
 

2) The purchasing cost per unit = ,CD  
3) The stock carrying cost per unit = 

 2
21

2 2

h P D DTh D T

P P




. 

 

Figure 1. Inventory system for the modified EPQ model. 
 
From the above elements, the total relevant cost per 

unit time can be expressed as  
  ordering cost + purchasing cost 

+ stock carrying cost.  

TRC T 
 

   2
21

2 2

h P D DTh D TS
TRC T CD

T P P


       (1) 

Taking the derivative of Equation (1) with respect to T 

    2
21

2

d

d 2 2

h P D Dh DS
TRC T

T P PT


        (2) 

Derivative Equation (2) with respect to T, 

  
2

2 3

d 2
0 for any 0

d

S
TRC T T

T T
   .    (3)

 
Equations (3) imply that  TRC T  is convex on 

0T  . We have that  TRC T  is decreasing on 0,T    
and increasing on ,T   . 
Letting 

 d
0

d

TRC T

T
          (4) 

and solving Equation (4), we obtain the optimal cycle 
time 

 2
1 2

2PS
T

h D h P D D
 

 
       (5) 

and the optimal replenishment quantity  

 1 2

2DPS
Q

h D h P D
 

 
         (6) 

When 1 2h h h  , 

 2

2 2PS S
T

hDhD h P D D
  

 
       (7) 

 
2 2DPS SD

Q
hD h P D h

  
 

        (8)
 

From Case 1 we can found the purchasing cost per unit 
time is irrelevant to time and the optimal cycle time of 
total relevant cost not taking the time value into consid-
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eration is the same the optimal cycle time of classical 
EOQ model.  

Case 2. The present value of modified EPQ model. 
Case 2 presents the present value for the basic EPQ 

model under the assumption of adding the raw materials 
stock-holding cost.  

For this case, the stock holding cost of raw materials 
and products are the same. We will divide into two parts 
to discuss the model in the following.  

(A) The present value of cash flows for the first cycle 
time: 

First, we discuss about the inventory level of raw ma-
terials. To satisfy the demand of customers, we need to 
buy the amount of Q DT  in stock at the beginning of 
every cycle time. The level of inventory in raw materials 
at time DT P  is zero. Besides, we need to consider 
about the level of inventory in products. From the begin-
ning to time DT P , the products which supplier pro-
duces need to satisfy both the need of customers and ac-
cumulation of stock to sell from time to the end of cycle 
time DT P . The annual rate of production is greater 
than the annual rate of demand. At time DT P  has the 
biggest amount of  P D DT P  inventory in stock. 
Furthermore, the level of inventory of raw materials at 
time DT P  is zero. The inventory reaches the zero 
level at the end of the cycle time T . 

From the above arguments, we show that the present 
value of cash flows for the first inventory horizon, 

 1PV T  is given by 

 

   

 

e d

e d e d

e d

DT
rtP

o

DT
Trt rtP
DT

o
P

T rt

o

S CDT h DT Pt t

h P D t t h D T t t

S CDT h DT Dt t



 



  

   

   



 



  (9) 

Equation (9) can be simplified as  

2 2
e rThDT hD hD

S CDT
r r r

          (10) 

(B) The present value of cash flows for the infinite 
planning horizon:  

If the inventory horizon from the first cycle time up to 
the  1k th  cycle time, then the present value is 

  1

2 2
 e 1 e

1 e

r K TrT

rt

hDT hD hD
S CDT

r r r
 



      
 


 (11) 

Furthermore, the present value of infinite planning ho-
rizon,  PV T , is given by the following  

2 2
 e

1 e

rT

rt

hDT hD hD
S CDT

r r r




     
 


    (12) 

From this procedure of calculating, we found two in-
teresting results: 

1) The present value of total stock-holding cost of raw 
materials plus products from the beginning to time t is 
the same as the stock-holding cost of classical EOQ 
model; 

2) The present value of total relevant cost is inde-
pendent of the production rate (if the production rate is 
greater than the demand rate). 

On the other hand, we can obtain an exact optimal cy-
cle time using the following proposition and theorem. 

Proposition.  PV T  has a unique local minimum on 
 0, . Proof. Taking the first derivatives of Equation 
(12), is as follows  

 
  

 
 

 

2

2 2

2

e 1 e

1 e

e e

1 e  

rT rT

rT

rT rT

rT

CDr hD hD
PV T

r

Sr CDr T hrDT hD hD

r

 




 



  
 



   




 

Let 

    
 2 2

e 1 e

e e

rT rT

rT rT

f T CDr hD hD

Sr CDr T hrDT hD hD

 

 

   

    
 (13)  

Taking the derivative of Equation (13) with respect to T , 

     
 
 

2

2 2

e 1 e  e e

e e

e e

rT rT rT rT

rT rT

rT rT

f T hDr CDr hD hD r

CDr hDr hDr

Sr CDr T hrDT hD hD r
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 

 

     

  

    

 

and it can be simplified as  

  3 3 2e e erT rT rTf T Sr CDr T hDr T       (14) 

We have  f T  is a strictly increasing function since 
  0f T  . Since   20 0f Sr    and 
  0f CDr hD    . There exists a solution 

 0,T     such that   0f T   . Therefore, T   is a 
unique global minimum on  0, . 

This completes the proof. 

Theorem. The upper bound of optimal cycle time 

is 
 

2S

D h Cr
, i.e. 

 
2

u

S
T T

D h Cr
  


. 

Proof. From 
 

0
e

!

k

rT
k

rT

k



  , we have 

2 2

e 1
2!

rT r T
rT   . We known  

    
 2 2

e 1 e

e e

rT rT

rT rT

f T CDr hD hD

Sr CDr T hrDT hD hD

 

 

   
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. (15) 
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Simplifying Equation (15) as follows  

      2e e 1rT rTf T CDr hD Sr CDr hD rT        
(16) 

and approximating erT  in Equation (16) by 
2

1
2!

r T
rT  . Equation (16) implies that 

   
2

2e
2

rT T
f T CDr hD S r  

   
 

   (17) 

Considering the following equation: 

 
2

2e 0
2

rT T
CDr hD S r  

   
 

     (18)  

Let 
 

2
u

S
T

D h Cr
 


, then uT   is the unique positive 

root of Equation (18). Equation (17) yields 

   
   

2

2e 0
2

u
urT

u

T
f T CDr hD S r f T



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 
     
 
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(19) 

and   20 0f Sr    which implies that  

   0 0f f T          (20) 

Combining Equation (19) and Equation (20), we ob-
tain 

     0 uf f T f T           (21) 

Since  f T  is a strictly increasing function, we have 

 
2

u

S
T T

D h Cr
  


    (22) 

This completes the proof. 
In this case, we assume the lower bound of optimal 

cycle time lT   is zero. Combining the above theorem 
and proposition, we can obtain the bounds for the opti-
mal cycle length as follows: 

l uT T T           (23) 

In addition, we can compute an exact optimal cycle 
length using the logic of the following algorithm. This 
algorithm similar to that of Chung and Lin (cf. [7]). 
The bisection algorithm ([10]): 

Step 1 Let 0  , 

Step 2 Set 0lT   and 
 

2
u

S
T

D h Cr



 

Step 3 Set 
2

l u
opt

T T
T


 . 

Step 4 If  optf T  , go to step 6. 
Otherwise go to step 5. 
Step 5 If   0optf T  , set u optT T . 
If   0optf T  , set l optT T . 
Then go to Step 3. 
Step 6 optT T  . That is, optT  is the exact optimal 

cycle lengthT 
. 

3. Numerical Examples 

The following numerical examples are used to test and 
verify above theoretical results. 

Example 1. Let 
20 orderS  , 2 unit yearh  , 3 unitC  , 
600 unit yearD  , 0.2r  , 0.000001  . 

Therefore, 0lT   and 0.1601uT  . 
We get 0.1826T    and the optimal cycle length 

0.1593optT  . 
Example 2. Let 

20 orderS  , 3 unit yearh  , 5 unitC  , 
1000 unit yearD  , 0.3r  , 0.000001  . 

Therefore, 0lT   and 0.0943uT  . 
We get 0.1155T    and the optimal cycle length 

0.0938optT  . 
Example 3. Let 

40 orderS  , 2 unit yearh  , 10 unitC  , 
2000 unit yearD  , 0.4r  , 0.000001  . 

Therefore, 0lT   and 0.0816uT  . 
We get 0.1414T    and the optimal cycle length 

0.0812optT  . 
Example 4. Let 

35 orderS  , 5 unit yearh  , 8 unitC  , 
2500 unit yearD  , 0.5r  , 0.000001  . 

Therefore, 0lT   and 0.0558uT  . 
We get 0.0748T    and the optimal cycle length 

0.0555optT  . 

4. Conclusions 

The classical EPQ model has been modified in order to 
develop a new EPQ model that can be accommodated 
with different situations and taking consideration of the 
time factor. 

This study presents the modified EPQ model and the 
present value of cash flows for the production inventory 
model under the assumption of adding the raw materials 
holding cost. Moreover, we have shown that Case 1 and 
Case 2 exist an unique optimal cycle time. Numerical re-
sults of two cases are presented in Section 3. We have 
established the exact optimal cycle time for modified in-
ventory model in Case 1 is larger than the present value of 
modified EPQ model in Case 2. This production inven-
tory model provides an exact cycle time for many or-
ganizations. Therefore, an exact optimal cycle time can 
drop the total operating cost. 
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On the other hand, from the procedure of calculating 
the optimal cycle time of the total relevant cost, we found 
some interesting results: 
1) The present value of total stock-holding cost of raw 

materials plus products from the beginning to time t 
is the same as the stock-holding cost of classical EOQ 
model. 

2) The present value of total relevant cost is independent 
of the production rate (if the production rate is greater 
than the demand rate). 

3) The optimal cycle time of total relevant cost not tak-
ing the time value into consideration is the same the 
optimal cycle time of classical EOQ model.  

4) The purchasing cost per unit time is irrelevant to time. 
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