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Abstract

Let H=-A+V be a Schrodinger operator on R”. We show that gradient estimates for the heat kernel of
H with upper Gaussian bounds imply polynomial decay for the kernels of certain smooth dyadic spectral
operators. The latter decay property has been known to play an important role in the Littlewood-Paley theory
for I’ and Sobolev spaces. We are able to establish the result by modifying Hebisch and the author’s recent
proofs. We give a counterexample in one dimension to show that there exists ¥ in the Schwartz class such

that the long time gradient heat kernel estimate fails.

Keywords: Heat Kernel, Schrodinger Operator, Functional Calculus

1. Introduction

Consider a Schrodinger operator H =—-A+V on R",
where V' is a real-valued potential in L (R"). It is
noted in [1,2] that for positive V', if H admits the
following gradient estimates for its heat kernel
p,(x,y)=e"(x,y): forall x,yeR" and >0,

2
[P () [Se,t e T, (1)

|2
| vxpt (x’y) |S Cntf(nJrl)/ZefL\x | /t’ (2)

then the kernel of @ (H) and its derivatives satisfy a
polynomial decay as in (4), where @ is a function in
certain Sobolev space with support in [-27,27]. As is
well-known, the decay estimate in (4) implies the
Littlewood-Paley inequality for L”(R") [3-6].

For positive V', based on heat kernel estimates one
can show (4) by a scaling argument [2]. In this paper we
will prove the general case, namely Theorem 1, by
modifying the proofs in [7,8] and [2].

However, in general the gradient estimates (1), (2) do
not hold for all ¢. This situation may occur when H is
a Schrodinger operator with negative potential, or the
sub-Laplacian on a Lie group of polynomial growth, cf.
[9-12]. A second part of this paper is to show such a
counterexample, based on Theorem 1.

Recall that for a Borel measurable function
¢:R — C, one can define the spectral operator ¢(H)
by functional calculus ¢(H)= Iz¢(/1)dE > where dE,
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is the spectral measure of H . The kernel of @(H) is
denoted @(H)(x,y) in the following sense. Let A be
an operator on a measure space (M,dy), du being a
Borel measure on M . If there exists a locally integrable
function K ,: M xM — C such that

Af,g)y=| (Af)gdu
- .[MXMKA ) f(V)g(x)d p(x)d u(y)

for all f,g in Cy(M) with suppf and suppg
being disjoint, where C,(M) is the set of continuous
functions on M with compact supports, then A is
said to have the kernel A(x,y):= K ,(x,y). Throughout
this paper, ¢ or C will denote an absolute positive
constant.

The main result is the following theorem for
Vel (R").

Theorem 1 Suppose that the kernel of e satisfies
the upper Gaussian bound for o =0,1

Ax— |2
| vzeftH (x, y) |S C"tf(nJra)/Zef(,\x y|< /it ,

Let ® be supported in [-1,1]

LH+N 5

H? (R) for some fixed N>0 and 6 >0. Then

for each N >0, there exists a constant ¢, independent
of ® suchthatforall jeZ

|ViD,(H)(x,y)]

ve>0.  (3)
and belong to

“

n+l

<y 2/ A427 | x—y V|||, v,
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where @ ;(x)=®(27x) and H':=H'(R) denotes
the usual Sobolev space with norm

1AL =a=a®rax*y” 1],

When V' is positive, a result of the above type was
proved and applied to the cases for the Hermite and
Laguerre operators [1]. The observation was that if
V' >0, then the constants corresponding to Lemma 2 do
not change for H, =-A+V, with V, (x)=a’V(ax)
(called scaling-invariance in what follows), according
to the Feynman-Kac path integral formula [13]

t
7'[ V(w(s))ds

" f()=E,| f(at)e ™ )

here E, is the integral over the path space Q with
respect to the Wiener measure ., xeR"” and ()
stands for a brownian motion (generic path).

For general V' the technical difficulty is that we do
not have such a scaling-invariance. We are able to
overcome this difficulty by establishing Lemma 6, a
scaling version of the weighted L' inequality for
®,(H)(x,y) with ® e H*, for which we directly use
the scaling information indicated by the time variable
appearing in Lemma 2. Thus this leads to the proof of the
main theorem by combining methods of Hebisch and the
author’s in [7,2].

In Section 3 we give a counterexample to show that
for V,(x)=-v(v+1)(coshx)?, veN, the estimates
in (1) and (2) fail for ¢t > 0.

Note that under the condition in Theorem 1, (4) is
valid for all ¢, eCy(R) , jeZ satisfying (i)
supp @; < {x:|x[<2’} and (i) ¢! (x)[<c, 277,
keN,= {O}UN. A corollary is that (3) implies the
Littlewood-Paley inequality

1<p<oo

B

P (R™)

1 o, = [0, (ED O

)
for both homogeneous and inhomogeneous systems
{¢j} , according to [1, Theorem 1.5], see also [2,3].

2. Heat Kernel Having Upper Gaussian
Bound Implies Rapid Decay for Spectral
Kernels

In this section we prove Theorem 1. Following [7] we
begin with a simple lemma.
Lemma 2 Suppose that (1) holds. Then

[le™ @y dx<e™? =C()
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J e (x,y)] e dx < e = C(s,1).

The next lemma can be easily proved by a duality
argument and we omit the details.

Lemma 3 Let L be a selfadjoint operator on
L*(R") and p,veL”(R). Then for each y,

[Con@C 2 <o, D 2

If in addition p(L) is unitary, then the equality
holds.

Let w be a submultiplicative weight on R"xR",
ie, 0<w(x,y)<w(x,z)w(z,y) , Vx,y,zeR" . For
simplicity we also assume w(x,y)= w(y,x). Define the
norm for ke L, (R*") as follows:

loc
e Ge I, = sup |, 1 £(x, ) | wix, y)dx.
yeR”

Then given two operators L, L,, it holds that
(L) 9, <12 Ge ), 12, (e, ) (6)

The following lemma is a scaling version of [8,
Theorem 3.1] for V e L, (R"). p

Lemma 4 Suppose that (1) holds. Let L, =M,
Then for each a >0, there exists a constant ¢ = c(n,a)
depending on n,a only such that for all jeZ and

keR,

w w

ikL ; j a
JIE" L0y | (1427 [x=y ) d

<c(n,a)(1+ | k)",

(7

Proof. (a) First we show the case j=0. For nota-
tional convenience write L = L,, then by Lemma 2 we
have, with t=1,

sup[L(x, ), <C()=c
)
sup_[ | L(x,y) | e dx < C(s,1) =: C(s) = e’
y

Let ¢(x,y)=e”"(1+|x-y|)*, 0<f<s.Then
G, = [1 LGy [P (1 | x— ) dx
<C(s)supe (14 | x -y ) =1 C(9)e, 4,

x,y

In view of Lemma 3, setting (= 3" |k|||L(x,y)||¢ ,
we have

J 1@ D)) [ (1 [ x =y ) dx = |

+
x—ylst x-yl>L

KI|ILCx, )
< (1+£)n/2+a e H H¢

Le W +2Ge ) e

<COY(1+ 7 [k Cs)e, 5)> +C6)e, s
where we note that by (6)
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" e (x y)" i"(lkL)n(x Y )"

_ e,

0

n=0
It is easy to calculate that

1 0<a<s-p

s.p.a = 7(a7s+/3) a X
e _— a>s—p.
[s—ﬂ ] /

Hence taking f=s/2 and fixing s=s5,>0 give
that

g

J‘ | (eikLL)(x’y) [(I+]|x—y)*dx <c(sy,n,a)(1+ | k |)5+a

(b) Similarly we show the case for all jeZ . If
L=e>"" then Lemma 2 tells that with =2

f | e’z_‘/H (x,») |2 dx <2
I| e—z’fH

For jeZ let ¢,(x,y)=e” "(1427% |x=y )",
0 < S <s. Then similar to (a) we obtain

(x, )| e dx < c?e"fjs2 .

[£,en, =12, a2 x-y e ds
J
<C(s)supe M1+ x ) = C(s)c, 4

It follows that, with f=s/2 and s=s,>0 fixed,
kL ; 2y ag._
[l L)@y +2 x=yhrax=]  +[

<c "(1+27

R exs
+||Lj(x:y)||¢ e_mj/zle T
g

<c(ma)(l+| k)",

where we set (=227 |k| ”Lj (x, y)||¢/ )

We also need a basic property on the weighted ¢°
norm of Fourier coefficients of a compactly supported
function in Sobolev space, which can be proved by
elementary Fourier expansions.

LemmaSLlet s>0, T>0 and
H;([0,T])=C{([0,T]) denote the subspace of Sobolev
space H'(R). Then we have for all ge H;([0,T]),

VT[] ,2 <clg] ®)

= (ZneZ | a(n) |2 <”/T>2S)1/2 and g(n)

are the Fourier coefficents of g over the interval [0,77].

where |[{, }H,z
s
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The inequality in (8) can be replaced by equality
(however we will not use this improvement), which is a
special case of the general norm characterization for
periodic functions in H*([0,7]), see e.g. [14].

It follows from Lemma 4 and Lemma 5 the following
weighted L' estimates for @ ;(H)(x,y), which is an
improved version of [2, Lernma 3.1], where the
restriction ¥ >0 is removed.

Lemma 6 Suppose V el

e satisfies for all t>0

(R") and the kernel of

loc

2
|e—tH (x,y) |£ cnt—n/Ze—dx y|© /1t . (9)

If s>(mn+1)2+N, N>0 and supp ® c[-10,10],
then

Q7 H)( )2 (= )|

sup
jeZ,yeR"

_C

Ll (R"

here (x):=1+]|x]|.
Proof. Let ® c[-1,1]. If suppgc:=
g has the Fourier series expansion on [

g(x) =Y g(kye™,
k

[0,27], then

where g(k) = LJ‘Zﬂg(x)e_"’“dx . Let
27 0

D(A)=g(e e and f,(1) =A™ . Then

g(y)=d(-logy)y with suppg c[e”,

D Y (VAT
k

(10)
It follows from Lemma 4, (10) and Lemma 5 that for
each y

j|q)/(H)(x,y) | <2f/2(x_y)>Nde CZ|é(k) | (1+ | k |)n/2+N
k

- cz | 80k | (1| k [N =002 (1| e [) (@02
T

e], and so

,jH

Q7 H) =Y g(k)e”

172
< C(Z |&®)[* (1+| & |)”+2N”+5j Q(+1k D=
k k

—-1/2

Sc"g

H(r)z/2+N+(1+o‘)/2 ([0,27])

<cod”

HE([-1,1])

where 0=s—-N-(n+1)/2 and the last inequality
follows from a change of variable and interpolation.
Remark 7 Let V=V -V, V.20 on R", n>3.
Then the heat kernel estimate in (9) holds if V, is in
Kato class and ||V_ ||K the global Kato norm of V_, is

less than «,:= ﬂ”/z/l“(g—l), see [15]. Also (9) holds
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whenever V >0 is locally integrable on R", n>1.
2.1. Proof of Theorem 1

With (3) and Lemma 6 we are in a position to prove (4).
The proof is similar to that of Proposition 3.3 in [2] in
the case of positive V' . For completeness, we present
the details here.

Vi, (H)(x,y)= Lerf'H (x,2)(e" @, (H))(z, y)dz.
By (3) we have
[VID,(H)(x,y)]

< 07O [ (e 2) I (e 2) 1y
(=) /D™
(2= NV (" (H))(z,y) | dz
<, (=) [N (2= p) NN
(" @27 H))(z,y) | de.
Applying Lemma 6 with =27/ we obtain
VSO (H)(x.y)|

< Cnt_(nm)/z <(x—y)/\/;>_N ||e/1CD(ﬂ-) H%]

n+l

< Cnt—(n+a)/2<(x_y)/\/;>—N ”(D T+N+§ , 0>0.

Remark 8 In the following section we will show that
there exists V €S, the Schwartz class, such that (4)
does not hold for j— too. By Theorem 1, this means
that for such V  the gradient upper Gaussian bound (3)
does not hold for all t.

H

3. A Counterexample to the Gradient Heat
Kernel Estimate

Consider the solvable model
v e N, where

H,=-d’ldx*+V, ,

V. (x)=—v(v+1)sech’x.

We know from [5] that solving the Helmholtz equation
for keR\{0}

H e(x,k) = k’e(x,k),

yields the following formula for the continuum eigen-
functions:

e, k) = (sign(k)){ﬁ :

—— |P, (x,k)e™,
JT J+l|k|J

where P, (x,k)= p, (tanhx,ik) is defined by the
recursion formula

Copyright © 2010 SciRes.

p, (tanh x, ik)
= % (p,_, (tanh x,ik)) + (ik —v tanh x) p, _, (tanh x, ik),

with p,=1. Note that e(x,—k)=-e(—x,k) and the
function

(x,y,k) = e(x,k)e(y, k)

v ] s (11)
:[Hj2+k2 thf(')Csk)Py(ys_k)ek(~ »
=1

is real analytic on R’ . Moreover, H, has only
absolutely continuous spectrum o, =[0,0) and point
spectrum O'W:{—l,—4,...,—l/2}. The corresponding
eigenfunctions {e }'_, in L’ are Schwartz functions
that are linear combinations of sech”xtanh‘x, meN,
teN, . Let H,=H,/E, denote the absolutely

v ac
continuous part of H, and E,=E,, the

corresponding orthogonal projection. If ¢ € C,(R), then
we have forall fel' NnL*,

B S ()= K f )+ Xhn ) e, e,

where (f,e,)=[f(x)e,(x)dx and

K(x,y)= (27f)71j'¢(k He(x, ke (y, k)dk (12)
is the kernel of ¢(H,.)=¢(H)E, , cf. [16]. Since H,
has eigenfunctions in S(R) and o, is finite, from

now on it 1is essential to check the kernel
¢(H . )(x,y)=K(x,y) instead of the kernel of ¢(H ).

3.1. Decay for the Kernel of @ ,(H)E,

Let {p;}7 ., cCy(R) satisty
(i') supp @, < {x:2/ </ x[< 2’} and
(i @® (x)[<c,27,VjeZ, keN,.Let

K, (x,y)=@,;(H,)x,y) . In[5] we showed that for each
N

i) [€e 2214272 [x=y )Y, YjeZ, (13)
but (with a=1)
|00, () [ e 22D (127 [ x=p ) (14)

only holds for j>0 and does not hold for all j<0.
This suggests that (3) fails for ¢ =1 and ¢#>1 (or
more precisely ¢ — o), according to Theorem 1.

Now consider the system {®},, which satisfy (i),
(i) as in Section 1. We may assume @ (x)=®(27'x)
for a fixed ® in C*([-1,1]) with ®(x)=1 on

11 .
[—E,E]. Let f” and f" be the Fourier transform

and its inverse of f on R. The following lemma
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shows that (13) does not hold for ®,(H, )(x,y) when
Jj—>©.

Lemma 9 Let K (x,y) be the kernel of ® ,(H)E,,.
a) For each N €N, there exists c, such that for all
j<0,

| K, () ey 272 (1+27 |x =y 7", (15)

b) For each N e N, there exists ¢, such that for all
j >0, precisely

K, () [€ey 2 (1427 [x =y (16)

In particular, the decay in (15) does not hold for all
Jj>0 with N>1.

c) There exist positive constants C and ¢ such that
forall jeZ,

| K, () [€CIW, (x= ) [+C[ 7 W, ()| e du,

where W, (k) =@ j(kz) and it is easily to see that for
each N, there exists ¢, such that forall ;

W, (=) € ey 22 (1427 [x =y 7t

Proof. (a) Let =277 By (12), (11) and integration
by parts we have

Zn(i(x—y))N K, (x,y) = (—l)Nje

O)1®, (LG + ) E.(x R (v, -k,

ik(x=y)

which can be written as a finite sum of

(tanh x)' (tanh y)”

Ly 17
(@, N TTE k) s )T emy)

0<lim<v, i+r+s=N, g, (k) are polynomials of
degree <2v.We obtain foreach N andall ;<0

(=) K, (6,0 |2 002 = 0 = 02y,
using
(@, (k)" = 0(2)
[T+ = 0k ™)
T =ow .
This proves (15) for j<0.

In order to show part (c) for jeZ, using partial
fractions we write K (x,y) as a finite sum of

(tanh x)' (tanh y)" [@_,- WOE+8) g, <k)} (x- ),

(18)

which is bounded by (up to a constant multiple)

Copyright © 2010 SciRes.

a, +

bk,
+k2] (x=»1,

I[‘P,«(k)]v(x—y)IJrZi‘,l[‘I’j(k)

ZZ
where a,,b, e R . The general term in the sum is
estimated by

a,+bk
Ok

| [\Pj (k) ]V(x—y) |S CI | \P]V (1) | e—c\x—y—u\du’

in terms of the identities

2
1+ k>

ik
1+k%

(e (k)= (19)

(sign(x)e )" (k) =

(20)

(b) Finally we prove the sharp estimate in (16). For
j >0, (15) does not hold for N >2, instead we have
only, with N =0,1,

| K, () [€e2” (1427 [x -y )77,

by using similar argument and noting (17), (19), (20).
Indeed, let J>0, N>2. It is easy to find {g,}
satisfying (i’) and (ii’) such that

@, (x)=1-Yp,(x).
J
We have by (13)
2= 14, (H )(x,p) [S ey 327200 o 7D,
J J

On the other hand, from (18) and the relevant steps in
part (c) we observe thatif N >1,
(x= "1, (H,)(x, )
= (=" [ e, (x, k)2, (v, k)dk
=finite sum of (x — y)" -

(@€ +sign(e-y)pe ),

1

2

where «,,8, #0 are of the form ctanh’ xtanh”y .
This shows that the term (x—y)"® ,(H,.)(x,y) cannot
admit a decay of 277" forall J >0, otherwise one
would have |(x —y)Nl[O)OO) (H,)(x, )| <2772 D " which
leads to a contradiction that the sum of those functions in
(21) must vanish, by letting J — 0.

Remark 10 The argument in the proof of part (b) can
be made rigorous by replacing 1, .,(H,) with
®,(H,), and then let L—>o to get the same
contradiction.

3.2. The Derivative of the Kernel of @, (H)E

ac

Similar argument shows that
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[0.K,(x,p)[<cy 27PN i x—y Y

holds for all j>0 but does not hold for all j<O0.
Therefore the inequality in (4) does not hold for general
Vel

loc *
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