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ABSTRACT

This short paper proposed a pricing method for GDP-linked collar bonds based on the classical discounted pricing
model and the assumption that the GDP can be described with a geometric Brownian motion. The estimation of pa-
rameters was not discussed because it is not central in our numerical exercise.
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1. Introduction

The last financial crisis called the financial sphere into
question. In the today’s economic environment charac-
terized by weak economic growth, increasing deficits and
high risk on financial instrument, recent research in debt
literature has focused on mechanisms that could improve
the debt instrument for sovereigns in time of macroeco-
nomic climate. Although the existence of economic cri-
ses, governments need sometimes to borrow in expecta-
tion of better times ahead. However, this kind of sover-
eign debt can be very costly in an economic climate. In
this perspective, academics and specialists tried to de-
velop a more flexible sovereign debt which would be
more responding to economic circumstances and would
take into account of the evolution of the economic situa-
tion of the concerned country: GDP-linked bonds.

For several years, GDP-indexed bonds have generated
a lot of research. Schroeder and et al. [1] explained that
GDP bonds tend to outperform regular bonds in time of
unexpected increase of GPD and under-perform in the
presence of unexpected slowdown in the economy while
Kamal and Lashgari [2] showed, in a simulation, that
GPD bonds would have a superior return than standard
government bonds between 1947 and 2010. Some arti-
cles also tried to make a theoretical connection between
financial mainstream and the pricing of GDP-bonds:
Ruben and et al. [3] offered a model founded on an op-
timizing consumer who evaluates welfare gains from the
coupon payments whereas Kruse and et al. [4] applied
the Black and Scholes model to value GDP-bonds. An-
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other perspective is to study the potential link between
GDP-bonds and the monetary or fiscal policy. That is the
perspective proposed by Miyajima [5] who offered a
pricing method based on an incremental tax revenues
received by the government to the extra payments on
GDP linked bonds.

This paper provides a pricing method for a very spe-
cific form of GDP-bonds: the GDP-linked collar bonds.
Although this kind of contract is well known in the lit-
erature (see Ruben and et al. [3]), few studies often asso-
ciated them to classical GDP-bonds and did not develop
a specific pricing method for these instruments. That is
the main objective of this short article.

2. The Emergence of GDP-Linked Bonds

The major economic fluctuations cannot be perfectly
prevented and a cautious attitude is to try to lessen the
impact of those fluctuations on the economic sphere by
using appropriate financial instruments. For several years,
an increasing number of papers have been dedicated to
GDP-linked bonds, emphasizing the stabilizing effect of
this kind of new financial vehicle. Indeed, by making the
repayment of debts more contingent on economic out-
comes, GDP-linked bonds are often presented as auto-
matic stabilizers.

The key feature of a GDP-linked bond refers to the
contingency of its cash flows on the evolution of the
country’s national income (real GDP, nominal GDP or
both). In pure financial terms, GDP-indexed bonds can
be seen a floating-rate bond with a coupon that would be
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associated with the growth rate of the borrowing country.
On a broad level, GDP-linked bonds are desirable in-
struments for international risk-sharing. Basically, these
instruments can benefit not only their holders but also
other category of investors because they reduce the like-
lihood of a default by the borrowing country. More pre-
cisely, these bonds “stabilize the government spending
and they limit the pro-cyclicality of fiscal pressures by
necessitating smaller interest payments at time of slower
growth—providing space for higher spending or lower
tax” (Griffith-Jones and Sharma [6, p. 2]). Because of the
hedging properties (in compensation for inflation, for ex-
nample, see Kamstra and Shiller, [7]) associated with these
GDP-bonds the International Monetary Fund and the
United Nations have been campaigning for a greater use
of these instruments’.

The existing examples of debts indexed to GDP are
mainly associated with economically stressed countries.
In the 1990s, Bulgaria, Bosnian and Herzegovina, Costa
Rica and more recently (2005) Argentina issued GDP-
linked bonds. However, the potential benefit of these
financial vehicles is not only related to emergent coun-
tries. Indeed, GDP-linked bonds may also provide bene-
nfits for industrialized countries. In Europe, for example,
the hedging properties of these financial instruments could
contribute to the Stability and Growth Pact by rendering
fiscal policies pro-cyclical. As Shiller [9] explained re-
cently in the The Wall Street Journal, GDP-linked bonds
could help government to manage risk by completing
(and not replacing) the existing fixed-income securities.
Moreover, Shiller [10] did not hesitate to emphasize the
political necessity to use these instruments by explaining
how they could improve the social security systems: “So-
cial security systems around the world defend the right of
the elderly—usually without regard to the situation of the
working people who must pay for those entitlements...
Government pensions should be indexed to some indica-
tor of taxpayers ability to pay, such as GDP, but it is
rarely done” [10, p. 149].

These financial instruments generate a lot of economic
and political debates and some organizational problems
appeared with the possibility to develop these vehicles.
Indeed, the GDP-linked bonds market is not very liquid
and this illiquidity makes the pricing of these instruments
very complex. Because few countries issued this kind of
vehicles, we do not have a critical mass now to maintain
liquid market. However, some authors [2,7,10] and finan-
cial authorities (IMF, UN) try to favour the emergence of
such a market (see Miyajima, [5] for further information
on this campaign).

The following section will focus on the presentation a

!See Li [8] for a detailed presentation of potential advantages and dis-
advantages of GDP-bonds.
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very specific design of GDP-linked bonds called “GDP-
linked collar bonds”. Very few academic researches exist
on this particular type of GDP-indexed bonds [3,4]. The
next section will provide an introductory perspective on
the pricing of these bonds.

3. GDP-Linked Collar Bonds

The main advantage of GDP-linked bonds refers to the
contingency of debt repayments on the economic out-
comes. As mentioned in the previous section, that feature
can make the GDP-indexed bonds very interesting espe-
cially in a weak economic climate. The question now is
what happens in a profitable economic environment? If
the growth of GDP increases rapidly, this kind of finan-
cial vehicles can be very costly for the country (although
this feature would also reduce the temptation for gov-
ernment to spend too much in period of high growth).
Basically, the combination of GDP-indexed bonds with a
good economic climate could generate economic prob-
lems and political protests: while “the need to pay higher
interest rates in time of high growth can curb excessively
expansionary fiscal policy” (Ruban et al., [3, p. 5]), a
significant part of the citizens could argue that the eco-
nomic growth mainly favour lenders and investors. In
other words, a good economic environment could poten-
tially give the bondholder to receive unlimited cash-
flows. In this perspective, borrowing governments could
use more specific bonds avoiding high debt service by
fixing a maximum coupon with the following form:

I=Min{MaX[rmin'gt_rlev] I } (1)

7 "max

where I, is the minimum rate provided by the govern-
ment, g, refers to the growth rate of GDP, ry, is the lev-
eraged rate and rp. is the maximum rate the government
can offer. In other words, this structure gives the bond-
holder a minimum coupon of (r ) with potential
greater cash flow if nominal GDP growth exceeds ry,
but the maximum coupon paid out is capped at r,,, . Just

take the following example. Consider a GPD-linked col-
lar bond with the following indexation:

I = Min{Max[2%, g, —3%],13%| )

That means that the bondholder is sure to have min 2%,
he/she will have a variable rate depending on the growth
rate of the GDP if this growth is higher than 5% but the
max rate given by the government will be 13% so that the
coupon is capped at 13%. Of course, this kind of indexa-
tion raises some questions: how is it possible to value the
parameters of this indexation and how to price this kind
of bonds? Let’s try to give an introductory framework to
these questions by continuing with our above example.
Given the values provided for each parameter, we can
have three potential situations:
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g, >13%: the coupon with a maxreturn of 13%
5% < g, <13% : the coupon with an extra-return
g, < 5% : the coupon with an min return of 2%

where the g is the current growth rate of GDP,. While the
two extreme situations provide well known cash flows,
the in-between indexation structure must be defined for
the pricing of the GDP linked bond. As mentioned above,
these extra-returns are due to the evolution of GDP growth
rate above a leveraged rate (). Because the long term
growth rate can be seen as the most expectable natural
level above which governments would have to pay extra-
interests, leveraged rate (r,) can be associated with the
average long-term growth rate observed for the GDP. In
statistical terms, the real output (real GDP trend) can be
expressed as a geometric Brownian motion,

Real GDP Trend = dY, = gY,dt + oY,dZ (3)

where g determines the expected long run sustainable
growth rate and o represents the amount of fluctuations
(volatility) in the GDP.

dyt =Y (g +G€t) (4)

where & (i=1---,N) are random draws from &(0,1).
Hence,

Yo =Yo| [(1+9+0ey) (5)
By taking into account of the inflation &, we can write,
Yy = yoH(l+g+O'gth)(l+5th) (6)

Actual growth rate which could influence the coupon is
given by

d
g =% %
Yi

If the observed growth rate of the GDP exceeds the
statistical observed long term growth rate (associated here
with the leveraged rate, ry,), the government will have to
pay extra cash flow? In this perspective then, the extra
cash flows given by the government can be written,

ExtraCF = (gt - g) Yi (8)

By knowing (6) and (7), extra cash flows can be re-
written as follows,

Y. (9+o0%)

e :[(yonmgmstN><1+aN>j‘g] ©
{ytﬁ(ug s or )(146, )}

N=0

*This is a deduction from a classical assumption in macroeconomics.
However, the estimation of this leveraged rate needs further discussions.
Because this paper focuses on the pricing method, | do not discuss the
estimation of parameters but | plan to do it in further research.
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t-1
ExtraCF =oe Y, [ [(1+9+0¢_y )(1+6,_y) (10)
N=0

That means that the bondholder could apply this in-
dexation structure to his/her coupon:

I =Min{Max[r,,,,Extra Cash Flow],r,, } ~ (11)

min

In this perspective, each coupon payment in nominal
terms would then be discounted by the domestic real in-
terest rate i and is deflated by the cumulative inflation
rates,

Min {Max([r, ., Extra Cash Flow], ., }
C('): 1 (12)
[TA+iy)(1+6_y)

The pricing of the bond would then be given by the
expected

P:ZE[C(I)} (13)

This section shows that GDP-linked collar bonds can
be valued with few economic parameters (interest rate,
inflation rate and GDP growth rate). This valuation in
line with the classical economic mainstream could pave
the way to a more generalized use (and research) of this
GDP-linked collar bonds.

4. Conclusion

This paper proposed a pricing method for GDP-linked
collar bonds. The estimation of every parameter was not
discussed because it was not central in the numerical
exercise. This introductory method will be tested through
empirical studies that | plan to do in different economic
contexts whose conditions will be modelled by using
Monte Carlo methods. In this perspective, the economic
justification for the choice of every parameters (Fmin, levs
rmax) Will be discussed in more details.
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