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ABSTRACT 

Probability discounting is defined as the devaluation of outcomes as the probability of receiving or paying those de- 
creases. A q-exponential probability discounting model based on Tsallis’ statistics has been proposed in econophysics 
(Takahashi, 2007, Physica A). We examined (a) fitness of the models to behavioral data of probability discounting of 
both gain and loss; and (b) relationships between parameters in the q-exponential probability discounting model across 
gain and loss. Our results demonstrated that, for both gain and loss, the q-exponential model better fits the behavioral 
data than exponential and hyperbolic functions, and there is the sign effect in q-exponential probability discounting. 
Relationships between Kahneman-Tversky’s prospect theory in behavioral economics and the q-exponential probability 
discounting are high-lightened. 
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1. Introduction 

Decision under uncertainty has been of great interest in 
economics [1], behavioral economics [2,3], neuroeconom- 
ics [4-7], econophysics [8-11] and behavioral psychology 
[12]. Probability discounting is defined as the devalue- 
tion of outcomes as the probability of receiving it de- 
creases [12]. There have been several approaches for mo- 
deling human decision under risk and uncertainty. In be- 
havioral economics, Kahneman-Tversky’s prospect theory 
[2,3], which is a generalization of von Neumann and 
Morgenstern’s expected utility theory, is the most preva- 
lent. In contrast, “probability discounting” models ex- 
plained later have widely been utilized in econophysics 
and behavioral psychology. Notably, the q-exponential 
probability model based on deformed algebra developed 
in Tsallis thermostatistics [13] has been proposed in eco- 
nophysics [9]. Although [11] mathematically unified the 
approaches above based on psychophysical foundations, 
no experimental study to date examined the proposed 
unification of the choice models under uncertainty. 

1.1. Intertemporal and Probabilistic Choices 

The behavioral psychologist Rachlin and his colleagues  

(1991) suggested that probability discounting shares the 
same underlying mechanism as self-control in interterm- 
poral choice (delay discounting). Hence probability dis- 
counting can be described with the same mathematical 
model as delay discounting by replacing time delay (D) 
with odds against  1O p  p , where p is the prob- 
ability of obtaining the outcome. Here it is to be noted 
that “odds against” is proportional to delay until winning 
in repeated gambles (because the average number of re- 
peated trials for obtaining a uncertain reward is 1/p and 
waiting time is less than this by one, i.e.,  1 1p O  ). 
The study in neuroeconomics reported intertemporal choice 
and probabilistic choice involve several common brain 
regions of executive function [5,14]. It is therefore rea- 
sonable to start from the introduction of intertemporal 
choice models. 

In neoclassical economics where rationality in human 
decision making and preference is assumed, an exponen- 
tial model of intertemporal choice was proposed [15]: 

    0 exp ,eV D V k D             (1) 

where  V D

ek

 is a subjective value of monetary outcome 
subject receives or pays at delay D and impulsivity pa- 
rameter  is an exponential temporal discount rate, 
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with larger discount rate indicating more impulsive (im- 
patient) intertemporal choice. Impulsivity (impatience) in 
intertemporal choice indicates the inability to wait larger 
later rewards at the cost of smaller sooner rewards. In be- 
havioral economics and neuroeconomics, in contrast, a 
hyperbolic temporal discounting model was introduced 
[16]: 

   0
,

1 h

V
V D

k D



             (2) 

where  is a subjective value of a reward which 
subject received with delay D and impulsivity parameter 

h  is a hyperbolic temporal discount rate. Again, hy- 
perbolic temporal discount rate is a measure of impulsiv- 
ity in intertemporal choice. 

 V D

k

Finally, in econophysics, a q-exponential model based 
on deformed algebra investigated in Tsallis’ thermosta- 
tistics has been utilized [17-19]: 

   
    1 1

0
,

1 1
q

q

V
V D

k q D



 

       (3) 

where  is a subjective value of a reward which 
subject received with delay D and impulsivity parameter 

q  is a hyperbolic temporal discount rate at delay D = 0. 
Parameter q generalizes an exponential function. Equa- 
tion (3) is equivalent to an exponential model (Equation 
(1)) when q is 1 and equivalent to a hyperbolic model 
(Equation (2)) when q is 0. 

 V D

k

1.2. Mathematical Model of Probability  
Discounting 

In order to mathematically model human probability dis- 
counting behavior, several models were proposed: expo- 
nential discounting; hyperbolic discounting [12], and q- 
exponential discounting [9]. Because, as stated earlier, de- 
lay and probability discounting shares common neuropsy- 
chological information processing, we can adopt mathe- 
matical functions similar to those in intertemporal choice 
(temporal discounting), considering the mathematical 
equivalence of delay to “odds against”. We therefore in- 
troduce the three types of mathematical models for pro- 
bability discounting in terms of, not probability per se, 
but “odds against” = 1/probability − 1. 

The exponential probability discounting model [12] is: 

     0 exp ,eV O V k O              (4) 

where  V O  is a subjective value of monetary outcome 
subject receives or pay with “odds-against”, O = (1 − 
probability)/probability and risk aversion parameter  
is an exponential probability discount rate  

ek

    

sponds to delay until winning in repeated gambles in 
which the reward can be obtained at the probability p. 
The probability discount rate indicates “impulsivity (im- 
patience)” in repeated gambles in that subjects with 
greater degree of delay aversion may be unable to wait, 
for a long time, obtaining uncertain rewards until win- 
ning (note that for small probability gambling, we should 
make many trials in the repeated gambles, resulting in 
long waiting time for obtaining the reward). 

The hyperbolic probability discounting model [12] is: 

   0
,

1 h

V
V O

k O



              (5) 

where  V O  is a subjective value of a reward which 
subject received with odds against = 1/probability − 1, 
and risk aversion parameter  is a hyperbolic probabil- hk

ity discount rate    :
1

h

h

k
V O V O

k O

 
    

 at odds  

against = 0. The hyperbolic probability discount rate is a 
decreasing function of odds against O. Rachlin et al. 
(1991) reported that subjects discounted monetary gain 
hyperbolically, rather than exponentially, indicating that 
the probabilistic money amount does not steeply discount 
at the small odds against. In order to generalize and unify 
these probability discounting models, one of the authors 
has proposed the q-exponential probability discounting 
model [9] based on deformed algebra developed in Tsal- 
lis’ non-extensive thermostatistics [13]. The q-exponen- 
tial probability discounting model [9] is: 

   
    1 1

0
,

1 1
q

q

V
V O

k q O



 

         (6) 

where  V O  is a subjective value of a reward which 
subject receives rewards at certain odds against = 1/ 
probability − 1, risk aversion parameter  is a q-ex- 
ponential probability discount rate  

qk

     
:

1 1
q

q

k
V O V O

k q O

 
      

 at odds against  

0O  , and 1 − q indicates the degree of the deviation of 
subject’s probability discounting behavior from exponen- 
tial discounting. Namely, when , Equation (6) is 
equivalent to Equation (5), and when , Equation 
(6) is equivalent to Equation (4). Note that larger prob- 
ability discount rates indicate stronger risk aversion (i.e., 
stronger “impulsivity” in waiting for hitting the uncertain 
reward in repeated gambles). 

0q 
1q 

Although it is important to know mathematical char- 
acteristics of the q-exponential and other modes in hu- 
man decision under uncertainty, no study to date experi- 
mentally determined parameters in the q-exponential prob- 
ability discounting model (Equation (6)), which is one of 
the objectives of the present study. 

: V O V O k   e  at all  0O  . The exponen- 
tial probability discount rate is constant over certain odds 
against. It is now to be recalled that odds against corre- 
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We now make short mentions on mathematical models 
for decision under uncertainty in behavioral economics. 
In behavioral economics, in order to explain anomalies 
(i.e., deviations from von Neumann and Morgenstern’s 
expected utility theory, [1]) in human decision under un- 
certainty, Kahneman and Tversky proposed the prospect 
theory [2]. In Kahneman and Tversky’s prospect theory 
(1979), the probability weighting function presented as a 
non-linear inverted S-shape curve, where people tend to 
overestimate (overweigh) small probability while under- 
estimate (underweigh) large probability. This psycho- 
logical tendency is mathematically captured with the in- 
verted S-shaped probability weighting function. In terms 
of the valuation of outcomes, the prospect theory as- 
sumes that loss has larger impact on human valuation 
than gain, which indicates loss aversion in the value func- 
tion. Additionally, concavities in value function differ 
across gain and loss. In other words, people have risk- 
aversive attitude for again while risk-prone attitude for 
loss. 

In neuropsychopharmacology, Ohmura et al. (2005) 
have revealed that gain is more strongly probability-dis- 
counted than loss which is referred to as the “sign effect” 
in probability discounting. However, to date, no study 
compared probability discounting of and gain loss using 
the q-exponential model. Our present study is the first to 
attempt to experimentally examine parameters in the q- 
exponential probability discounting model (as well as ex- 
ponential and hyperbolic probability discounting models) 
for gain and loss in human subjects. 

The objectives of the present study is 1) to examine 
the relationships between parameters of q-exponential 
probability discounting models across gain and loss; and 
2) to examine the relationship between the q-exponential 
probability discounting model and the probability weight- 
ing model in behavioral economics (i.e., Kahneman- 
Tversky’s prospect theory). These examinations may help 
future investigations in mathematical physics, econo- 
physics and neuroeconomics. 

2. Method 

2.1. Participants 

Forty-one (22 males and 19 females) students were re- 
cruited from Chuo University in Japan to take part in the 
experiment. The mean age was 23.31 years old (standard 
deviation = 3.20). In our experiment, participants were 
isolated and did not interact with each other. 

2.2. Procedure 

The participants were asked to perform probability dis- 
counting tasks of gain and loss. They were seated indi- 
vidually in a quiet room, facing the experimenter across a 

table. Then they received a simple instruction that they 
were asked to choose from a series of alternatives of 
monetary amounts either gain or loss with certain prob- 
abilities and imagine them, though hypothetical, as real 
money in this experiment. 

We utilized a probability discounting task exactly as 
Takahashi et al. [6,7]. The hypothetical monetary amounts 
of gain (or pay) and the probabilities were printed on 
each A4 size page. Each page included each probability 
(in the order of 95%, 90%, 70%, 50%, 30%, 10%, 5%) of 
uncertain gain (or loss) that the participants would hypo- 
thetically receive (or pay). Two columns of hypothetical 
money amounts were listed. The right column (standard 
amount) presented 40 rows of a fixed magnitude of mo- 
netary amount (=10,000 yen); the left column (adjusted 
amount) presented 40 rows of ascending or descending 
magnitudes of monetary amounts in 2.5% increments 
( 10,000 0.025 250    yen) of the alternative in the 
right column. The participants were asked to choose be- 
tween the two alternatives (i.e. either standard amount on 
the right or adjusted amount on the left) in each row of 
the questionnaire. 

2.3. Data Analysis 

Switching points of the probability tasks were defined as 
the means of the largest adjusting amount in which the 
standard alternative choice and the smallest adjusting 
amount in which the adjusting alternative choice. Indif- 
ference points of individuals were calculated by averag- 
ing the switching point in the ascending and descending 
adjusting conditions. The indifference points of the group 
data were obtained by calculating the medians of indi- 
viduals’ indifference points in order to compare the good- 
ness-of-fit among the exponential, the hyperbolic and the 
q-exponential models at the group level. 

We employed discounting and psychophysical parame- 
ters introduced in the discounting model (see Equations 
(1)-(3)). For estimating the parameters (i.e. ke in the ex- 
ponential discounting, kq and q in the q-exponential dis- 
counting, kh in the hyperbolic discounting), we fitted the 
three types of the discount model equations (i.e. Equa- 
tions (1)-(3)) to group’s behavioral data of indifference 
points with the Gauss-Newton algorithm (using R statis- 
tical language, non-linear modeling package). The fitness 
of each equation was estimated with AIC (Akaike Infor- 
mation Criterion) values, which is the most standard cri- 
terion for the fitness of mathematical model to observed 
data. It should be noted that the comparison between the 
R-square values of equations with different numbers of 
free parameters are statistically irrelevant (note that an 
increase in the numbers of free parameters in a fitting 
equation always yield a larger R-square value). Note that 
the AIC = 2k − 2ln (L), where k is the number of pa- 
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rameters in the statistical model and L is the maximized 
value of the likelihood function for the estimated model. 
Given a set of candidate models for the data, the pre- 
ferred model is the one with the smallest AIC value. AIC 
includes a penalty that is an increasing function of the 
number of estimated parameters. This penalty discour- 
ages overfitting (with R-square, we can not say a priori 
that the q-exponential model should best fit in terms of 
AIC). Therefore, better fitting in terms of smaller AIC 
indicates a better trade-off between over fitting and poor 
fitting. 

3. Result 

First, we estimated the parameters of three types of pro- 
bability discounting models (i.e., exponential, hyperbolic, 
and q-exponential models) in terms of odds against = 1/ 
probability − 1 (proportional to waiting time in repeated 
gambles) by fitting the three types of equations to group 
median data of the indifference points at the seven prob- 
abilities (see Figures 1(a) and (b) for gain and loss). 
After fitting each model to the group median data, we 
calculated AIC with best-fit parameters as an index of 
fitness (see Table 1 for gain and for loss for estimated 
parameters and AICs of the group data). The orders of 
the AICs for group median data were [q-exponential dis- 
counting function < Simple hyperbolic discounting func- 
tion < Exponential discounting function]. We can see that 
the q-exponential discount model best fitted the behav- 
ioral data (i.e. smallest AIC for the q-exponential func- 
tion) (see Figure 1(a) for gain and Figure 1(b) for loss). 
Since the inequalities on AIC are not due to differences 
in the number of free parameters in the probability dis- 
counting models (see Section 2.3), the result also indi- 
cates that the exponential discounting function more 
poorly fitted the behavioral data than simple hyperbolic 
discounting. Note also here that because the horizontal 
axis is the odds against (Figure 1), rather than probabil- 
ity per se, a log-log plot which is widely-utilized in eco- 
nophysics does not make much sense here. Further, the 
result also showed that gain k is larger than loss k in all 
three models (see Table 1), which suggests the existence 
of “sign effect” in probability discounting. 

In order to compare the probability discounting models 
and the probability weighting functions in Kahneman- 
Tversky’s prospect theory for decision under uncertainty, 
we plotted the probability-discounted values for the seven 
probabilities (Figures 2(a) and (b) for gain and loss). We 
can see that, among the three mathematical models, the 
q-exponential probability discount model alone was ca- 
pable of capturing the feature of the inverted S-shaped 
probability weighting function in the prospect theory for 
both gain (Figure 2(a)) and loss (Figure 2(b)), indicat- 
ing that the utilization of neither exponential nor hyper- 

bolic model can correctly predict human decision under 
uncertainty in behavioral economics. It is finally to be 
noticed that q-exponential models in terms of odds against 
seems to better describe human decision under uncer- 
tainty than those in terms of probability, especially at 
large probabilities in gain (see Figures 1 and 2). 

4. Discussion 

To our knowledge, this study is the first to experimen- 
tally examine the mathematical characteristics of prob- 
ability discounting models for gain and loss, by utilizing 
the q-exponential discounting model based on deformed  

 

 
(a)                               (b) 

Figure 1. Probability discount functions in terms of odds 
against = 1/probability − 1 which is proportional to delay 
until winning in repeated gambles. The vertical axis is the 
subjective value of uncertain monetary outcome (10,000 
yen). The horizontal axis is the odds against = (1/probability) 
− 1. The curves indicate probability discounting for gain (a) 
and loss (b). The red solid curve is the q-exponential func- 
tion (the best-fitting model); the blue dashed curve is the 
exponential function; the black dotted curve is the simple 
hyperbolic function. 

 

 
(a)                               (b) 

Figure 2. Probability discounting functions in terms of pro- 
bability. The vertical axis is the subjective value of uncer- 
tain monetary gain (a) or loss (b) (10,000 yen) which one 
can (a) receive or (b) loose at the probability of p. The hori- 
zontal axis is probability p. The red solid curve is the 
q-exponential function (the best-fitting model) in terms of 
probability. The blue dashed curve is the exponential func- 
tion. The black dotted curve is the simple hyperbolic func- 
tion. Neither exponential nor simple hyperbolic model can 
capture the inverted S shaped characteristics of the prob- 
ability weighting function in Kahneman-Tversky’s prospect 
theory. 
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Table 1. Parameters and AICs for the three probability discounting models of gain and loss. 

 Gain Loss 

 Exponential model Hyperbolic model q-exponential model Exponential model Hyperbolic model q-exponential model

Parameter ke kh kq q ke kh kq q 

 0.73 1.19 2.43 −1.3547 0.55 0.83 1.26 −0.87 

AIC 123.26 116.12 106.55 121.60 110.74 96.45 

 
gests that the impulsivity in the q-exponential model may 
share similar mechanism. 

algebra developed in Tsallis’ thermostatistics. Our results 
demonstrated that the q-exponential model best fitted hu- 
man probability discounting behavior for both gain and 
loss. Regarding the comparison between exponential and 
hyperbolic discounting models, the results were consis- 
tent with previous studies [12] that hyperbolic discount- 
ing model was better fitted than exponential model. It is 
to be noted that in our experiment, each subject inde- 
pendently conducted the probability discounting task, 
similar to previous studies (e.g., [6,7,12]). Therefore, the 
deviation from the exponential probability discounting is 
not due to social interactions between the subjects during 
conducting the probability discounting task, consistent 
with previous experimental results [6,7,12,20]. The esti- 
mated q value in the q-exponential discounting was 
smaller than 0, which means more waiting time-incon- 
sistent probability discounting in human decision under 
risk, in comparison to hyperbolic probability discounting 
(note that smaller q < 1 indicates more time-inconsistent 
discounting behavior, i.e., more deviation from exponen-
tial discounting).  

The prospect theory contends that probability weight- 
ing function presented in the non-linear manner that peo- 
ple tend to overestimate the small probability while un- 
derestimating large probability. For probability discount- 
ing, when we plotted discount function in terms of prob- 
ability p rather than odds against 1 p 1 (see Figure 
2(a) for gain and Figure 2(b) for loss), the shape of theo- 
retical curve was similar to the probability weighting 
function in the prospect theory, only for the q-exponen- 
tial probability discount function. Therefore, we should 
employ the q-exponential model to capture the charac- 
teristics of the probability weighting function. In addition, 
loss was less probability-discounted than gain (see Fig- 
ure 1(a) for gain and Figure 1(b) for loss) thus it can be 
said that, in terms of probability discounting, people are 
more risk aversive (i.e., greater temporal discounting in 
waiting for hitting the uncertain outcomes) in loss than 
gain. Future studies in econophysics and neuroeconomics 
should consider this finding. 

Regarding the neuropsychological causes of the devia- 
tion from exponential probability discounting in human 
decision under uncertainty, it can be speculated that non- 
linear (e.g., logarithmic) perception of waiting time dur- 
ing repeated gambles may account for the q-exponential 
probability discounting with q < 0, as was the case with 
the q-exponential (non-exponential) temporal discount- 
ing in intertemporal choice [18,21,22]. In other words, if 
people are less sensitive to changes in waiting time at 
longer waiting time (i.e., smaller probabilities), the re- 
sulting probability discounting behavior may be more hy- 
perbolic rather than exponential. This possibility should 
be investigated in future mathematical psychophysical 
studies on human decision under risk. 
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