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ABSTRACT

A double system of exponents with piecewise continuous complex-valued coefficients are considered. Under definite
conditions on the coefficients the frame property of this system in Lebesgue spaces of functions is investigated. Such
systems arise in the spectral problems for discontinuous differential operators.
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1. Introduction

Consider the following system of exponents
izt
LA M

where {4,} =C is a sequence of complex numbers, Z
are integers. Systems (1) are model ones while studying
spectral properties of differential operators. Under suit-
able choice of the bounded variation function o (t) on
the segment [-a,a] they are eigenfunctions of first

order differential operator Du :((11—[: with an integral

a
condition of the form I u(t)do(t)=0.

For this reason, many mathematicians appealed to
study of basis properties of the systems form (1) in dif-
ferent spaces of functions. If the operator D is considered
in the Lebesgue space L,(-a,a), 1< p<+o, then its
natural domain of definition is the Sobolev space
W, (-a,a), i.. the space consisting of absolutely con-
tinuous on [—a,a] functions, whose derivatives belong
to L,(-a,a) and the relation

_du_
dt
holds a.e. on all the segment [-a,a].
Apparently, the first results for basis properties of the

systems of the form (1) in the spaces L,, 1< p<+oo,
(Loc =C[-a, a]) belong to the famous mathematicians

Du Au(t), )
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Paley P.-N. Wiener [1] and N. Levinson [2]. In sequel,
this direction was developed in the investigations of
many mathematicians. For more detailed information see
the monographs of R. Young [3], A. M. Sedletskii [4],
Ch. Heil [5], O. Christensen [6] (and also the papers [7-
9]) and their references. There is also the survey paper
[10].

Many problems of mechanics and mathematical phys-
ics reduce to discontinuous differential operators, i.e. to
the case when the domain of definition of a differential
operator is not connected. It should be noted that the
systems of the form

20 (t)
{e }neZ ’ (3)

where 4, (t) has the representation
A, (t)=nt—a(t)signn+ S, (t),asn —>oo. 4)

arise as eigen functions of appropriate differential opera-
tors while solving many problems of mechanics and
mathematical physics by the method of separation of
variables. The following system is a trivial example of
the case under consideration

sin N, 0<t<£,
2

Sh (t): -
coshnt, —<t<m.
2
Let J, :(O,gj, J, :(g,nj . It is obvious that {s}

are the eigen functions of the following spectral problem
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with a spectrum in boundary conditions

u'(t)+22u(t) =0, te J,UJ,,

u(0)=u'(x)=0

(5o fg o) -+{opf5

Concerning these issues see also the papers [11-14].

Another remarkable example is considered in V. A.
llin’s paper [15]. Here he considers a mixed problem
with conjugation conditions at the inner point X, € (0, I)
with respect to the wave equation

Uy =a(X)u,, xe(0,%)U(x1), t
with conditions
u(x0)=p(x), u (x,0)=y(x),
u(0,t)=u(lt)=0, u(x,—0,t)=u(x,+0,t),
a’puy (%, —0,t) =u; p,u; (X, +0,t),

E(O,T),

where
xe(0,%),

()=
a;, Xe(xl),

a,,a, (wave velocity in medium) and p,,p, (medium
density) are positive constants, a;p, are Young mod-
ules with additional condition of equality of passage time
of wave the segments [0,X,] and [x,,1]: % =%
al a2
The completeness in L, of the system of eigenfunc-
tions of an ordinary differential operator that corresponds
to this problem is established in the paper [16]. The close
class of problems was earlier considered in the paper
[17].

These examples very clearly demonstrate expediency
of study of frame properties of the systems form (3). The
present paper is devoted to investigation of frame prop-
erty of system (3) in L, =L, (-m7), 1< p<+o0. Pre-
viously some results of this paper were announced with-
out proof in [18].

This work 1is structured as follows. In Section 2, we
present needful information and facts from the theories
of bases and close bases that will be used to obtain our
main results. This section also contains the main assump-
tions about the functions «(t) and A, (t) which ap-
pear in formula (4). In Section 3, we state main results on
the basicity of the perturbed system of exponents (3) in
Lebesgue spaces L,, 1< p<+oo.

2. Necessary Information and Main
Assumptions

In sequel we will need the following notion and facts
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from the theory of bases and frames. We will use the
standard notation. N will be the set of all positive integers;
3 will mean “there exist(s)’; = will mean “it fol-
lows”; < will mean “if and only if”; 3! will mean
“there exists unique”; K=R or K=C will stand for
the set of real or complex numbers, respectively; J, is
Kroneckers symbol, &, ={d,,},_, - The Banach space
will be called a B-space. X 1is a space conjugate to
space X. By LLM] we denote the linear span of the set
M c X ,and M will stand for the closure of M.
Definition 1. System {x,} < X issaid to be a ba-

N4} CKix=3Ax,
n=1

Definition 2. System {x } <X

sis for X if vxe X,

is said to be com-
plete in X if L[{x,}  ]=X . Itis called minimal in X if

X, L[{xn}nik} vkeN .

Definition 3. System {x,} <X s called o -line-

arly independent in B -space X, if from Zanxrl =0
n=l1

implies a,=0, VneN.

It holds the following

Lemma 1. Let X be a B-space with the basis {x,}
and F:X — X be a Fredholm operator. Then the fol-
lowing properties of the system {y,=Fx,}  in X are
equivalent:

1) {Y,},., iscomplete;
2) {Ya},. isminimal;
3) {Ya},.y is @-linearly independent;

4) {Y,},., abasisisomorphicto {x.} .

We will need the following notions.
Definition 4. The systems {x,}  and {y,}  ina
B-space X with the norm || are said to be p-close, if

2[%s = ol <.
n

Definition 5. The minimal system {xn} o CX ina
B-space X with conjugated {x* c X" issaidto be a

p-system if for xe X :{x(x) "1, where 1, isan

neN

ordinary space of sequences {a } of scalars with the

(T ]:’

In the case of basu:lty, such a system will be called a
p-basis.

The following lemma is also valid.

Lemma 2. Let X be a B-space with g-basis {x,}

neN

norm ||{

neN

and the system {y,} < X be p-close to it: l+l:1,
ne p q
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1< p<+w. Then the expression Fx=> x(x)y, , gen-

n
erates a Fredholm operator in X, where {x;} <X
is a system conjugated to {x,} _ . "

One can see these or other facts in the monographs
[3,19] and also in the papers [7,20-22]. We will need the
following Krein-Milman-Rutman’s Theorem [20].

Theorem KMR. X be a B-space with the norm |||
and with the normed basis {x,} . {x;} <X" bea

neN ? ") he

system biorthogonal to it. If the system {y,} <X

neN

satisfies the condition i"xn —Y,[|<n", where
n=1

Xn

17 =sup|x,|[, then it forms a basis isomorphic to {x}
n

for X.
While obtaining the basic result, we will use the fol-
lowing easily provable lemma.
Lemma 3. Let X be a B-space with the basis {x,}
and {x;{ < X" beasystem biorthogonal to {x.} .
The systém {y,} <X differ from {x} by a

finitely many elements, i.e. y,=x,, ¥Ynn,+1. Then,
it A, =det(x;(y,)) =0 the system {y} . is

n.k=1,n, neN
not minimal in X.
Proof. So, X be a B-space with the basis {x,} . and
{Yn},. © X differ from {x,} by finitely many ele-

ments, i.e. Yy, =X, Vvn=n,+1. Expand y,, n=1Ln,.
by this basis.

Ny -
yk = Z ankxn + yk,no H k = 15 nO (5)
n=1

where Y, , = > agX,. Let A, =0. At first assume

n=ny+1
that n,=1. Then, it is obvious that A, =a,=0.As a
result, it follows from expression (5) that y, belongs to
the closure of the linear span {Xn}::nﬂn’ and so the sys-
tem {yn}neN is not minimal. Consider the case n, =2,
ie.
Yi=aX a8y %+ Y, 6)
Yo =apX 8%+ Ys,,
where A, =a,,a, —a,3a, =0. It is obvious that if |a1k|+
|a2k|:0 for k=1 or k=2, then the system {yn}neN
is not minimal. Otherwise, excluding X in (6), we have:

apy, —a,y, = —A2X2 +a,, y1,2 - anyz,z
=a,Y,781Ya0,
Y —ay Y, =anY i, — Y, -

It directly follows from these relations that y, (y,)
belongs to the closure of linear span of the remaining

elements {y,} ({yn}nﬂ), ie. {y,} _, is not mini-
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mal in X. Consequently, for A, =0 the system {y,}
doesn’t form a basis. This reasoning is taken to an arbi-
trary n,eN very easily. .

Before proceeding the main results, we accept the fol-
lowing basic assumptions concerning the functions of
a(t) and B, (t).

1) «a(t) is a piecewise-Holder function on [-m,x],
{t} :—m=t, <t <--<t, <t =n— are its discontinu-
ity points of first kind,

Denote the jumps of the function «(t) at the points
{t}) by {a} o =a(t+0)-a(t,-0).

Let the condition

2y %Lz wk=Tr, befulfilled.
TP

r+1

3) The functions g3, (t) have the following asymptotic
relations
ﬁn(t):o(%j,te(_n,n),ye(o,m). @

n’

3. Basic Results

At first we consider the system of exponents
{9} ®)
neZ

where g, (t)=nt—ea(t)signn, neZ. For the basicity
of system (8) in L, the results of the paper [23] will be
used. Represent system (8) in the form

{e—ia(t)eim : eia(t)e—i(n+1)t } , )
nez

+

(Z, are non-negative integers). Let the condition 2) be
fulfilled. Finding {ni}lr cZ from the following ine-

. 1 1
qualities [— +—= lj :
P q

assume
0= (11

Based on Theorem 1 of the paper [23] we can directly
conclude the following
Statement 1. Let the conditions 1), 2) be fulfilled for

the function «(t) . Suppose that ;tl. The system (9)
p

forms a basis for L, 1< p<+o, (for p =2 a Riesz ba-

sis) if and only if it holds the inequality L < a)<l.
q p
We will use the following statement obtaining from
the results of the paper [24].
Statement 2. If system (9) forms a basis for L,

AM



S. M. FARAHANIL T. I. NAJAFOV 851

1< p <+, then it is isomorphic to the classic system of
exponents {e'™ |
nez

So, let system (8) form a basis for L, 1<p<+oo.
Denote by {9} , <L, asystem biorthogonal to it. Let

fel, and { £ be its biorthogonal coefficients by

NJnez
system (8), i.e. f = I f(t)4 (t)dt, neZ, where ()
is complex conjugation. The following theorem can be
directly concluded from Statement 2.

Theorem 1. Let system (8) forms a basis for L,
1< p <+ . Then there hold:

Dlet 1<p<2 and fel,.Then {f}

{7},

is fulfilled, where m, is a constant independent of f, ||||p
is an ordinary norm in L,

2) Let p>2 and the sequence of numbers {a,}
belongto I,.Then 3f eL, suchthat f =a,, VneZ,

moreover | f[ <M, ||{ f.} , Where M, is a constant
q

., € Iq ,and

I Smp||f|p’

neZ |||

independent of {f, }

ez’
Now, study the bagicity of system (3) in L,. We have
o k
440 gttt =[] =3 A (1)

a k!

e (Mn )

< =cn”’,
o k!

where C is a constant independent of n. The last inequal-
ity follows from (7).
Consider the different cases.

)Let 1<p<2, 7/>l.Wehave
p

. . p 1
et —e”’”(t)“ <€y s <+
PN

)

n

Assume that all the conditions of Statement 1 are ful-
filled. Then, system (8) forms a basis for L. Thus, by
Statement 2 it forms a ( -basis for L in this case. Let
{8,}._, be a system biorthogonal to it. Consider the
operator F:L, —>L:

Ff=39,(f)e™", feL,, (12)
where Bn(f):j f(t)4 (t)dt, neZ. By Lemma 2

Fl e | =t , VneZ . Then, the statement of

operator r112) is Fredholm in L,. It is easy to see that
Lemma T is valid for system (3).

2) Let 2<p<+w, 7/>l. It is clear that q<p.
q
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Consequently, for Vf el it is valid |f] <c,|f] .
where ¢, depends only on p. Assume that all the condi-
tions of Statement 1 are fulfilled. Consequently, system
(8) forms a basis for L,. It is clear that f el, and
1<q<2 . Then, from Theorem 1 we obtain that
{fn}nez el,, where {fn}nEZ are the orthogonal coeffi-
cients of f by system (8). From the same theorem we ob-

tain:
||{ fn }neZ

where the constant M, is independent of f. Thus, system
(8) forms a p-basis in L,. It is easy to see that systems (3)
and (8) g-close in L. Consider operator (12). Further, we
behave similarly to case I. Hence the validity of the fol-
lowing theorem is proved.

Theorem 2. Let asymptotic Formula (4) hold, the func-
tion a(t) satisfy the conditions 1), 2) and for the func-
tion g, (t) the relations (7) be valid. Assume that it
holds

L SMal flly <My [ f],. vf <Ly,

p

1 1 {1 1}
——<w<—, y>maxs—;—,,
q p pPq

where y = rnkin 7., @ 1s defined from expressions (10),

(11). Then, the following properties for system (3) in L,
are equivalent:

1) Complete;

2) Minimal;

3) w-linearly independent;

4) Forms a basis isomorphic to {ei”t }n ,

In sequel, we will consider a case, when y >1. In this

eMn (t) _ eiﬂn (t)

0

case, it is obvious that it holds )’

n=—0

| <o
p

Let all the conditions of Theorem 2 be fulfilled. Then the

system {ei‘ ’"(t)} forms a basis for L,. Denote by
nez

{‘gn}nez cl, a system biorthogonal to it. Assume

9= sup"&’n”q . It is clear that
n

dn,eN: Z

In[2ng+1

ea%(t)_ewn(o” g
p

Consider the functions

Thus, it holds

0

2

N=—c0

(1) _ gitn(t)

<9,
p

Then, as it follows from Theorem KMR, the system

{eij”(t)} forms a basis isomorphic to {ei” ”(t)} , for
nez ne

AM



852 S. M. FARAHANIL T. I. NAJAFOV

L,. System (3) and the basis {eij“(t)} differ by a
nezZ

finitely many elements. By {gn} , denote a biorthogo-

nal system to this basis. Consider

=Y a1 Y ae

In<ng [nj>ng

P vk |k <y, (13)

It is obvious that a, =3 (e ) I K dt n,

keZ .Denoteby A,
Ano — det(aij )i,j=m B (14)

It is clear that if A, #0,

the following determlnant

in the expansion (13) the

elements e, k= —n,,N, may be replaced by the ele-

ments ¢, k =-n,,n,. Then the system {eij”(t)}
nez
forms a basis for L, since Vfel, has the expansion

0

=2 G (1)e"

. Hence, it directly follows that if

A, #0, then vf eL, has an expansion by system (3),
i.e. it is complete in L. Consider the operator

ﬁ:iguww
Fr= 3 8,(1)e" 0+ 3 8, (1)

N=—w0

=t 3 G (f)[en

n=-ny

. We have

)—eht)]
—AO = (14T)

where |:L, — L, is an identity operator, and T is an
operator generated by the second summand. Fredholm
property F in L, follows from finite-dimensionality of
the operator T . It is clear that

E [eiin (t)J =e"V vnez.

Then from Lemma 1 we obtain the basicity of system
(3) in L. Conversely, if system (3) forms a basis for L,
then as it follows from Lemma 3, Ano #0. Thus, we
established that under accepted conditions system (3)
forms a basis for L, if the determinant determined by
expression (14) is not zero.

Thus, we proved the following.

Theorem 3. Let all the conditions of Theorem 2, where
y>1, be fulfilled. The determinant A, is determined
by expression (14). System (3) forms ‘a basis for Lp,
l<p<+owo,ifandonlyif A, #0.

Now, consider the case when we[—l,lj. Let for
qop

l <w< l+1 . In this case, as it follows from

p

example,
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Theorem 1 of the paper [23], the system

ia(t) i#n(t)
N D
forms a basis for L. Consider the system
()
U], (o

where eel, is a function. Let the conditions 1), 2) be

fulfilled for system (3) and y > max {l,l} Then, it is
P q

easy to see that system (16) and basis (15) are P -close
in L,,where p isdetermined by the formula

p, I<p<2,
B {q, p>2.

Consequently, system (3) is not complete in L,. The

remaining cases, when @ > 1 , are proved in the similar

way.

. 1
Consider a case, when @ <——, for example,
q

we (—l—l,—lj. In this case, again as it follows from

Theorem 1 of the paper [23], the system
{emm} : (17)
n=0

forms a basis for L. If the conditions 1), 2) are fulfilled,
then basis (17) and the system {ei}“‘(t)} . are p-close

in L,. Consequently, system (3) is not minimal in L. The

. 1 -
remaining cases, when @ <——, are proved similarly.
q

Therefore, we obtain the following final result for the
basicity of system (3) in L.

Theorem 4. Let asymptotic formula (4) hold, where
the functions «(t) and S, (t) satisfy the conditions 1),
2), 3). The variable @ be determined from relations

(10), (11) and let }/>max{l;l}.
P q

Then for w< —l
q

system (3) is not minimal in L ; for a)>l it is not
p

complete in L,. For —é<a)<% the following prop-

erties of system (3) in L, are equivalent:
1) Complete;
2) Minimal,
3)  -linearly independent;
4) Forms a basis isomorphic to {e‘”‘}n J

5) A, #0, where A~ is determined by expression
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(14).

Indeed, equivalence of properties 1)-4) follows di-
rectly from Lemma 1. Equivalence of conditions 4) and 5)
is proved.

4. Conclusions

Taking into account the obtained results, we can summa-
rize this work as follows.

Perturbed system of exponents, the phase of which
may has different asymptotic behavior in different parts
of the basic interval (—m,7), is studied in this work. It
should be noted that it’s probably the first time the prob-
lem of basicity is considered for such a system. Under
certain conditions on the functions defining the phase, we
prove that this system may have a finite defect in L,,
1 < p <+oo. Moreover, it either forms a basis for L, or it
is not complete and not minimal in L.
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