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ABSTRACT

- : I(s+v)
Let s and z be complex variables, I'(s) be the Gamma function, and (s), :W
generalized Pochhammer symbol. Wright Type Hypergeometric Function is defined (Virchenko et al. [1]), as:
r'(c) i(a)k I'(b+7k) ¢
I(b)i& T(c+rk) k!’

which is a direct generalization of classical Gauss Hypergeometric Function ,F (a,b;c; Z) . The principal aim of this

for any complex Vv be the

R (a,b;c;m2) = where 7€ R, =(0,); a,b,c e C; Re(a) >0, Re(b) >0, Re(c)>0;

paper is to study the various properties of this Wright type hypergeometric function ,R, (a,b;c; 75 Z); which includes

differentiation and integration, representation in terms of | F, and in terms of Mellin-Barnes type integral. Euler (Beta)

transforms, Laplace transform, Mellin transform, Whittaker transform have also been obtained; along with its relation-
ship with Fox H-function and Wright hypergeometric function.

Keywords: Euler Transform; Fox H-Function; Wright Type Hypergeometric Function; Laplace Transform; Mellin
Transform; Whittaker Transform; Wright Hypergeometric Function

1. Introduction and Preliminaries

The Gauss Hypergeometric Function is defined [2] as

F(a,b;c;z)zimzk

= (c) k! Tiand  (1D)
(|z]<Lc#0,-1,-2,-+)

The Generalized Hypergeometric Function, in a classi-
cal sense has been defined [3] by

a,-,a,;2

- (a),~(a,),
“Zo), ), K

(p=q+L|z|<1);

(1.2)

and no denominator parameter equal to zero or negative
integer.

Copyright © 2013 SciRes.

E. Wright [4] has further extended the generalization
of the hypergeometric series in the following form

plpq(z)
» T(a, + a,+B,n (1.3)
_ Pl fin)- I (a, +5, )_‘_

AL (py +mN)- T (g +4yn)

where S, and g, are real positive numbers such that

q P
1+Z/ut _Zﬂr >0.
t=1 r=1

When f, and g are equal to 1, Equation (1.3) dif-
fers from the generalized hypergeometric function ,F,
by a constant multiplier only.

The generalized form of the hypergeometric function
has been investigated by Dotsenko [5], Malovichko [6]
and one of the special cases considered by Dotsenko [5]
as
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R (a,b;c;m,11,7)

w
F(a+n)F(b+lunj (14

n!
F[c+wnj
y7s

and its integral representation expressed as

2le,u(z): F(C)ﬂ

I(c-b)I'(b)
-jt”b*‘ (1-t) " (1- ) " at,

where Re(c)>Re(b)>0. This is the analogue of
Euler’s formula for the Gauss’s hypergeometric function
[3]. In 2001 Virchenko et al. [1] defined the said Wright

__T(e) <
- r(a)r(b)g

(1.5)

Type Hypergeometric Function by taking L_7r50 in
U

(1.4) as
,Rf (Z) =,R (a,b;c;r;z)

r(e) g (2), F(bck),

" T(b)& T(c+7k)k! £

If 7=1, then (1.3) reduces to a Gauss’s hyper- geo-
metric function. Galue et al. [7] and Virchenko et al. [1]
investigated some properties of the function

R (a,b;c;7;z2).

The following well-known facts have been prepared

for studying various properties of the function
R (a,b;c;7;z2).
e Euler (Beta) transform (Sneddon [8]):

The Euler transform of the function f (Z) is defined

as

(1.6)

B{f(z);a,b}:jz“(l—z)"’lf(z)dz. (1.7)

e Laplace transform (Sneddon [8]):
The Laplace transform of the function f(z) is de-

fined as
z)}:Te’SZf(z)dZ
0

e Mellin transform (Sneddon [8]):
The Mellin transform of the function f(x) is de-
fined as

(1.8)

x);s]=Ix“f(x)dx=f*(s), o
e(s)>0,
then
f(x):M-l[f*(s);x]=— f7(s)x*ds. (1.10)

2mi |

Copyright © 2013 SciRes.
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e Wright generalized hypergeometric function (Sriva-

stava and Manocha [9]), denoted by ¥, is defined
as
[(avAx) (ap’Ap) Z]
pra
b B b “9 b 5
(8:8)-(£:.8,) i

JCHED

(b

(al’al)"“

where Hg‘,’q” Z|
(bl’ﬂ1),"'

] denotes the Fox

H-function [10].
2. Basic Properties of the Function
SRy (a/b;c;7;2)
Theorem 2.1
Ifa,b,ce (C;Re(a) > O,Re(b) > O,Re(c) >0;7eN
then
c-,R (abic;r;z)=c-,R (ab;c+1;7;2)

2.1.1
+rzd%2R1(a,b;c+l;r;z) ( )
R (a,b;c—7;7;2)—,R (a,b-L;c—7;7;2)
—7r)e (a+1), I'(b-1 k
ler) g (@ T teerd)
rb) & I'(c+7k) k!’
(b=1).
In particular,
e
[,F (abic-12)-,F (ab-1Lc-1;z)] = 13
=,FR(a+1b;c;2)
Proof.
rzi R (a,b;c+1;7;2)
de 1 s My s by
:TZF(C+1)i(a)kF(b+rk)k 741
r(b) & I'(c+1+7k) k!
_cr(c)i(a) r'(b+7k) z*
" r(b)& T(c+zk) k!
cl“(c+l)i() I'(b+7k) z*
rb) & (c+1+z-k) k!
=c-,R (ab;c;7;2)—c-,R (a,b;c+1;7;2),
APM
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which is the (2.1.1).
Now,

R (ab;c—7;752)—,R (a,b-Lc—7;7;2)

k

_T(e- )i(a (b+fk)

)
) = F(C r+z'k)

(a), T(b—1+7k) z*

r(b
(c-7)3
F(b—l)g T(c—r+7k) k!

:F(C T)

T (b-1)

30 (a)kF(b—1+Tk) z*| (b-1+7k)

P P F{ (b-1) ‘1}
Momr) (@), Mo-terk) 7

:(b—l)r(b—l)é T(c—r+7k) (k—1)!

:(SZ)
.[F(C—r)i(aﬂ)k_lF(b—1+r+r(k_1)) Sk j
r(b-1)a F(C+r(k—1)) (k—1)!
77 a F(C—z‘)
(b-1)T(b-1)
= (a+1), T(b-1+7+7k) z*
kz:(:) I(c+7k) k!

(a+1), ['(b-1+z+7k) z*

Lo 7) 3 z
Sy & T(errk) ki’

This is the proof of (2.1.2).

For c#1 and substituting 7z =1 in above result, this
will immediately leads to particular case (2.1.3). O

Theorem 2.2 1) If

a,b,c,0 C;
Re(a)>0,Re(b)>0,Re(c)>0,Re(5)>0
and 7 € N then

I(c+6)

r(s)
Jut(1-u) R (abiemzut)du (22.1)
=T(c),R (a,b;c+5;7;2)

2)If

Copyright © 2013 SciRes.

a,b,c,0,1eC;

Re(a) > 0,Re(b)>0,Re(c)>0,Re(5)>0

and 7 € N then

[(c+5)*

r()
(

_t)‘mf1 r'(c),R (a,b;c+5;r;/1(x—t)7).

3)
a,b,ceC;

Re(a)>0,Re(b)>0,Re(c) >

and 7 € N then

.thc’l ,R (a, b;c;z; wt” )dt
0

ZC
:?le(a,b;C+l;r;a)zf).

In particular,

J-tc’1 ,F (a,b;c;ot)dt
0

=—,FR(abc+Lwz).

Proof.

I'(c+0)

—_
QD
—

j(x—s)‘s’1 (s—t)",R, (a,b;c;r;ﬂ(s

0

(b+‘rk) (Z

_t)T)

Q.

Q.

Q.

1 c-1 o-1 F(C) N
Ju(-w) [r(b)kz0 T (c+7k)

r(b)(c+ck) KIy

ro) &

=I'(c),R (a,b;c+5;7;2).

C(c+5+7k) k

=F(C){F(c+5) © ((a)kl“(b+rk)

which concludes the proof of (2.2.1). O

u’)k}d
k!
.i((a)kr(bJrrk)l"(c) £ f (l_u)a_ldu]

)

337

ds

2.2)

2.3)

2.4)

u
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2)

(applying the transformation formula u = s—_tj

:ﬁr(cm)j(l_u)g_l 4o (x-t){i(a)k I (b-+ k) 2u™ (x—t)" }du

i T(c+7k) k!

st c+;s>r<c>§<a)kr(b+rk>Mx—t)’ (m)d]

T(b)& T(c+k) k!

=(x-t)"T(c )[ (C+5)i(a2kF(b+fk)/1k(X—t)’ ]

I'(b) & I(c+o+7k) k!

:(X_t)cr(c)le(a,b;C+5;r;/1(x—t)’),
Therefore,
L X ” - v +c— .
lgc(;f)j(x_s)o ‘(s-1) IQRI(a,b;c;r;/l(s—t) )dS:(x_t)5 1r(c)le(a,b;c+5;r;/1(x_t) )

t
Which is the proof of (2.2.2). O
3)

j[t“‘ 2R (ab;ciziet™)dt = jt“ [F(c)
0 0

r(b)& T(c+k)

5 (o) T o) o) ]dtr@)i(a)kr(bwk)ﬁ ewa)

r(b)& T(c+k)

=—:R(abc+lnoz).
¢ () k=0 F(C+1+rk) c 2 l(a c+ ra)z)

C{F(cﬂ)i() (b+rk)( )k}zc
K!

This leads the proof of (2.2.3).
On putting 7 =1, in the above expression immediately leads to (2.2.4). [

Theorem 2.3
If a,b,ceC;Re(a)>0,Re(b)>0,Re(c)>0, then
d " c— c—m— I'(c .
(Ej [z "R (a b;c; 7wz )] 7 ll“(c(—zn) 2Rl(a,b;c—m;r;a)z ) (23.1)
Proof.

7 N\
|
3
1
NO
23
—_—

(a,b;c; ;02 )] (dj L“( )i(a)kl"(b+rk)wk2|:+cl}

dz (b)i= T (c+7k)
_ F(C)i(a)kl"(bJrrk) & (zk+C—1)(zk +C—2)+(rk +c—m) et

R (a.b:c—m:rwz’).
F(b) k=0 lﬂ(C—m+rk) 1(3, ;C m,r,a)z)

{F(c —m) i (a), T (b+7k) (a)zf )k } _ e I'(c)
k! r ?

Copyright © 2013 SciRes. APM
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This establishes (2.3.1).

3. Representation of Wright Type
Hypergeometric Function ,R, (a,b;c;7;2)

in Terms of the Function o Fq

Using the definition

M)«
(o)

(a), T(b+7k) z*

Rl(a,b;c;r;z) F(+ ) o

, and taking

7=0eN we have
R (a,b;c;0;2)

where A(q;b) isaq-tuple E,E, . ,M;
qa q q

A(q;c) isa q_tuple E’C_—H’...’CJ’_—q_l.

qa q q

Convergence criteria for generalized hyperfeometric

function
F al,az,... i( ) (a ) Zk '
P ﬁl’ﬂz’ . IB > k:O(ﬁl) (ﬂq)
1) If p<q, the function ,F, converges for all finite
zZ.
2) If p=q+1, the function ,F
|z|<1 and diverges for |z|>1.
3) If p>q+1, the function ,F,
|z] 0.
4) If p=q+1, the function ,F,
vergent on the circle |Z| =1 if

Re(zq:ﬁj —Zp:aij>0.
=1 -1

converges for
is divergent for

is absolutely con-

4. Mellin-Barnes Integral Representation of
R (a,b;c;7352)

Theorem 4.1 Let
reR, =(0,»);a,b,ceC;Re(a)>0,
Re(b)>0,Re(c)>0.

Copyright © 2013 SciRes.
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Then ,R (a,b;c;z;z)is represented by the Mellin-
Barnes integral
(a b;c;7;2)

(c) 1 .I(s) )T (b—7s) "
2_-[ (c— rs) (-2) ds

4.1.1)

where |arg(z)| < ; the contour of integration beginning
at —ico and ending at +ico, and intended to separate

the poles of the integrand at s=-k, k=0,1,--- to the left
and all the poles at s=n+a, n=0,1,---as well as
s=n+b, n=0,1,---to the right.

T

Proof. We shall use the sum of residues at the poles

s=-k, k=0,1,--- to obtain the integral of (4.1.1).
R (a,b,c,7;2)
_r(e) e (@) T(brek)
r(b)& T(c+zk) k!
_ T(c) &T(a+k)r(b+zk)z*
(b)F(a)kZ:;) T(c+zk) k!
rc) & 1 I(b+7k) )
) (b)F(a)é( ) (1+k)1“(c+rk)r(a+k)(_z)
(4.1.2)
Now,
__T(o) LIF(S)F(a—S)F(b ws)(-2)”
I'(b)T(a) 2mi | I'(c-7s)
_I'(¢) wres (s)F'(a-s)I(b—zs)(-2)
_F(b)r(a)kz(:)s_k[ I'(c-zs) }
__T(d)
I'(b)r(a)
2 (m(s+k) 1 I(b-zs), _
.;)Sli-k( sinms T'(1-5s) (a—s)r C_TS)(_Z) J

(
1 I'(b+7k)
)

(4.1.3)
(4.1.2) and (4.1.3) completes the proof of (4.1.1). O

5. Integral Transforms of 2R1(a,b; c;r;z)

In this section we discussed some useful integral trans-
forms like Euler transforms, Laplace transform, Mellin
transform and Whittaker transform.

Theorem 5.1 (Euler (Beta) transforms).
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J::z“‘] (l—z)ﬂ_1 5
T@U(8) |, (@b lao)
_F(a)r(b)ﬂ{ (c.7).(a+B.0); }
where a,b,c,a, 8,7,0 € C;Re(a) > 0,Re(b) > 0,
Re(c)>0,Re(a)>0,Re(S)>0,Re(7)>0,Re(c) > 0.

Proof.

R, (a,b;c;r; xz")dz
(5.1.1)

2“7 (1- z)ﬂ_1 ,R, (a,b;c;r; xz")dz

S — —

)
I'(a+k)T(b+7k)(a+ok)I(B) x*
) I'(c+7k) I(a+p+ok) k!
K@) |, [@I00) (@) x
) 3“’{ ( ) }

I'(a)r(b) ¢.7),(a+B.0);

This is the proof of (5.1.1). O
Remark: Putting z=1 in(5.1.1), we get

2 (1-z2)" 1(a,b;c;xz“)dz

©r(p) , [(@D).(b1).(a0): x
r<a>r<b>3“'{ (c.1).(a+ f.0): }

Taking =0, a=C and substituting y in place
of the notation f; (5.1.1) reduces to

jfz“(l—z)”' ,R
:ﬂ(c’y)z

Also, considering o=7 and fF=c in (5.1.1), with
replacement of z by (1-z) at ,R, we get

e
:ﬂ((l,C) R

Theorem 5.2 (Laplace transform).

S —

(5.1.2)

(a,b;c;o-; XZ“)dZ
(5.1.3)
R (a,b;c+y;0,x)

1 e x(1-z)
le(a,b,C,T,X(l 2) )dz (5.1.4)

(a,b;a+c;7,x).

Te'sz 1R (a,b;c;r;xz")dz
0

ST, [@D) (o) (@) (5:2.1)
r(a)r(b)” ' (c.0): :

Copyright © 2013 SciRes.
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where a,b,¢,@,7,0 € C;Re(a)>0,Re(b) >0,
Re(c)>0, Re(a) >0,Re(s)>0,Re(z) >0,

Re(0)>0 and |—|<1.
s°

Proof.

J.e’szz‘H ,R (a,b;c;r; xz° )dz

0

¢ | @ (@), DT (b4 k) (27)
:le ’ {Z T(c+7k)T(b) k! Jdl

I(c) &T(a+k)r (b+rk)£ mefszzgkwfl ,
TErO& T k![;[ d]

_ I(c)s™ iF(a+k)1“(b+rk)l“(ak+a)[i)k

r(a)r(b)& I(c+zk)k! 57

) sar(c))ﬂ{(a,l),(b,ﬂ,(a,a); —]

~T(a)r(b (c.0); °

This is the proof of (5.2.1). O
Theorem 5.3 (Mellin transform).

.fts’l ,R (a,b;c; 7 —at)dt
’ (5.3.1)

_T(c)r(s)r(a-s)r(b—zs)
I'(a)r(b)o’T(c—zs)
where a,b,c,7,s € C;Re(a) > 0,Re(b) >0,
Re(c)>0,Re(7)>0,Re(s)>0.
Proof. Putting z=-wt in (4.1.1), we get
R, (a,b;c;7;—ot)

__T() 1 I(s)r(a-
r(b)r(a) 2y

JINCR RO

r(e-rs)

l"(s)l"(a—s)l"(b—rs)
(5.3.2)

_Lg(__E(e)
- 2ni'[{F(b)F(a)

I'(c—1zs)

1
=—| f"(s)t7%ds,
27tij (S) >

.o T(c)r(s)T(a—s)T(b-zs)
where. ()= AT ) (c-9)
Using (1.9), (1.10), and (5.3.2) immediately lead to
(5.3.1). O
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Theorem 5.4 (Whittaker transform).

o 1
It”’leiimwl‘ﬂ ( pt) ,R (a,b;c;r;wﬁ)dt
0

541
where a,b,c,z, p,5, p e C;Re(a)>0,Re(b) >0,
Re(c)>0,Re(7)>0,Re(p)>0,Re(5)>0.

Proof. To obtain Whittaker transform, we use the fol-

lowing integral:

0 t
[e2t"w, , (t)dt
0

1 1
' —+pu+v || ——pu+v
_[2"}(2”]

- r(1-4+v)

b

where Re(vi ,u) > —%.

Substituting pt=Vv on the L.H.S. of (5.4.1), it re-
duces to

I(%)H e%sz‘y (V)R [a,b;C;r; w(%mlpdv
T(c)p” il"(a+k)1“(b+rk)( ® )k

T(c+7k) (p°

5

p

I'(a+k)I(b+7k)
F(C+z’k)

1 1
rl- Sk || - 5k
. (2+,u+p+ j (2 H+p+ ji » k
L(1-A+p+5k) ki p°

(a,l),(b,r)(%iy+p,5j; % .
(c.7)(1-4+p,95);

This completes the proof of (5.4.1).

6. Relationship with Some Known Special
Functions (Fox H-Function, Wright
Hypergeometric Function)

6.1. Relationship with Fox H-Function
Using (4.1.1), we get

Copyright © 2013 SciRes.

,R (a,b;c;7;2)
_ 1 I'(c) jF(S)F(a—S)F(b—rs)
2niT(b)I(a){ I'(c—7s)

r(c) HLZ{_Z|(l—a,l),(l—b,r)}.

(0.1).(1-c.7)

T(b)r(a)
6.2. Relationship with Wright Hypergeometric
Function

(-2)"ds

The Generalized Hypergeometric Function
R (a,b;c;7;2) asin(1.3)is
R (2)=,R (a,b;c;732)
r(e) ¢ (@), T(b+#k) ,

= ; 0, 1.
()& T(ore)kt 207> Ol

(6.2.1)

From (1.11) and (6.2.1) yields

7); z} (6.2.2)

7. Acknowledgements

The authors are thankful to the reviewers for their valu-
able suggestions to improve the quality of paper.

REFERENCES

[1] N. Virchenko, S. L. Kalla and A. Al-Zamel, “Some Re-
sults on a Generalized Hypergeometric Function,” Inte-
gral Transforms and Special Functions, Vol. 12, No. 1,
2001, pp. 89-100. doi:10.1080/10652460108819336

[2] E. D. Rainville, “Special Functions,” The Macmillan
Company, New York, 1960.

[31 A. Erdelyi, et al., “Higher Transcendental Functions,”
McGaw-Hill, New York, 1953-1954.

[4] E. M. Wright, “On the Coefficient of Power Series Hav-
ing Exponential Singularities,” Journal London Mathe-
matical Society, Vol. s1-8, No. 1, 1933, pp. 71-79.
doi:10.1112/jlms/s1-8.1.71

[5] M. Dotsenko, “On Some Applications of Wright’s Hy-
pergeometric Function,” Comptes Rendus de I’Académie
Bulgare des Sciences, Vol. 44, 1991, pp. 13-16.

[6] V.Malovichko, “On a Generalized Hypergeometric Func-
tion and Some Integral Operators,” Mathematical Physics,
Vol. 19, 1976, pp. 99-103.

[7] L. Galue, A. Al-Zamel and S. L. Kalla, “Further Results
on Generalized Hypergeometric Functions,” Applied Ma-
thematics and Computation, Vol. 136, No. 1, 2003, pp.
17-25. doi:10.1016/S0096-3003(02)00014-0

[8] I N. Sneddon, “The Use of Integral Transforms,” Tata
McGraw-Hill Publication Co. Ltd., New Delhi, 1979.

[9] H. M. Srivastava and H. L. Manocha, “A Treatise on

APM



342 S.B.RAO ET AL.

Generating Functions,” John Wiley and Sons/Ellis Hor- H-Function,” Springer, Berlin, 2010.
wood, New York/Chichester, 1984. doi:10.1007/978-1-4419-0916-9

[10] A. M. Mathai, R. K. Saxena and H. J. Haubold, “The

Copyright © 2013 SciRes. APM


http://dx.doi.org/10.1080/10652460108819336

