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ABSTRACT

The objective of this work is to present a boundary integral formulation for the static, linear plane strain problem of
uncoupled magneto-elasticity for an infinite magnetizable cylinder in a transverse magnetic field. This formulation al-
lows to obtain analytical solutions in closed form for problems with relatively simple geometries, in addition to being
particularly well-adapted to numerical approaches for more complicated cases. As an application, the first fundamental

problem of Elasticity for the circular cylinder is investigated.
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1. Introduction

An early version of the present boundary integral for-
mulation was suggested by one of the authors (M.S.
Abou-Dina) for the study of certain problems in the elec-
trodynamics of current sheets [1]. It was later on applied
for the solution of a general problem of nonlinear gravity
wave propagation in water [2]. Due to its efficiency, the
method was used by the authors of the present work to
study the static, plane strain problem of the linear Theory
of Elasticity in stresses for bounded, simply connected
regions [3]. The thermoelastic problem was later on treated
along the same guidelines [4]. Recently, the authors pre-
sented a boundary integral formulation for the static, lin-
ear plane strain problem of uncoupled Thermomagne-
toelasticity for an infinite cylinder carrying a uniform,
axial electric current [S]. A new representation of the me-
chanical displacement vector allowed to obtain the com-
plete solution of the problem.

The proposed method relies exclusively on the use of
boundary integral representations of harmonic functions
and is suitable for both the analytical and the numerical
treatments of the problem. The numerical aspect of the
proposed formulation was carried out by the authors for
pure Elasticity [6]. An implementation of the method for
boundaries with mixed geometries was investigated in [7].

In the present paper, the formulation presented in [5] is
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modified and adapted to fit the case of an infinite cylin-
der of a magnetizable material, subject to an external,
transverse uniform magnetic field. The first and the
second fundamental problems of Elasticity are treated.
An application is given for the first fundamental problem
only for a circular region. This application is meant to
stress the capability of the method to handle cases where
analytical solutions are possible and to provide these
solutions explicitely. The second fundamental problem
may be treated in a similar way.

2. Problem Formulation and Basic
Equations

Let D be a two-dimensional, bounded, simply connected
region representing a normal cross-section of the infinite
cylinder occupied by the elastic medium and let its boun-
dary C have the parametric representation

x=x(s),y=y(s),z=0. €))

Functions Xx(s) and y(s) are assumed continuously
differentiable twice on C.

Here, (X,y,z) denote orthogonal Cartesian coordina-
tes in space with origin O in D and unit vectors i, j,k
respectively. Let S be the arc length as measured on C
in the positive sense associated with D, from a fixed
point Q, to a general boundary point Q and  is the unit
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vector tangent to C at Q in the sense of increase of S.
One has

r=(x(5).9(s))m=(3(5).X(5), @9

where the dot over a symbol denotes differentiation w.r.t.
s. Also,

k=nxrt. (2b)

The unknown functions of the problem are assumed to
depend solely on the two coordinates (X,Y).

2.1. Equations of Magnetoelasticity

The general equations of static, linear Magnetoelasticity
may be found in [5]. In what follows, we shall quote
these equations for non-conducting media, to be used
throughout the text. The condition for the external mag-
netic field is incorporated appropriately.

2.1.1. Equations of Magnetostatics

1) The field equations.

Inside the body and in the absence of volume electric
charges, the field equations of Magnetostatics in non-
conducting media, written in the SI system of units, are:

curlH =0 (3a)
divB =0 (3b)
curlE =0 (3¢)
divD =0, (3d)

where H is the magnetic field vector, B—the magnetic
induction vector, E—the electric field vector and D—the
electric displacement vector.

The magnetic field arises from an external source, in
the form of an initially uniform magnetic field.

The equations of Magnetostatics are complemented by:

2) The electric constitutive relation.

D=¢"¢E, (4a)

where ¢ is electric permitivity of the body, assumed
constant, and ¢ is the electric permittivity of vacuum,
with value

&= LIO_9 F-m".

36m
3) The magnetic constitutive relations.
B = yH 0, j=1,2,3, (4b)

where the indices 1, 2 and 3 refer to the x,y and z-
coordinates respectively and a repeated index denotes
summation. Here, s are the components of the tensor
of the relative magnetic permeability of the body,
assumed to depend linearly on strain according to the law

/uij = luoé‘u +/'l] Ilé‘u +ﬂ2‘9ijai9 J :192333 (4C)
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where 4,44 and u, are constants with obvious phy-
sical meaning, |, is the first invariant of the strain
tensor with components &; and &; denote the Krone-
cker delta symbols. Constant " refers to the magnetic
permeability of vacuum with value

s =10"H-m™.

Expression (4c) may be deduced from general con-
stitutive assumptions, but this will be omitted here. An
electrical analogue for the dielectric tensor components
under isothermal conditions may be found elsewhere [8,
p.- 64 and also 9] .

We shall assume a quadratic dependence of strain on
the magnetic field (magnetostriction). Upon substitution
of (4c) into (4b) one may neglect, as an approximation,
the third and higher degree terms in the magnetic field
compared to the linear term. Therefore,

B =y u,H. 5)

The magnetic vector potential.

In view of the geometry of the problem, the magnetic
vector potential has a single non vanishing component
along the z- axis:

A=A(xy)k.

In view of the property (3b) of the magnetic induction
and taking (5) into account, the magnetic field vector
may be represented in the form

H =

curlA, (6a)

1y
where A is the magnetic vector potential. It is usual,
for the sake of uniqueness of the solution, to impose the
condition

divA = 0. (6b)

Since we are interested solely in plane problems, the
magnetic field lies in the (X,y) -plane and is inde-
pendent in magnitude of the third coordinate z . A
vector potential producing such a field must be of the
form

A=A(X,y)k. (7

This choice identically satisfies condition (6b), which
means that function A still has some indeterminacy. In
fact, it is defined up to an arbitrary additive constant.

Equation (3a) reduces to

oH
—y_ 6H_X =0, 8)
OX oy
from which
AA=0. O]
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at each point of the region D.

In the present quasistatic formulation, in view of the
fact that the electric and magnetic fields are uncoupled,
there are no sources for the electric field. Therefore,

E=E =0, (10)

where (*) refers to free space surrounding the body.
In the free space, the equations of Magnetostatics hold
with g, =¢=1 and g =u, =0. Hence,

AA" =0 (11)

and one uses the following decomposition:
A'=A +A. (12)

Function A’ represents the modification of the mag-
netic vector potential in free space, due to the presence of
the body. This function has a regular behavior at infinity.
It is sufficient for the present purpose that this function

vanish at infinity at least as (X2 +y? )7(“5) with 6>0.

Function A, accounts for the unperturbed, original
constant magnetic field. If the intensity of this initial
field is H, and its direction is inclined at an angle o
to the X -axis, then

A, =u"H,(ycosa—xsina). (13)

The separation of the expression for A" into two
parts as in (12) is of capital importance for the numerical
treatment of the problem.

The equations of Magnetostatics are complemented by
the following magnetic boundary conditions:

a) The continuity of the normal component of the
magnetic induction. This reduces to the condition of con-
tinuity of the vector potential, i.e.

A-A =A =G,,sayonC. (14)

b) The continuity of the tangential component of the

magnetic field (in the absence of surface electric currents).

This implies

L%_%zﬁzez,sayonC. (15)
M, 0N on on

These conditions, together with the vanishing con-
dition at infinity of A, are sufficient for the complete
determination of the two harmonic functions A and A’ .

The magnetic field components are expressed as

H - 1 oA 1 oA
" Kty O My OX ,

1 oA 1 oA

Wy Xy Oy

H, =-
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where A® denote the harmonic conjugate to A. It follows

from (16) that the function

A° plays the role of a
H Hy

scalar magnetic potential. Thus, one may invariably
proceed with the problem formulation using either the
magnetic scalar or the magnetic vector potential. We
shall use the latter.

The solution of the electromagnetic problem thus
reduces to the determination of two harmonic functions A,
A, subject to the boundary conditions (14) and (15).

2.1.2. Equations of Elasticity

1) Equations of equilibrium.

In the absence of body forces of non-electromagnetic
origin, the equations of mechanical equilibrium in the
plane read

V0, =0,0,j=12, (17)

where oy are the components of the “total” stress ten-
sor and V;denotes covariant differentiation. It is worth
noting here that the total stress tensor is sometimes
decomposed into two parts: mechanical and electro-
magnetic [10], in which case the boundary conditions
may take different forms.

It is well-known that Equation (17) is satisfied if the
only identically non-vanishing stress components o,,,
o, and o, are defined through the stress function U

vy
by the relations

o’U o°U o’U
Oy = Y Oy = e O .

(18)

2) The constitutive relations.

The generalized Hooke’s law may be derived con-
sistently for an appropriate form of the free energy of the
medium, using the general principles of Continuum Me-
chanics. It reads [8, see also 9 for the electric analogue]

o = vE 1,6, + E &
T (v)(1-2v) T (1)

1 1 (19)
+p’ (ﬂo —EMJHiHj —H (o 1) HEG,

where H? =H,H, is the squared magnitude of the mag-
netic field. In components, Equation (19) gives

vE {6u av}
e ————— _+_

T T wv)(1-2v) oy
E au 1
A (- -1, )H? (20
(1+V)ax+2ﬂ(ﬂo w—)HY  (20a)
1 *
—oH (1 +1,)Hy,
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o.., =

Y (1+v)(1-2v)

+_
ox oy

(1+v) oy

1 *
S H (w4 + 1, ) Hy (20b)

vE {au av} E ov
+

1 *
toH (o =14 — 11, HY,

E ou  ov . 1
O-xy_2(1+v)|:ay+ax:|+/u (ﬂo ZlulexHy’ (20C)
where E,v are Young’s modulus and Poisson’s ratio
respectively for the considered elastic medium.

3) The kinematical relations.

These are the relations between the strain tensor com-
ponents &; and the displacement vector components
u, .

1 .
gij :E(Viuj+vjui)al$J:1:2 (213)
or, in Cartesian components
a_ W,
ax XX 2 ay yy?
(21b)

1{ou ov
—|—+—|=¢,,
2l oy ox Y
where U and v stand for u, and u, respectively.
4) The compatibility condition.
The condition of solvability of Equation (21b) for
u and v for given R.H.S. is
2 e e
Obn (o 50 % (22)
oy OX OXoy

These equations are complemented with the proper
boundary conditions, to be discussed in detail in subse-
quent sections.

Equation for the stress function

An equation for the stress function may be obtained
from the general field equations written in covariant form
[11]. For the present purposes, however, we prefer to
derive this equation for the special, two-dimensional
problem under consideration. Solving (20) for the strain
components and using (18), one obtains

€, 2k
1+v * 1+v ox
U dU
ayz _5X2

+(1—2v),u*(%yl+,u2jH2

+ﬂ*(/¢o—%#1j(H§_Hx2),

=(1-2v)AU +

(23a)
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2E 2E ov
—c = _
I+v ¥ 1+voy
2 2
=(1—zv)AU+88Lj—6‘j
1X % (23b)
+(1—2v),u*(z,u]+,u2jH2
* 1 2 2
+u :uo_Elul (Hx_Hy)
and
E E 1{ou ov
1+Vgxy51+v5 EJF&
U | (23¢)
== -u ——u |H H,.
oxdy ﬂ[ﬂo Zﬂlj xly

Substituting from (23) into (22) and performing some
transformations using the equations of Magnetostatics
and (3), one finally arrives at the following inhomo-
geneous biharmonic equation for the stress function U :

1-2v (1
AZU:—z(l_V)y [EleryszHz. (24)

The solution of (24) is sought in the form
U=x®+yd+¥+U , (25)

where @ and ¥ are harmonic functions belonging to
the class of functions C*(D)NC' ( 5), D denotes the
closure of D and superscript “C” denotes the harmonic
conjugate. Function U, is any particular solution of the
equation

1-2v (1 2
U =- — i+ H-. 26
p 2(1_1/)/1 (2/11 /uzj (26)
and may be expressed in the form of Newton’s potential
after the function H® on the R.H.S. has been deter-
mined.
It follows from (25) that
oD oD°

AU =4=—+1 AU, =4
OX

+AU,. 7)

Using Equations (25) and (27), Equations (23a,b) may
be cast in the form

E ou o*U oD E
—_— 1-v)—+— 28a
l+vox  ox2 ( )ax l+v " (282)
and
2| c
BN UL B oy
1+v oy oy oy l+v
where
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_11+V * 1 2 2
M, =5 # (ﬂO_EyIJ(Hy_Hx) (292)
and
RS 1 .
Su=5— # (uo—gulj(Hx ~H;).  (29b)

Function A° is defined up to an additive arbitrary
constant, which may be determined by fixing the value of
the function at an arbitrarily chosen point of D .

Introducing two new functions

I+v . 1
ANy, - H (:UO_E:UI)HXHy (30a)

and

I+v 1
Ru=——fg# (#O—EM)HXHW (30b)
it can be easily verified using the equations of Magne-

tostatics that

oM, _ ON,, (3la)
oy OX
and
Ry = 05y . (31b)
oy OX

Equations (31), imply the existence of two single-
valued functions u, and v, in D such that

My g, Mo, (32a)
OX oy
and
0 0
Mg, Tus,. (32b)
OX oy
with these notations, equations (28a,b) take the form
2
0
i@_u:_aLzJ +4(1_V)62+ii (33a)
1+v Ox OX oX l+v ox
and
2 c
BN Y412 B M (a3
1+v oy oy oy l+v oy

It is to be noted that the addition of a constant to the
function A° amounts to adding linear terms in y to u,,
and linear terms in X to V,; , which do not alter (33a,b).

A representation for the mechanical displacement
vector components

Differentiating (33a) w.r.t. y and integrating the result-
ing equation w.r.t. X after using (31a) and (32a), one gets
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2
E au__0U 4,2
1+v oy oxoy oy (342)
E ouy
—— 4 1f(y),
1+v oy

where f(y) isan arbitrary function ofy.
A similar procedure with (33b), using (31b) and (32b),
yields

Eow__ou
1+v oXx oxoy (34b)
oD° E ov
+4(1- +——— +9g(x),
=)o o 790

where ¢ (X) is an arbitrary function of X.
Substituting from (34a,b) into (23c), we find that this
equation is identically satisfied if and only if

f(y)+g(x)=0,

from which it follows that both functions are constants
and therefore may be eliminated since their contribution
represents a rigid body displacement. A similar argument
holds for any constant added to the expression for A°.
For the following procedure, it will be assumed that each
one of these two functions has been completely deter-
mined by assigning to it a given value at some arbitrarily
chosen pointin D .

From (33a) and (34a) once, then from (33b) and (34b),
by line integrations along any path inside the region D
joining an arbitrary chosen fixed point M, (which may
be arbitrarily chosen in D) to a general field point M,
one obtains

E ou E
—U=——+4(1-v)D+——u,,, 35a
1+v OX ( ) 1+v (352)
and
iv=—£+4(l—v)®°+ivm (35b)
I+v oy 1+v
where
M
Uy = [ (Mydx+N,dy) (35¢)
Mo
and
M
Vy = [ (Rydx+S,dy), (35d)

Mo

the integration constants being absorbed into functions
@ and ®° which are yet to be determined.

The mechanical displacement components U and Vv
given by expressions (35a,b) are single-valued functions
in D, since the line integrals in (35c,d) are path inde-
pendent due to relations (32a,b).
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3. Boundary Integral Representation of the
Solution

The problem now reduces to the determination of seven
harmonic functions: A A°,A’,0,0°,¥ and ¥° (al-
though the conjugate function W° does not appear in
the expressions given above for the stress and dis-
placement functions, it will be required for the sub-
sequent analysis within the proposed boundary integral
method).

We use the well-known integral representation of a
harmonic function f at a general field point (X,y)
inside the region D in terms of the boundary values of the
function and its harmonic conjugate (after integrating by
parts and rearranging) as

f(xy)
36
L [f(s’)ilnR-i-fC(S’)ilnR:|dS', (362)
on' os'

2m ¢
or, in the equivalent form

f(xy)
1 0

:__[f()571R—5—f()mR}BQ

2m ¢

(36b)

where R is the distance between the field point (X, )
in D and the current integration point (x',y") on C.
The harmonic conjugate of (36b) is

a ’ ’
(x,y) :—45[ a—n—a—nf(s)(a}ds, (36¢)
where
®=tan‘1—y_y(s )
x—x(s")

The representation of the conjugate function is given
by

fe(x,y)
1 0 0

- L PC@java—f@ja;mR

2m ¢,

}ds" (372)

or, in the equivalent form

fe(xy)
1 Cc ! a _i C ! ’
- L [f () R an,f(s)h1R}ds,

2m ¢

(37b)

when point (X,y) tends to a boundary point, relations
(36a) and (36b) are respectively replaced by

f(s) =—<]5[f (s’)%ln R+ f° (s’)%ln R}ds’, (38a)
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1 0 0

f@)z—@[f()57lR—6n

¢

f(s')In R}ds’, (38b)

If a function g(x,y) is defined in the outer region
c ( D) , 1s harmonic in this region and vanishes at infinity

—(1+5)

at least as (X2 + yz) with & >0, it can be shown

that the integral representation (36b) is replaced by

f(xy)
1 0 . (399
__%c|:g( )%1 R——g( )lnR}ds,

it being understood that the boundary values g(s’) and
%g(s’) under the integral sign on the R.H.S. are
n

calculated at a point with parameter s’ on the outer side
of C.
When the point (X,y) tends to a boundary point with

parameter S, then (39a) is replaced by the integral re-

lation
:__¢[

3.1. Solution for the Magnetic Vector Potential

As noted above, each of the two functions A° and A
is defined up to an arbitrary constant, to be fixed by
assigning a given value to the function at an arbitrarily
chosen point in its domain of definition.

In order to obtain the boundary values of the two
harmonic functions A and A, write down equation (38b)

R——g( ") R}ds’. (39b)

for LA(s) and equation (39b) for A’(s) then use
Hy

the boundary conditions (14) and (15) to finally get the

following integral equation for A(s):

A(s)+/10§> A(s’)%ln Rds'=G(s),  (40)
where
PR (41a)
wl+ u,
and

G(s)
1A gS{G, (s’)%ln R-G,(s')In R}ds'.

Tl ¢

(41b)

Equation (40) is the canonical form of the well-known
linear Fredholm integral equation of the second kind for
the determination of the boundary values of A(S) .
Having solved this integral equation, the boundary values
of A’(s) may then be obtained from (25a). Also, using
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(40) and its solution, Equation (38b) written for A(s)
is reduced to the following Fredholm integral equation of
the first kind for the normal derivative of this function:

@%A(s')m Rds' = %G (S)—[%Jr EJ Als), (42)

0

the solution of which allows to determine %A{‘ on the

boundary using the boundary condition (15). Thus, the
boundary values of A and A, as well as of their normal
derivatives, may be determined.

Finally, Equations (36b) and (39a) yield the values of
the magnetic vector potential everywhere in space, while
Equation (36¢) gives the harmonic conjugate A° in the
body.

3.2. Solution for the Stress and Displacement
Components

Having obtained the solution for the magnetic field
everywhere in space and in the region D occupied by the
material, we now turn to solve the mechanical problem
for the stress and the displacement components in D .
The stresses are given through the stress function U
from relations (20a,b,c), and these may be rewritten
using expression (25) in terms of the harmonic functions
®,0°,¥ and the particular solution U , in the form

2 c 2 &C 2 (32U
O-xxzxzy?+26§; +y66;12 +68y\f+ Gzp, (43a)
Yy
O o P W U,
Oy =X Ve +2§+y pve + Ve + PV (43b)
2 2 xcC 2 82U
__XadJ GCD_@‘P_ P 30)

Oy -y 5
Y OX0y ~ OX0y Oxoy  oxoy

from which, using (21), one obtains

ob  1-2v 1
o,+o, =4—— =+ H2. (44
XX W ox 2(1_‘/)# [2/‘1 /sz (44)

Thus, once the magnetic field has been uniquely deter-
oD°

. . [} .
mined, the derivative a@—(: ] must be a uni-val-
X

ued function.
The mechanical displacement components are given

from relations (35a,b), which may rewritten using (25) in
terms of the harmonic functions ®,®° and ¥ as

iu :(3—4v)d>—xai)

1+v OX (452)
0P oY oY, E

- -— + Uy

oX  OX oX 1+v

Copyright © 2013 SciRes.

and

iv:(3—4v)¢>°—xa£
1+v 45b)
0P oY dU, . E (
y oy oy oy l+v
In view of the integral representations (37a,b) and
expressions (43) and (45), it is sufficient for the solution
of the mechanical problem to determine the boundary
values of the harmonic functions ®,®°,¥ and ¥°.
This requires four independent relations in these un-
knowns, two of which are obtained from relation (38a)
written for ® and ¥ and the remaining two from the
boundary conditions. As a matter of fact, other con-
ditions will still be required to eliminate the possible
rigid body motion. Following [5], we formulate the
conditions for the two following fundamental problems:
The first fundamental problem, where the stresses are
specified on the boundary, and the second fundamental
problem, where the displacements are specified on the

boundary.

V.

4. Conditions for the Uniqueness of the
Solution

4.1. Conditions for Eliminating the Rigid Body
Translation

Following [5],

(3-4)0(0.0)- 2 (0,0)- 2

(0,0)
ox (462)

Jr%[uT (0,0)+u, (0,0)]=0
and
(3—4v)@°(0,0)
oY ou,

oy (60)-—5,7(0.0)

+%|:VT (0,0)+v, (0,0)]=0.

(46b)

In terms of the boundary values of the unknown har-
monic functions, condition (46) becomes

@{(3—4v)[q>(s')%1n R+ () in RO}

pe (s’)% Xész’)}}ds' (47a)

0 X(s),

J{‘P(s’)% 2
0

- znr;(p (o,o)—%[uT (0,0)+u, (o,o)]}

and
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(i){(3—4v){d)°(s’)%lnRo+<D(s')%lnR0}
J{\I’(s’)% yl(;')+LP°(5')i y(s’)}}ds’ (47b)

os' R}
_ aUp E
_27{ P (0,0)—m[vT (0,0)+v, (o,o)]}

where
R = {[x(s)T +[y()F ]

4.2. Conditions for Eliminating the Rigid Body
Rotation

This condition, like the first two, is applied only for the
first fundamental problem. We shall require that

ou ov
5(0,0)—&(0,0) =0,
or, using (45),
4(1-v)22(0,0) - «ET¢ (0,0)
| E 2 (48)

LB,

-R,)=0,
21+v ")

which may be written in terms of the boundary values of
the unknown harmonic functions as

~ N0 V() aepen @ V()| o
4(1 v)ﬂcb(s)—én, R +® (S)_as’ = ds o)
nE
=15y (N Ru)

4.3. Additional Simplifying Conditions

We shall require the following supplementary conditions
to be satisfied at the point Q,(s=0) of the boundary,
in order to determine the totality of the arbitrary
integration constants appearing throughout the solution
process. These additional conditions have no physical
implications on the solution of the problem. For details
concerning these additional conditions, the reader is
kindly referred to [3].

1) The vanishing of the function U and its first order
partial derivatives at Q,

u=M_Y_, (50a)
ox oy
or, equivalently,
u=-H_ Y, (50b)
os on
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which, in terms of the boundary values of the unknown
harmonic functions, give

x(0)®(0)+y(0)@°(0)+¥(0)+U,(a,0)=0 (5la)

x(0)®(0)+y(0)D°(0)+¥(0)
+>'<(0)c1>(0)+y(o)c1>°(0)+a:Sp (a,0)=0 1)

and

x(0)@* (0)-y(0)®(0)

+¥°(0)+y(0)®(0) (51c)
#x(0) 0 (0)+ 22 (2,0)=0

2) The vanishing of the combination

x(0)®°(0)-y(0)®(0)+¥°(0)=0.  (51d)

This last additional condition amounts to determining
the value of W° at Q, and is chosen for the uniformity
of presentation as in [5].

Let us finally turn to the boundary conditions related
to the equations of Elasticity. For this, we consider
separately two fundamental boundary-value problems.

4.3.1. The First Fundamental Problem
In this problem, we are given the force distribution on the
boundary C of the domain D. Let

f=fi+fj="fz+fn
denote the external force per unit length of the boundary.

Then, at a general boundary point Q the stress vector is
taken to satisfy the condition of continuity

o,=f
or, in components
oun, to,n, =f ando,n +o,.n =1. (52)
The force f is divided into two parts:

f:fex"'fH’ (53)

where f,, is the force of non electromagnetic origin
and f,, is the force due to the action of the magnetic
field, per unit length of the boundary. The second force
may be expressed in terms of the Maxwellian stress
tensor ¢ as

fu=0'n, (54)
with

o; :,u*[Hi*H}‘—%H*z&ijj. (55)

Substituting for o,,,0,, and o, in terms of the
stress function U and for n, and n, and taking con-
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ditions (5 1) into account, the last two relations yield

j f, (s Y (s),say (56a)

and

j;fx ( ) say

Using expressions (56), one may easily obtain the tan-
gential and normal derivatives of the stress function U
at the boundary point Q.

F(s)==x(s)Y () ¥(s) X (s),
ouU

Sy (8)=3(s)Y (s)=X(s) X (s).
or, in terms of the unknown harmonic functions
X(s)®(s)+y(s)d°(s)+¥(s)

+X(3)®(5)+¥(s)@° (s)
==X(s)Y(s)+y(s)X(s)- ae (s)

0s

(56b)

(58a)

and
X(s)D°(s)+y(s)d(s)+¥(s)
+Y(s)@(s)+X(s)@°(s)
=—y(s)Y (5)-X(5) X (5) - a:n" (s)

Equations (58), together with relation (38) written for
®(s) and W¥(s):

N cron O '
d)(s)zzgj{(b(s )%lnR+® (s )gln R}ds (59a)

(58b)

1 N O crn O ,
¥(s) nf[%(s)aanR+xy(s)aylnR}ds,(sm@
form a set of four integro-differential relations, the solu-
tion of which under the set of conditions (47), (48) and
(51) provides the boundary values of the unknown har-
monic functions ® and ¥ and their harmonic con-
jugates. The full determination of these functions inside
the domain D (and hence of the biharmonic part of the
stress function U) is then achieved by substitution into
the Equation (37) written for @ and Y. The stress
function U is finally obtained by adding up the particular
integral U, .

4.3.2. The Second Fundamental Problem

In this problem, we are given the displacement vector on
the boundary C of the domain D . Let this vector be
denoted

Copyright © 2013 SciRes.

d=d,i+d j=dr+dn.

Multiplying the restriction of expression (45a) to the
boundary C by X(s) and that of expression (45b) by
y(s) and adding, one gets

(3-4v)(X(s)®(s)+y(s)®"(s))
~X(s)®(s)-y(s) D (s)-¥(s)

ou E

=—2(8)+ 1 (X(5)d.(5) + ¥ (5)d, (5)
E Uy (8)+Y(5)vy ()]

—— X(S
I+v ( )

Similarly, if one multiplies the restriction of expre-
ssion (45a) to the boundary C by y(s) and that of
expression (45b) by X(s) and subtracting, one obtains

(3=4v)(y(s)®(s)+X(s)@"(s))
X(5)0 (5)-y(5)(5) - (5

:5Up@)+—E_Ry@)¢(g+x@)%(gﬂ.

on 1+v

(60b)

These last two relations may be conveniently rewritten
as

(3—4v)(>‘((s)¢>(s)+ y(s)¢>°(s))
~x(s)®(s)-y(s)®" (s) - (s)
e (5)4ETa, ()~ (a7 (5)+a" (5))]

as( 1

(61a)

+

14

and

J(5)®(s)+X(s) 0% ())
(5)- y(s)b(s)~¥* (s)
<>+i[dn<> 47 (s)].

I+v

where d (s) and d' (s) are the tangential and nor-
mal components respectively, calculated at boundary
points, of the vector, the Cartesian components of which
are Uy (x,y) and v, (X,y) given by equations (35c,d).

Equations (60a,b) (or (61a,b)), together with (59a,b)
form the required set of simultaneous integro-differential
equations for the determination of the boundary values of
the unknown harmonic functions @ and ¥ and their
harmonic conjugates. The full solution of the problem
proceeds as for the first fundamental problem.

(3—-4v) (
C

()

(61b)

4.4, Practical Use of the Method

In practice, if the form of the boundary is simple enough
(e.g. the circle or the ellipse), one may attempt to find
analytical forms for the solution as shown below in the
application. However, for more complicated boundaries,
one has to recur to numerical approaches. In this case,
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the differential and integral operators appearing in the
equations are to be discretized as usual and the problem
of determination of the boundary values of the unknown
functions reduces to finding the solution of a linear
system of algebraic equations. The full solution inside
D is then obtained by numerical integration of boun-
dary integrals of the type (36) [cf. 6,7].

In a later stage, if it is required to determine boundary
values of some unknown functions (for example, the
boundary displacement for the first fundamental problem
or the boundary stresses for the second fundamental
problem), this may be achieved at once if the solution is
obtained analytically as in the worked examples. Other-
wise, if a numerical approach is adopted, the calculation
may proceed by calculating the first and the second
derivatives w.r.t. X and y of the required functions
on the boundary in terms of derivatives taken along the
boundary and then substituting these into the proper
expressions (for example, expressions (43) for the
stresses and (45) for the displacements).

5. The Circular Cylinder

As an illustration of the proposed scheme, we present
here below the solution of a problem which can be
handled analytically, namely the infinite, non-conducting,
circular elastic cylinder placed in a transverse constant
external magnetic field.

Let the normal cross-section of the cylinder be
bounded by a circle of radius @ centered at the origin of
coordinates, with parametric equations

x(s)=acos®,y(s)=asinf,-n<O<m,

where 0(: EJ is the polar angle in the associated
a

polar system of coordinates (r,6).

Let a circular cylinder of a weak electric conducting,
magnetizable material be placed in an external, tran-
sversal constant magnetic field H,, which we take
along the X -axis.

5.1. Solution for the Equations of Magnetostatics

The solution for the magnetic vector potential component
is obtained following steps similar to those of the pre-
ceding section in the form:

A=2u"H,a—t0 Lsin@, (62a)
1+ 4, a
* * 1_ a . * .
A =-u Hoa1 o —sin@+ 4 Hyrsind,  (62b)
Ho

where H, is the intensity of the applied magnetic field.
The linear part in r in the expression for A” is just the
function A, in the general formulation of the problem.

Copyright © 2013 SciRes.

Choosing A° to vanish at the origin, one gets

r
—cosé.
I+, a

A°=-24'H,a (62¢)

The corresponding magnetic field components are

L -2 H =0 (63a)
H, 1+,
1
HLH: = li(ij cos 20,
+
0 Hy / (63b)
1-
LH; = #o (—j sin 26
H, L+ p,
or, related to the system of polar coordinates
LHr __2 cosH,LH(s,:—LsinQ, (64a)
H, 1+ p, H, 1+
1 1- aY
—H =1t (—) cosd,  (64b)
H, I+ \ ¥
* 1_/10 a ’ H
—H, =—|1+——=| —| [sin@ (64c)
0 I+ u \ 1
Also
H2
u:':—z”—vy*(yo—lylj—"zrcosze, (65a)
E 2 (1"'/10)
. Ho .
ulf =21+V,u (ﬂo —l,ulj—OQI’stH (65b)
E 2 (1"‘#0)

The boundary values of the magnetic field outside the
body are used to calculate the Maxwellian stress tensor
components for the formulation of the boundary con-
ditions of elasticity. One obtains

. 4H;
o, = _—02[(1—;15)—(1+y§)c0526],

(1+ﬂ0)

2 H;
G, = ism 26.

(1+/“0)

(662)
(66b)

5.2. The Elastic Solution

Turning now to the determination of the stresses and
displacements, one has

1-2v (1 2y,E
AUp =_—(_,U1 +/“2J o 7
1—V 2 (1.‘,—/10)

where we have introduced the dimensionless parameter
* 2
7/ = &

" E

>
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from which one obtains
2
Up =D (—j , (67)

with

1-2v (1 7,Ea’
D=——— " |2 o=
1 2(1_‘/)(2/114_#2}(

The restrictions of the functions ® and ¥ and of
their harmonic conjugates to the boundary are expressed
as general Fourier expansions in the polar angle 6 of
the system of polar coordinates (r,6’). For the case
under consideration:

®(a,0)=a,+a, cosf+a, cos26 +a, cos 36,
®°(a,0) =h, +a,sinf+a, sin 26 + a, sin 30

and
¥ (a,0)=c,+c, cosd+c, cos 26,
¥ (a,0)=d, +c sin@+c, sin 26.
Inside the body:
®(r,0)=a,+a [gjcosﬁ
+a, (sz cos260 +a, (LT cos 30,
a a
®°(r,0)=b, +a, stine
r : r ’
+a, (gj sin26 +a, (g) sin 30
and

2
¥(r,0)=c,+c (é)c056’+ c, (é) cos 26,

2
¥ (r,0)=d, +c, (ij sinf+c, (Lj sin 26.
a a
The stress function U
U(r,0)

=c, +(aa, +Cl)(£jcose+abo (é]sin@

Y ) (68)
+C,| — | cos28+aa,| — | cosd
a a
2

4
+aa, (éj cos20+(aa, + Dl)(gj :

The four simplifying conditions taken at the point
(a,0) yield

inside the domain D is then

Copyright © 2013 SciRes.

¢, +(aa, +¢ )+c, +aa, +aa, +aa +D, =0,
(aa, +¢,)+2c, +3aa, +4aa, +2(aa, +D,) =0,
b, =d, =0.
Of the two conditions expressing the suppression of

the rigid body translation, one is identically satisfied,
while the other gives

(3-4v)aa, —c, =0.

The suppression of the rigid body rotation is iden-
tically satisfied.

There remains now the boundary conditions to be
satisfied, which may be simply written as the conditions
of continuity of the two stress components o,, and o,,
related to the system of polar coordinates (r,6):

* d *
o,=0,ando,,=0,atr=a.

The stress components o,,,0,, and o, may be
calculated from U in the polar system of coordinates as
follows:

’ D
10U Lz g oA b
r- oo a a

a,(r 2c
+—(—j cos @ ——%cos 20,
a \a a

o __i[lﬂ}
Y orlrod

and

o*U a D
o= r=2{ 3

2c 12a,(rY
+—2¢0s20 +— (—j cos 26.
a a a

The first of the elastic boundary conditions then gives

1 . 1- D
a =——uHa—£0_=1 g =
2 I+u, a
and
1. 1+ 1]
= Hgaz ,uoz’
2 (1+ 2ty

while the second one yields

. C
a3 :_llu Hga¢__2—l

2
1-
5 = ,u*Hga{—'uo}.
3 (1+y0) 3a 6 1+ 4,
Finally,
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1, 1 2+42u,— 1]
8= cu'Hia Tt
6 1-v (]+lu0)
1 02 3=4v 242 — 1]
C=—uH, 2
6 1-v (1+,u0)
and
1+2u, — 12
00:—%;1*H§a2—+ ot
(1+ﬂo)

E

(1+y0)2 (l—i-,u0

Finally, the mechanical displacement components are

u—rzw{<1+,u§)—§v(l—yo)z G]Z}(i)cosze—(nv) M(p;ﬁ - 2u,) (é}%uf‘

a (1+,uo)2 a

and

UZH . _ﬁ{(nﬂg)—(l—%vj(l—%)z (éﬂ(éjsinzméu;.

It is worth noting here that the material constants g,
and g, appear only in the expression for the radial
displacement. A measurement of this displacement at the
surface of the cylinder provides the numerical value of
the combination (z +2x,) . The solution for the ellip-
tical boundary could provide two different relations for
the determination of both ; and u,.

6. Conclusion

The plane problem of linear, uncoupled Magnetoelas-
ticity for the case of an external, transversal magnetic
field in the absence of current has been tackled using a
boundary integral formulation developed earlier by the
authors and tested in the simpler cases of pure elasticity,
uncoupled thermoelasticity and magneto-thermoelasticity
in the presence of axial current. The presented theory and
the application concerning the circular boundary clearly
point out at the efficiency of the method in providing
analytical solutions whenever this is possible.
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