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ABSTRACT

Let G be a finite nilpotent group of odd order and S be a subset of G\ {0} . We say that S is complete if every

element of G can be represented as a sum of different elements of S and incomplete otherwise. In this paper, we

obtain the characterization of large incomplete sets.
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1. Introduction

Let G be a finite additively written group (not neces-
sarily commutative). Let S={a,--,a be a subset of
G\{0}. Define X(S)={g +--+4 [i,,-i, are dis-
tinct 1<1 <k }. For technical reasons we define
2,(S)=2(S)U{0}. We call S an additive basis of
Gif £(S)=G. The critical number cr(G) of Gis
the smallest integer t such that every subset S of
G\{0} with |§/>t forms an additive basis of G.
cr(G) was first introduced and studied by Erdds and
Heilbronn in 1964 [1] for G=Z, where p is a prime.
This parameter has been studied for a long time and its
exact value is known for a large number of groups (see
[2-10]).

Following Erdés [1], we say that Sis complete
if=(S) =G and incomplete otherwise.

In this paper, we would like to study the following
question: What is the structure of a relatively large in-
complete set? Technically speaking, we would like to
have a characterization for incomplete sets of relatively
large size. Such a characterization has been obtained re-
cently for finite abelian groups (see [11-13]). In this pa-
per, we shall prove the following result.

Theorem 1.1. LetGbe a finite nilpotent group with
order n=ph, where p>5 is the smallest prime di-
viding n. Also assume that h is composite and
h>7p+3. Let Sbe a subset of G\{0} such that
|S=h+p-3. If S is incomplete, then there exist a
subgroup H oforder h and g¢H such that
(H\{0})c Sand ScHU(g+H)U(-g+H).
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2. Notations and Tools

If S be a subset of the group G, we shall denote by
|S| the cardinality of S, by <S> the subgroup gener-
ated by S. If A,---,A, are subsets of G, let
A +---+A, denote the set of all sums g +---+a,,
where & € A. Recall the following well known result
obtained by Cauchy and Davenport.

Lemma 2.1. Let p be a prime number. Let X and
Y be non-empty subsets of Z . Then

|X +Y|=min{ p,|X|+]Y|-1}.

We also use the following well known result.
Lemma 2.2 [14]. Let G be a finite group. Let X
and Y besubsets of G suchthat X+Y #G. Then

IX|+]v|<|q].

Lemma2.3[3]. Let G be a cyclic group of order pq,
where p,q are primes. Then

p+q-2<cr(G)< p+q-1.

Lemma 2.4 [8]. Let G be a non-abelian group of
order pg=>10, where p,q are distinct primes. Then
cr(G)=p+q-2.

Lemma 2.5 [10]. Let G be a finite nilpotent group
of odd order and let p be the smallest prime dividing
|G|. If |G| p isacomposite number then
cr(G)=|G|/p+p-2.

Lemma 2.6. Let G be a finite nilpotent group of odd
order and let pbe the smallest prime dividing |G| If
|9 =|G|/p+p-1 then Z(S)=G.

Proof. Obviously, this follows from Lemmas 2.3-2.5.
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Lemma 2.7 [15]. Let S be a subset of a finite group
G ofordern.If |S| >3Jn then Oe 2(S).
Lemma2.8[16]. Let G be a noncyclic group. Let S
be a subset G\ {0}. Then |20 (S)| >min {|G|-1,2|]}.
Let Bc G and XeG. Asusual, we write

A (X) = |( B+x)\ B|. We have the following result ob-

tained by Olson.
Lemma 2.9 [5]. Let Sbe a nonempty subset of
G\{0} and yeS Let B=X(S). Then

|20(S)| 2|20(S\ y)|+/15(y).

We shall also use the following result of Olson.

Lemma 2.10. Let G be a finite group and let Sbe a
generating subset of G such that 0¢ S. Let B be a sub-
set of G such that |B| S|G|/2. Then there is X € S such
that

~(|B|+1 |SU-Y/+2
iB(X)Zmln[||2 ,| 4| j

This result follows by applying Lemma 3.1 of [15] to
SU-S Let X be a subset of G with cardinality k. Let
{X,,%} be an ordering of X. For 0<i<k, set
X, ={x;|1<j<i} and B =%,(X).

The ordering {X,---,%} is called a resolving se-
quenceof X f, foreach i=1,---,k,

A (%) =max { g (x, 1< j <i}.

The critical index of the resolving sequence is the
largestt € [1,k+1] such that X,_, generates a proper sub-
group of G. Clearly, every nonempty subsets Shas a
resolving sequence.

We need the following basic property of resolving se-
quence which is implicit in [5].

Lemma 2.11. Let X be a generating subset of a finite
group G such that

XN-X=@ and 2[5,(X)|<[G].
Let the ordering{X,:,X} be a resolving sequence

of X with critical index t. Then, there is a subset
V < X such that|V|=t-1,(V) =G and

|zo<x>|z4|V|+<IXI+M+5><LX|—M—1>—;

Proof. This is essentially formula (4) of [5]. By Lem-
ma 2.9 we have

[0 (X)[> 2, %)+ + g, (%) +[B]
By Lemma 2.10 we have A, (X)Z{%—l for each

i >t. On the other hand, by Lemma 2.8 we have
|B|=2(t—1). By the definition of t, we have

|B|>|B|+|% +B_|=2|B|>4(t-1). By taking
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V = X,,, we have the claimed inequality.

Lemma 2.12. Let G be a finite group with order
n=ph, where p>5 is the smallest prime dividing n
and h>7p+3. Let S be a subset of G\{0} such
that |[S|=h+p-3 and £(S)#G. Then there exists a
set X S such that |X| :(|S|—1)/2, XN-X= and

2|20(X)|+|S|T_1+1sn.

Proof. Since h>7p+3 and p is the smallest
prime dividing n,we have |S|2 >9ph. By Lemma 2.7,
(S)==,(S).

Clearly, we may partition S=U UV
U|=]V|]-1 and UN-U =VN-V=0.

We consider two cases.

Case 1. |Z(V)| Sg.

such that

SetC=3,(V). By Lemma 2.10, there isy eV such
that

-1
It follows [Z, (V)] 2|z, (V \{y})|+%+l by

Lemma 2.9.
Since G#%,(S)2%,(U)+Z,(V)
Lemma 2.2,

we have, by

|20(U)|+|20(V\{Y})|+|S|T_l+lgn.

Case 2. |20 (V)| >g .

By Lemma 2.2, |20(U)|£g. Put E=3,(U). By
Lemma 2.10, there is y €V, such that
/1E(y)2|s|4 L.
Therefore,
=, (U U{y})|2|20(U)|+/1E(y)2+1+|S|T_1.

By Lemma 2.2,
G#3,(S) 2%, (UU{y})+Z,(V\{y}) implies

|20(U)|+|Zo(v\{Y})|+|S|4_l+lsn.

In both cases, one of the sets U,V \{y} verifies the
conclusion of the lemma. This completes the proof.

n+ p’

Lemma 2.13. Let k= —2, where p is the

smallest prime dividingn. If
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8v_n+(k+v+5)(|2<—v—1)+k <0

and n>7p’, then V>12+ p-2.
p

Proof. Set
(k+v+5)(k-v-1)+k

F(v,n)=8v—
(v,n)=8v—n+ >

:%(k2+5k—2n—v2+10v—5)

and G(n)= F(%+ p—2,nj.

First, let us show that v>5. Assume the contrary that
0<v<4. Wehave
0

“F
on (v-n)

2
:w>0_
4p’

Since n>7p*, we have
F(v.n)=F(0,n)>F(0,7p")= p2+2p—%>0,

a contradiction to F (v,n)<0.

Second, let us show that v> 12+ p-2.
p

Assume the contrary. Sincev>5,

iF(v,n):S—vSO,wehave
ov

1) G(n)<F(v,n)<0.
On the other hand, since n > 7p2 , we have
4p4G’(n):n(p2—4)— p2(3p2+3p—28)
>p’(4p-3)>0 .

1

Then, G(n)>G(7p*)==(p*+4p+14)>0,
(M=G(7p*)=-(p* +4p+14)

A contradiction to (1). Therefore, we have

V> % + p—2. This completes the proof.

Lemma 2.14. LetGbe a finite group with ordern.
LetH be a proper subgroup of Gand Sa subset of
G\{0}. If £,(S\H)+H =G and |G|/|H|is a prime,
then |S\H|SE—2.

[H]

Moreover, if |S\H|:%—2>O then there is
ge¢H suchthat ScHU(g+H)U(-g+H).

Proof. By X we shall mean ¢(x), where
G — G/H is the canonical morphism. Put

S\H={a,.a}.

Copyright © 2013 SciRes.

From our assumption we have X (S\_H) #G/H.
By Lemma 2.1, we have
%, (STH)|=f0.a} +-+{0.a}[>(a j+1).

It follows that j <q-2.
j=q-2 . If there is i

Assume now such that

a ¢{a,-a}, say i=2,then |{0,§1}+{0,52}|:4.
By Lemma 2.1, we have
{0.3}++{0,3,,|>3+min(q.9-3)=q,

a contradiction to X,(S\H)+H #G. Then there is
g¢H such that

ScHU(g+H)U(-g+H).

3. Proof of Theorem 1.1

Proof. By Lemma 2.12 there exists a set X S such
that |X|=(|§-1)/2, XN-X =@ and
2|20(X)|+|S|T_1+ls n. )
We have

XY =[X u-X {0l =" 4 p-3.
)=y -1

Therefore X generates G.
By Lemma 2.11, there isV < X such that <V> # G veri-

fying

e N2

Let H be the subgroup generated byV and let p’ be
the smallest prime dividing |H | .

n+p’

Put V:|V|,k: —2. Set

(k+v+5)(k-v-1)+k
5 )

By (2) and (3), we have F(v,n)<0.
By Lemma 2.13, we have

F(v,n)=8v—n+

|\/|>12+ p—221'+ p'-2.

p pp
By Lemma 2.6, we get %, (V) =H.
Since |H|>12, we see easily that q:H is a
p [H]

prime. Since S is incomplete, we have

G#Z,(V)+Z,(S\H)=H+X(S\H). By Lemma
2.14, |S\H|<q-2.

We have
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E=|H|2|SOH|+122+ p—3—(q—2)+1:£+ p—a,
q p p

which implies p=g and %=|H|=|SﬂH|+l. Hence,

|S\ H|= p—-2. By Lemma 2.14, there exist a sub-
group H of orderhand g ¢ H such that

(H\{0})cSand ScHU(g+H)U(-g+H).

4. Acknowledgements

The authors would like to thank the referee for his/her
very useful suggestions. This work has been supported
by the National Science Foundation of China with grant
No. 11226279 and 11001035.

REFERENCES

[1] P. Erdés and H. Heibronn, “On the Addition of Residue
Classes Mod p,” Acta Arithmetica, Vol. 9, 1964, pp. 149-
159.

[2] J. A. Dias da Silva and Y. O. Hamidoune, “Cyclic Spaces
for Grassmann Derivatives and Additive Theory,” Bulle-
tin London Mathematical Society, Vol. 26, No. 2, 1994,
pp. 140-146. doi:10.1112/blms/26.2.140

[3] G.T. Diderrich, “An Addition Theorem for Abelian Groups
of Order pq,” Journal of Number Theory, Vol. 7, No. 1,
1975, pp. 33-48. doi:10.1016/0022-314X(75)90006-2

[4] J. E. Olson, “An Addition Theorem Mod p,” Journal of
Combinatorial Theory, Vol. 5, No. 1, 1968, pp. 45-52.
doi:10.1016/S0021-9800(68)80027-4

[5] W. Gao and Y. O. Hamidoune, “On Additive Bases,”
Acta Arithmetica, Vol. 88, 1999, pp. 233-237.

[6] H. B. Mann and Y. F. Wou, “An Addition Theorem for

Copyright © 2013 SciRes.

[12]

[13]

the Elementary Abelian Group of Type (p,p),” Monatshefte
fur Mathematik, Vol. 102, No. 4, 1986, pp. 273-308.
doi:10.1007/BF01304301

M. Freeze, W. D. Gao and A. Geroldinger, “The Critical
Number of Finite Abelian Groups,” Journal of Number
Theory, Vol. 129, No. 11, 2009, pp. 2766-2777.
doi:10.1016/}.jnt.2009.05.016

Q. H. Wang and J. J. Zhuang, “On the Critical Number of
Finite Groups of Order pq,” International Journal of
Number Theory, Vol. 8, No. 5, 2012, pp. 1271-1280.
doi:10.1142/S1793042112500741

J. R. Griggs, “Spanning Subset Sums for Finite Abelian
Groups,” Discrete Mathematics, Vol. 229, No. 1-3, 2001,
pp- 89-99. doi:10.1016/S0012-365X(00)00203-X

Q. H. Wang and Y. K. Qu, “On the Critical Number of
Finite Groups (II),” Ars Combinatoria, Accepted for Pub-
lication in December 2009, to Appear.

W. Gao, Y. O. Hamidoune, A. Llad and O. Serra, “Cov-
ering a Finite Abelian Group by Subset Sums,” Combi-
natorica, Vol. 23, No. 4, 2003, pp. 599-611.
doi:10.1007/s00493-003-0036-x

V. H. Vu, “Structure of Large Incomplete Sets in Finite
Abelian Groups,” Combinatorica, Vol. 30, No. 2, 2010,
pp. 225-237. doi:10.1007/s00493-010-2336-2

D. Guo, Y. K. Qu, G. Q. Wang and Q. H. Wang, “Extre-
mal Incomplete Sets in Finite Abelian Groups,” Ars Com-
binatoria, Accepted for Publication in December 2011, to
Appear.

H. B. Mann, “Addition Theorems,” 2nd Edition, R. E.
Krieger, New York, 1976.

J. E. Olson, “Sum of Sets of Group Elements,” Acta
Arithmetica, Vol. 28, No. 76, 1975, pp. 147-156.

Y. O. Hamidoune, “Adding Distinct Congruence Classes,”

Combinatorics, Probability and Computing, Vol. 7, No. 1,
1998, pp. 81-87. doi:10.1017/S0963548397003180

OJDM


http://dx.doi.org/10.1112/blms/26.2.140
http://dx.doi.org/10.1112/blms/26.2.140
http://dx.doi.org/10.1112/blms/26.2.140
http://dx.doi.org/10.1016/0022-314X(75)90006-2
http://dx.doi.org/10.1007/BF01304301
http://dx.doi.org/10.1007/BF01304301
http://dx.doi.org/10.1007/BF01304301
http://dx.doi.org/10.1016/j.jnt.2009.05.016
http://dx.doi.org/10.1016/j.jnt.2009.05.016
http://dx.doi.org/10.1016/j.jnt.2009.05.016
http://dx.doi.org/10.1142/S1793042112500741
http://dx.doi.org/10.1142/S1793042112500741
http://dx.doi.org/10.1142/S1793042112500741
http://dx.doi.org/10.1016/S0012-365X(00)00203-X
http://dx.doi.org/10.1016/S0012-365X(00)00203-X
http://dx.doi.org/10.1016/S0012-365X(00)00203-X
http://dx.doi.org/10.1007/s00493-003-0036-x
http://dx.doi.org/10.1007/s00493-003-0036-x
http://dx.doi.org/10.1007/s00493-003-0036-x
http://dx.doi.org/10.1007/s00493-010-2336-2
http://dx.doi.org/10.1007/s00493-010-2336-2
http://dx.doi.org/10.1007/s00493-010-2336-2
http://dx.doi.org/10.1017/S0963548397003180

