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ABSTRACT 

The input-output pollution control model given in [1] is generalized. The generalization makes it easier for the model to 
handle many problem instances. A linear program is used to solve the new model. An example is given to show that the 
new model can handle classes of problems that the original model cannot handle. 
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1. Introduction 

The Leontief input-output model has been used to ad- 
dress many environmental problems. Leontief [2,3] and 
Leontief and Daniel [4] extended the production model 
to address pollution related problems. Ebiefung [5] used 
input-output techniques to select environmentally friend- 
ly industrial technologies. The recent model by Ebiefung 
and Isaac [1] used input-output techniques to select an 
optimal combination of products that an economy should 
produce in order to satisfy demands and meet pollution 
emission requirements simultaneously. Other usage of 
the input-output techniques to address environmental 
concerns can be found in the monographs by Miller and 
Blair [6] and Raa [7].  

The model by Ebiefung and Isaac [1] has equalities. 
This limits the usefulness of the model in the following 
ways. It makes it difficult to find a solution if the associ- 
ated matrix is ill-conditioned. Moreover, if the model has 
many solutions, including negative solutions, the stan-
dard method for solving linear systems may pick up a 
negative solution, which will violate the non negativity 
assumptions of the model. The generalized model pre- 
sented in this paper will avoid these problems and so 
enhances the ability of the pollution control model to 
handle more problem instances. An algorithm is provided 
for solving the generalized model. 

The structure of the rest of the paper is as follows. In 
Section 2, the I-O pollution control model is presented. A 
generalization of the model, as well as an algorithm for 
solving it, is provided in Section 3. Concluding remarks 
are given in Section 4. 

2. The Input-Output Pollution Control 
Model 

We start with the following notation. 
Constants: 
n   number of sectors in the economy 

jm   number of different types of products that sec-
tor j can produce,  1, ,j n 

jx   amount of pollutants to be produced by sector j, 
1, ,j n   

jb   amount of pollutants that sector j should pro-
duce in order to satisfy external demands, 

1, ,j n    
j

ika   output of pollutants by product i in sector j 
needed by sector k to produce one unit of its 
pollutants, 1, , ; , 1, ,ji m j k n    

Matrices:  
For each j,  1, , ,j n   let 

  , 1, , , 1, ,j j
ik ja i m k n  A    

j E  an jm  × n matrix with 1s in column j and ze- 
ros in all other columns 

1 1

, ,

j

j

j n n

b q

b q A

A     
       
     
     
    

q  q



A 



        (1) 

1
1

,
n

n

E x

E x

   
       
     

E x                  (2) 

If we set 1 2 nm m m m    , then  

, , ,m n m n m nR R R    E A q x R  
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and jmj Rq . The matrix Aj represents the pollution 
matrix for sector j, and A the pollution matrix for the 
whole economy. 

The I-O Pollution Control Model (IOPCM): Given 
the input-output pollution coefficient matrix A  and the 
amount of pollutants  required by all sectors of the 
economy to meet external demands, find x, the amount of 
pollutants to be produced by all sectors of the economy so 
that 

q

IOPCM:     (3)   , 1, , ,j j j
ii

x j n   E A q x 0

where  1, , ji m  . 

The product chosen for production by sector j is one 
whose row satisfies Equation (3). If many rows from 
sector j satisfy Equation (3), then sector j can produce 
any of those products, the choice of which may depend 
on other considerations. 

3. A Generalization of the IOPCM 

The model given in Equation (3), as well as the Leontief 
model (1986), is not flexible due to strict equalities. To 
make sure the model can handle many realistic problems, 
we generalize it in this section and give an algorithm for 
solving the generalized version. 

The Generalized Model (GIOPCM): Given the input- 
output pollution matrix A and the amount of pollutants q 
that all sectors require for external demands, find x, the 
amount of pollutants to be produced by all the sectors, so 
that 

GIOPCM:    (4)   , 1, , ,j j j
ii

j n   E A x q x 0

where  1, , ji m 
iq
. 

We assume that , if product i is to be produced 
during the period and will generate 

0j 
j

iq  amount of pol-
lutants; and , if product i is available in inventory 
but −

0j
iq 

j
iq  amount of pollutants were generated during 

production.  
The linear programming problem below can be used to 

solve the generalized model. We need the following def-
initions. 

Definition 1. An m × n matrix N, m ≥ n, is called a 
vertical block matrix of type  1, , nm m  if it is parti- 
tioned row-wise into n blocks such that the jth block, jN , 
is of dimension j . The matrix E – A, associated 
with the pollution model, is a vertical block matrix. The 
jth block, 

m n

 j
E A , is associated with the pollution ma- 

trix for sector j. 
Definition 2. A matrix M is a representative sub-ma- 

trix of E – A if row j of M comes from block j of E – A. 
Since each block in E – A has dimension jm n , the  

number of representtative sub-matrices is 
1

n

j
j

m

 . 

3.1. Algorithm 

Step 1: Let  be the representative sub ma-  1, , kM M

trices of E – A, where 
1

n

j
j

k m


 .  

Step 2: For each λ, solve the LP: 

max

St. , 1, 2, , , ,

t

k    
e x

M x q x 0
           (5) 

where  1, ,1e   and the rows in q  correspond to 
the rows in M . 

Step 3: If the system in Step 2 has a solution for some 
index,  1, , k   , with objective value less than or 
equal to the total allowable pollutant level for the econ-
omy, then the GIOPCM has a solution. The products 
chosen correspond to the rows in M . 

Otherwise, the system has no solution. Stop. 
Proof: The proof of the Algorithm is straightforward 

and so is omitted. 

3.2. Example 1 

We use the generalized model to resolve Example 2 in 
[1]. Consider an economy consisting of two sectors: ag- 
riculture and manufacturing. Let the pollution technology 
matrix be as given in Table 1. 

Suppose that these products have made all production 
criteria set by the sectors. We want to find the product 
that each sector should select for production in order to 
meet both internal and external demands as well as sat- 
isfy pollution emission requirement. 

Using the notation of the Algorithm, we have  

1 2

3 4

1 2 3 4

0.750 1.000 0.750 1.000
, ,

0.056 0.880 0.055 0.860

0.760 1.500 0.760 1.500
, ,

0.056 0.880 0.055 0.860

27.5
.

6.0

   
 


    
  

 


  
 


    
  

 
     



 

M M

M M

q q q q

 

Solving the LPs in Step 2 of the Algorithm, we obtain 
the solutions in Table 2. 
 
Table 1. Input-output pollution coefficients and demand 
quantities. 

 Agric. Man.
Total pollutants  

allowed 
Pollutants for 

external demands

Agriculture     

Wheat-bushel 0.250 1.00 50 grams 27.5 grams 

Sugar-tons 0.240 1.50   

Man.     

Cloth-yards 0.056 0.12 10 grams 6 grams 

Shoes-gross 0.055 0.14   
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Table 2. Solutions to example 2. 

System Solution Total pollutants Product selected

 1 1, M q
 (50.000, 10.000) 60 grams Wheat, cloth 

 2 2, M q
 (50.2542, 10.1907) 60.44492 grams None 

 3 3, M q
 (56.7715, 10.4309) 67.20241 grams None 

 4 4, M q
 (57.1704, 10.6330) 67.8034 grams None 

 
From Table 2, we see that the solution in row 1 satis-

fies the allowed pollutant level. Thus the agricultural and 
manufacturing sectors should select wheat and cloth, 
respectively, for production. This correct solution in row 
1 is the same as the solution in column 2 of Example 2 in 
[1], obtained by solving a linear system. However, solv-
ing the problem using a linear program has the advantage 
that sensitivity analysis can be performed when there are 
changes to the problem parameters. 

The next example shows that the generalized model is 
capable of solving problem instances that the equality 
model cannot handle. 

3.3. Example 2 

Consider an economy that has two sectors in which the 
input-output pollution matrix A and the amount of pol-
lutants q that all sectors require for external demands are 
given by: 

0.50 0.50 200
, ,

0.50 0.50 200

0.50 0.50

0.50 0.50

  
     

 
    

A q

E A







 

The negative entry in q, the (2,1) entry, implies that 
goods that can emit 200 units of pollutants for external 
demands are in inventory and will not be actually pro-
duced. Solving the model by the linear system provided 
in [1, Step 2 of the Algorithm] using MATLAB 6.5, we 
obtained the solution ,    1 2, 112.00, 512.00x x   
which does not satisfy the non-negativity conditions. 
However, solving the corresponding linear program in 
the generalized model using LINDO 6.1, we obtained the 

solution    1 2, 400.00,0.00x x 
0

. Appropriately,  

2 0.0x  , which shows that no pollutants are to be pro-
duced by Sector 2 since equivalent amount of goods are 
available in inventory, as was assumed in the model.  
Thus the generalized model is able to handle this prob-
lem instance, while the equality model cannot. 

4. Conclusion 

A generalization of the input-output pollution control 
model formulated in [1] is provided.  By means of an 
example, we show that the new model can handle prob-
lem instances that the old equality model cannot. An al-
gorithm is presented for solving the generalized model. 
Apart from its flexibility in dealing with more variety of 
problems, solving the new model with a linear program 
allows for sensitivity analysis when problem parameters 
are changed. 
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