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ABSTRACT

A model was developed and a static game of complete information was applied in an examination of a married couple’s
reciprocal relationship. Each chose best strategies (i.e., optimal responses) to maximize payoffs (i.e., happiness). Theo-
retical analysis suggests that the couple’s happiness is endogenously and positively correlated and simultaneously de-
termined. If the wife (or the husband) is not happy with the relationship, it is impossible for the husband (or the wife) to

be happy with the relationship.
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1. Introduction

The economics literature is replete with studies relating
to marriage. For example, Becker’s altruist model (1974
[1], 1991 [2]) looked at how resources are distributed
within the family. The bargaining models found in
cooperative game theory investigate how husband and
wife bargain for a final allocation, with an outside threat
point provided by divorce (e.g., Manser and Brown, 1980
[3]; McElroy and Horney, 1981 [4]; McElroy, 1990 [5];
Lundberg and Pollak, 1993 [6]). The threat point in the
separate spheres bargaining model of Lundberg and
Pollak (1993) [6] is internal to the marriage rather than
external, as in the divorce-threat bargaining models
(Manser and Brown, 1980 [3]; McElroy and Horney,
1981 [4]). The non-cooperative models examine how
each spouse voluntarily provides household public goods,
choosing actions that are utility-maximizing given the
actions of their partner, and the two settle on a Nash
equilibrium (e.g., Lundberg and Pollak, 1994 [7]). Re-
cently, the two-stage models were used to investigate a
couple’s decision that affects future bargaining power.
For example, Lundberg and Pollak (2003) [8] analyze the
two-earner-couple location game. The first stage deter-
mines whether the couple remains together, while the
second stage determines their location within the mar-
riage. Pollak (2005) [9] argues that wage rates, not
earnings, determines bargaining power in marriage.
Therefore, in a bargaining model with household pro-
duction, the main source of bargaining power in marriage
is a spouse’s productivity in home production.

In this paper, we adopt an alternative approach and
focus on a different perspective by applying a static game
of complete information to analyze how a married couple
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builds a reciprocal relationship and to determine the
Nash equilibrium..

2. The Reciprocal Relationship Model

Consider a married couple who are economic individuals
and wish to have a successful marriage. Success depends
on how each spouse develops their reciprocal relation-
ship. Without a wife, a husband cannot independently
produce a reciprocal relationship. Similarly, without a
husband, a wife also cannot independently produce a
reciprocal relationship. Thus, the reciprocal relationship
must be produced by both the husband (denoted as h) and
the wife (denoted as w) jointly and simultaneously.
Further, it is primarily based on the husband’s response
to his wife (denoted R,) and the wife’s response to her
husband (denoted r,). Assuming that both responses
(R, and r,) can be quantified as a numerical scale
0<R,,r, <oo. The higher scale of R, or r, indicates
a more loving response from one to the other, and vice
versa. The worst response is scaled as 0, which means
that the response can destroy the relationship completely.

We assume that the output function of the reciprocal
relationship, VY, , may be displayed in the Cobb-Douglas
form:

hw

YhW:K(Rh)a(rw)b' (1)

where K are exogenous variables that consist of
several exogenous variables (e.g., maturity, personality,
communication skill, hobbies, temper, religious/political
beliefs, emotional quotient, compromise ability, financial
ability, and unexpected factors); and O<a,b<1, and
O<a+b<1 (so that the first-order condition can be
sufficient for a maximum effect). In addition, a and b
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are constant parameters and shares of the husband’s
response to his wife (i.e., R, ) and the wife’s response to
her husband (i.e., r,) in this relationship output function,
respectively. Note that the share of one’s response to the
other indeed is the response elasticity of relationship
demand. Further, the Cobb-Douglas form is used because
the reciprocal relationship is produced by both the
husband and the wife jointly and simultaneously. If either
one offers a worst response (i.e., R, =0 or r,=0),the
relationship output will be zero, implying that the
marriage will be completely destroyed. The Cobb-
Douglas form satisfies the assumption, so it is the most
appropriate form for displaying the reciprocal relation-
ship. The CES and linear forms cannot satisfy the as-
sumption. Thereby, the Cobb-Douglas form is selected.

Additionally, both have expectation costs of responses.
When the one lovingly responds to the other, one would
expect an equally nice or better response from the other.
If not, one may become frustrated. Thus, as long as there
is an expectation, there is a cost from the expectation.
The higher the expectation is, the higher the cost is.
Therefore, the husband’s expectation cost of response
(Ci) isillustrated as below:

Cy =6,-Ry, )

where 6, €(0,0) is the husband’s marginal cost of
response. Meanwhile, the wife’s expectation cost of
response (C ) is written as:

Co =0T, ©)

where 6, (O,oo) is the wife’s marginal cost of respon-
se. A higher marginal cost of response implies that the
person may be more sensitive to responses and hence has
higher expectations.

Moreover, each one has his/her own payoff from
producing the relationship. The husband’s payoff (¥, )
is specified as below:

\Ph:K(Rh)a(rw)b_eth* 4
The wife’s payoff (¥,,) is illustrated as below:
LIJW:K(Rh)a(l’w)b_ewrw’ (5)

The payoffs are not monetary. Rather, they indicate a
person’s happiness and/or well-being (i.e., utility). The
relationship output (Y,,), shown in Equation (1), is
produced both jointly and simultaneously, so their output
functions must be the same. Hence, expectation costs are
the only difference between their payoff functions.

3. The Nash Equilibrium

Both the hushand and the wife are economic individuals
and thus seek to receive their best payoffs. Therefore,
both will play the game and choose their best strategies

Copyright © 2013 SciRes.

in order to receive their best payoffs. The husband seeks
great “happiness” from his wife by producing the rela-
tionship. The wife also seeks great “happiness” from her
husband by producing the relationship. Both players si-
multaneously choose actions. In other words, this game
may be viewed as a static game of complete information
(i.e., a simultaneous-move game).

In the game, both players choose their best strategies,
which are their responses (i.e.,, R, and r,). In the
model, the strategies available to each player are their
individual responses. As we assumed earlier, response
may be quantified according to a numerical scale; thus,
the numerical scale is continuously divisible and the
negative scale is not feasible. Hence, each player’s strat-
egy space is identified as S =[0,0), the nonnegative
real numbers, in which a typical strategy s is a numerical
scale choice of response, s>0. However, we assume
that an extremely large numerical scale of response (i.e.,
s — o0 is not feasible because any normal person’s fea-
sible numerical scale of response is limited. Thus, we
assume that ©, €(0,0) and ©, (0,) are the
maximum number of feasible numerical scales of re-
sponse for the husband and the wife, respectively (i.e.,
S, =[0,0,] and S, =[0,0,]).

Definition 1:

In a two-player game in a normal form, the strategy

pair (Si*,S]f) is a Nash equilibrium if, for each player i,

Wi(s7.s])= ¥ (z.2;) for every feasible strategy s,

in S,. For each player i, s/ must solve the optimiza-
tion problem: max ¥, (s,.s; ).

s €S;

In the model, the numerical scale of response pair
(R;‘,rv’v‘) is a Nash equilibrium if, for the husband, r,
solves:

* a/ «\P
ogrgh%h‘Ph<Rh,rW)—ogrth>éh K(R,) (rw) -O,R, .

The first-order condition for the husband’s optimiza-

tion problem is both necessary and sufficient; it yields:
1

¥ . [Kalra, >
ath =0= ha(ﬁ—hj (ro)e. (6)
Similarly, for the wife, R, solves:
max ¥, (Ry,r, )= max K(R;)a(rw)b—awrw.

0<r, <0 0<r, <0

The first-order condition for the wife’s optimization
problem is also both necessary and sufficient; it yields:

1
v, . (Kb )b,
or =0:>I‘W:[9—J (Rh)lb. (7)

w

w

I the numerical scale of response pair (R, ;) is to

htw
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be a Nash equilibrium, the players’ response choices
must satisfy both Equations (6) and (7). To solve Equa-
tions (6) and (7), substituting Equation (7) into Equation
(6) yields Equation (8), and substituting Equation (8) into
Equation (7) yields Equation (9). Hence, they are:

1-b
1 b -b (a+b)
R, = aKlfbblfbH@*begl 8)
1-a
1 a -a (a+b)
r, =| bKagl-agi-ag,! )

htw
Nash equilibrium; and 0<R’ <®, and 0<r, <O, .
As shown in Equations (8) and (9), R; /oK >0,
dR; /06, <0, @R; /36, <0, or. /oK >0,
or: /86, <0, and or; /o6, <0.

Proposition 1:

If the shares of both players’ responses are equal (i.e.,
a=Db) and their marginal costs of responses are also
equal (6, =6,), then both players will offer the same
optimal numerical scales of responses to produce the
reciprocal relationship.

Proof:

As shown in Equations (8) and (9), if a=band
6, =9,,, obviously, Equation (8) will be equal to Equa-
tion (9); thatis, R, =r,. Q.E.D.

Proposition 1 implies that if both the husband’s and
the wife’s response elasticity of relationship demand is
equal and both are the same sensitive to responses, then
both would offer the same loving responses to produce
the relationship.

Proposition 2:

Given the same shares of both players’ responses (i.e.,
a=>b), if the one’s marginal cost of response is higher
than the spouse’s marginal cost of response (i.e.,
6,>6, or 6, <86,), then the one will offer a lower
optimal numerical scale of response than the spouse’s to
produce the reciprocal relationship, vice versa.

Proof:

If a=b and 4, >4,,then

The numerical scale of response pair (R;,r;) is the

R = (aKHaHHHQ ]

and

1—
__93[ '9h'1_49w1'a_ G
. el

1-a
<1
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1-2a

(Because 6, <6, and

<1).

= Ry <r,. Similarly, we can show that if a=b and
6,<6,,then Ry >r;. QE.D.

Proposition 2 implies that even though both have the
same response elasticity of relationship demand, if the
husband is more sensitive to responses than his wife, the
husband would offer relatively less loving response than
his wife’s to produce the relationship in order to lower
his expectation cost, vice versa.

Proposition 3:

Given the same marginal costs of both players’ re-
sponses (i.e., 6, =6, =6,), if the one’s share of re-
sponse is higher than the spouse’s share of numerical
scale of response (i.e., a>b or b>a), then the one
will offer a higher optimal numerical scale of response
than the spouse’s to produce the reciprocal relationship,
vice versa.

Proof:

If a>b and 6, =6, =6,,then

and
1-a
[ 1 a 1J1—(a+b)
r, =| bKi-2gl-agi-a
1-b b
R’ 1-(a+b) . 1-(a+b)
: E:%:%>l (Because a>b)
rW bl—(a+b) al—(a+b)
= R, >r, . Similarly, we can show that if a<b and

6,=6,=6,,then R, <r,.Q.ED.

Note that if both the husband and the wife increase one
percentage numerical scale in response at the same time,
the husband will make a greater percentage increase in
the relationship than the wife. This means that the hus-
band would play a more important role than the wife in
the process of producing the relationship. For that reason,
Proposition 3 indicatesthat if the husband’s relationship
demand is more elastic than the wife’s, the husband
would likely want to take on more responsibilities in the
process. Therefore, the husband will offer more loving
response than the wife’s in producing the relationship,
vice versa.

Proposition 4:

If one’s share and marginal cost of responses are
higher than the spouse’s (i.e., a>b, 6,>6, or b>a,
6, > 6,) then one will offer a greater optimal numerical
scale of response than will the spouse in producing the
reciprocal relationship only if the ratio of both players’
shares of responses are higher than the ratio of both
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, . . 6,
players’ marginal costs of responses (i.e., i
w

> or

oo

b 6,
—> "), vice versa.
eh
Proof:
If a>b and 6, >46,, then

—b

1 b
R = {aKlbblbelb 6,

w

and

1 a - 1-(a+b)
[bKl aal ael ag J

1-b b -b —(1-b)

. a _6 ag,
if —<—t=>—*%

b 6, b6,

Proposition 4 shows that if the husband’s relationship
demand is more elastic than his wife’s and he is also
more sensitive to responses than his wife, the only way in
which the husband can offer more loving response than
his wife is when the ratio of both the husband’s and the
wife’s response elasticity of relationship demand is
higher than the ratio of their marginal costs of responses.

Proposition 5:

If one’s share of response is larger than the spouse’s
while one’s marginal cost of response is lower than the
spouse’s (ie., a>b, 6,>6, or b>a, 6 >6,))
then one will offer a greater optimal numerical scale of
response than the spouse in producing the reciprocal
relationship, vice versa.

Proof:

If a>b and 6, >4, , then

Y <1=R<r1,.QED.

1-b
{ i L b 1-(a+h)
1-bpl-bgi-bg-1
W h
and
1-a
[ 1 a =2 1-(a+b)
Klaglaglagl
h w
-b  -(1-b)
. R; _ a (a+b)b (a+b)9W (a+b) 6 ~(a+b) _ a.ew o1
' 1-a a -a -(1-a) b-6, '
w bl—(a+b)al—(a+b)6h (a+b) 9 ~(a+b)
= R, >r, . Similarly, we can show that if a<b and
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6,<46,, then Ry <r,.Q.E.D.

Proposition 5 indicates that if the husband’s relation-
ship demand is more elastic than his wife’s while he is
relatively less sensitive to responses than his wife, the
husband would be more likely to offer more loving re-
sponse in producing the relationship, vice versa.

Propositions 1 - 5 can be summarized as follows.

a=b a>b a<b

6,=6, R =t R >t R <r
if E>ﬂ

6,>8 R <r b o, R <t
=R >r

it 20

6, <6, R >r R >, b o,

=R <r

4. The Payoffs

To compute both players’ payoffs, we substitute Equa-
tions (8) and (9) into Equations (4) and (5), which yields
V. and 7, , which are the husband’s and the wife’s
payoffs respectively. They are shown as below:

- (Kabbevgbega )ﬁ (aé1 —a® ) (10)

» =(Ka'hg, 6, ) ) (b —b") (11)

Proposition 6:

Both players’ payoffs are nonnegative. In addition,
even if both players’ marginal costs of responses differ
(ie., 6,#46,), as long as their shares of responses are
equal (a=b), both players will receive the same
payoffs (i.e., happiness).

Proof:

As shown in Equations (10) and (11), - O<a b<1
and a+b<1, (a-a"")>0 and (b"-b"*)>0. In
addition, K, 6,, and 6, are all nonnegative; therefore,
0<V¥; <o and 0< VW <oo; both players’ payoffs are
nonnegative. Moreover, ifa="b, obviously, Equation (10)
will be equal to Equation (11); thatis, ¥} =¥;,. Q.E.D.

Proposition 7:

If both players’ shares of responses are different (i.e.,
a>b or b>a), the husband receives a higher payoff

1-a%-ab 1-a
. ] 1-(a+b) 1_bT
than the wife does only if — > =
1-b“-ab <
bl—(a+b) 1-b @
other hand, the wife receives a higher payoff than the
1-a?-ab 1-a

1-(a+p) 1-p b
e

l-ad

. On the

husband does only if 2—;
1-b“-ab

ﬂ 1-(a+b)
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Proof:

As shown in Equations (10) and (11), if the husband’s
payoff is higher than the wife’s payoff (i.e., ¥, >¥,,),
then

1 1
(abb )HM) (aa - al’b) > (aab)lf(é“b) (bb - bH)
1

(abb )m bb _ bl—a

=
1 a 1-b
(aab)l—(a+b) a a
1-a?-ab 1-a
a1—(:;1+b) 1-p P
= b -
bl—(a+b) 1-a 2
Similarly, we can show that if ‘¥ < ‘¥, then
1-a?-ab 1-a
1-(a+b) 'y
a 1-b
e < - QED

b 1-(a+b) 1- aT

5. Conclusion

In this paper we developed a model and applied a static
game of complete information to analyze a married cou-
ple’s reciprocal relationship. Both the husband and the
wife wish to have a successful marriage so they choose
their best strategies (i.e., optimal responses) to maximize
their payoffs (i.e., happiness). Based upon the premise
that both the hushand and the wife are economic indi-
viduals, the theoretical analysis suggests that the hus-
band’s and the wife’s happiness are endogenously and
positively correlated and simultaneously determined.
That is, if the wife (or the husband) is not happy with the
relationship, it is impossible for the husband (or the wife)
to be happy with the relationship, vice versa.
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