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Abstract

Abstract problems about attainability in topological spaces are considered. Some nonsequential version of
the Warga approximate solutions is investigated: we use filters and ultrafilters of measurable spaces. Attrac-
tion sets are constructed. AMS (MOS) subject classification. 46A, 49 K 40.
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1. Introduction

This investigation is devoted to questions connected with
attainability under constraints; these constraints can be
perturbed. Under these perturbations, jumps of the attai-
ned quality can arise. If perturbation is reduced to a wea-
kening of the initial standard constraints, then we obtain
some payoff in a result. Therefore, behavior limiting with
respect to the validity of constraints can be very interest-
ing. But, the investigation of possibilities of the above-
mentioned behavior is difficult. The corresponding “stra-
ight” methods are connected with constructions of asym-
ptotic analysis. Very fruitful approach is connected with
the extension of the corresponding problem. For example,
in theory of control can be used different variants of gen-
eralized controls formalizable in the corresponding class
of measures very often. In this connection, we note the
known investigations of J. Warga (see [1]). We recall the
notions of precise, generalized, and approximate contr-
ols (see [1]). In connection with this approach, we recall
the investigations of R.V. Gamkrelidze [2]. For problems
of impulse control, we note the original approach of N.N.
Krasovskii (see [3]) connected with the employment of
distributions. If is useful to recall some asymptotic const-
ructions in mathematical programming (see [4,5]). We
note remarks in [4,5] connected with the possible emplo-
yment of nonsequential approximate (in the Warga ter-
minology) solutions-nets.

The above-mentioned (and many other) investigations
concern extremal problems. But, very important analogs
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are known for different quality problems. We recall the
fundamental theorem about an alternative in differential
games established by N.N. Krasovskii and A.l. Subbotin
[6]. In the corresponding constructions, elements of exte-
nsions are used very active. Moreover, approximate moti-
ons were used. The concrete connection of generalized
and approximate elements of the corresponding construc-
tions was realized by the rule of the extremal displace-
ment of N.N. Krasovskii.

In general, the problem of the combination of general-
ized and approximate elements in problems with constr-
aints is very important. Namely, generalized elements (in
particular, generalized controls) can be used for the rep-
resentation of objects arising by the limit passage in the
class of approximate elements (approximate solutions).
These limit objects can be consider as attraction elements.
Very often these elements suppose a sequential realize-
tion (see [1]). But, in other cases, attraction ele- ments
should be defined by more general procedures.

So, we can consider variants of generalized represent-
tation of asymptotic objects. This approach is developed
by J. Warga in theory of control.

Similar problems can arise in distinct sections of mat-
hematics. For example, adherent points of the filter base
in topological space can be considered as attraction ele-
ments. Of course, here nonsequential variants of the limit
passage are required very often.

In the following, the attainability problem with cons-
traints of asymptotic character is considered.

Fix two nonempty sets £ and H, and an operator h
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from E into H. Elements of E are considered as so-
lutions (sometimes controls) and elements of H play the
role of estimates. We consider h as the aim mapping. If
we have the set E ,E — E, of admissible (in traditi-
onal sense) solutions, then h'(E))={h(x):x€E,}
play the role of an attainability domain in the estimate
sp- ace. But, we can use another constraint: instead of
E,, anonempty family X of subsets of E is given. In
this case, we can use sequences (x;)-, in E with a
special property in the capacity of approximate solutions.
Nam- ely, we require that the sequence (x,)7, has the
follo- wing property: for any £, eZX the inclusion
x, €, takes place from a certain index (i.e. for
j=Jj,, where j is a fixed index depending on g, ).
For such solutions we obtain the sequences (h(x[));
in H. If H is equipped with a topology t, then we can
consider the limits of such sequences (h(x,-)); as at-
traction elements (AE) in (H,t) Of course, our AE are
“sequential”: we use the limit passage in the class of se-
quences. This approach can be very limiting. The last
statement is connected both with our family X and with
topology t. The corresponding examples are known:
see [7,8]. In many cases, the more general variants of the
limit passage are required. Of course, we can consider
nets (x,) in E and, as a corollary, the corresponding
nets (h(x,)) in H. In addition, the basic requirement of
admissibility it should be preserved: for any £, eX the
inclusion x, € g, is valid starting from a certain index.
With the employment of such nets, we can realize new
AE; this effect takes place in many examples.

But, the representation of the “totality” of above-ment-
ioned (X -admissible) nets as a set is connected with dif-
ficulties. Really, any net in the set E is defined by a
mapping from a nonempty directed set (DS) D into
E. the concrete choice of D is arbitrary (D is a
nonempty set). Therefore we have the very large “total-
ity” of nets with the point of view of traditional Zermelo
axiomatics. But, this situation can be corrected by the
employment of filters of E it is possible to introduce
the set of all X -admissible filters of the set E In addi-
tion, the X -admissibility of a filter F is defined by the
requirement X c F. So, we can consider nonseg- uen-
tial approximate solutions (analogs of sequential app-
roximate solutions of Warga) as filters F of E with
the property X < F. Moreover, we can be restricted to
the employment of only ultrafilters (maximal filters) with
the above-mentioned property. In two last cases, we ob-
tain two variants of the set of admissible nonsequential
approximate solutions defined in correspondence with
Zermelo axiomatics. In our investigation, such point of
view is postulated. And what is more, we give the basic
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attention to the consideration of ultrafilters. Here, the im-
portant property of compactness arises. Namely, the cor-
responding space of ultrafilters is equipped with a co-
mpact topology. This permits to consider ultrafilters as
generalized elements (GE) too (we keep in mind the abo-
ve-mentioned classification of Warga).

The basic difficulty is connected with realizability: the
existence of free ultrafilters (for which effects of an ex-
tension are realized) is established only with the emp-
loyment of axiom of choice. Roughly speaking, free ult-
rafilters are “invisible”. This property is connected with
ultrafilters of the family of all subsets of the correspond-
ing “unit”. But, we can to consider ultrafilters of meas-
urable spaces with algebras and semialgebras of sets. We
note that some measurable spaces admitting the represe-
ntation of all such ultrafilters are known (see, for exam-
ple, [9,87.6]; in addition, the unessential transformation
with the employment of finitely additive (0,1)-measures
is used).

2. General Notions and Designations

We use the standard set-theoretical symbolics including
quantors and propositional connectives; as usually, 3!
replaces the expression “there exists and unique”, = is
the equality by definition. In the following, for any two
objects x andy, {x;y}is the unordered pair of x and
y (see [10]). Then, {x}:= {x;x} is singleton contai-
ning an object x. Of course, for any objects x and y the
object (x,y):={{x}; {x;y}} is the ordered pair of ob-
jects x and y; here, we follow to [10]. By & we denote
the empty set. By a family we call a set all elements of
which are sets.

By P(X) we denote the family of all subsets of a set
X; then, P(X):=P(X)\{Q} are the family of all
non- empty subsets of X. Of course, for any set 4, in
the fo- rmof P (P(4)) and P (P'(4)), we have the
family of all nonempty subfamilies of P(4) and
P'(A) respectively.

If X is a set, then we denote by Fin(X) the fam-
ily of all finite sets of P'(X); then (FIN)[X]:=
Fin(X)u{J}is the family of all finite subsets of X.

Foranysets 4 and B we denote by B the set of
all mappings from 4 into B. If 4 and B are sets,
feB", and CeP(4), then

fHC):={f(x):x e C} e P(B)
(the image of C under the operation /) and (f|C)e
B¢ is the usual C -restriction of f:(f|C)(»):=f(»)
VyeC. In the following, N:={1;2;...} and R is the

real line; Nc R Of course, we use the natural order
< of R.If neN,then
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Ln:={ieN|i<n}.
Transformations of families. For any nonempty fam-
ily A andaset B, we suppose that

Aly={4nB:4eA}e P (P(B)).
If Xand Yaresetsand feY”, then we suppose that
(f'[X1:={f"(4):4e X}
VX e P (P(X))) &
& (f7IY]:={f"(B):Be Y}
VY e P (P(Y)));

of course, in (2.1) nonempty families are defined.
If ¥ isafamily, then we suppose that

(U} (2) = {HLEJHH ‘He P(E)}

(we keep in mind that P(X) is a nonempty set

(@eP(Z)) and, for Re P(2), R isafamily)and

{N}(E) ::{ (1 H:He P'(Z)}

(of course, for He P (X), H is a nonempty family);
mor- eover

2.1)

{n}, @)= { (H:Ke Fin(Z)}.

HeK

So, for any nonempty family X, we obtain that

[{u} (E)eP (P(EUEE EJJ 2 {u} (Z)j&

&[{m} ()eP (P[ U En Zc{n} (Z)J&

Eex

&[{m}f (X)eP (P(U EJJ 2 {n), (2)];

Eex

of course, {N}, (Z) < {N} ().
Special families. Let 7 be a set. Then, we suppose that

lll:={Le P (P())|(@eL)&( eL)&

(2.2)
&(ANBelL VAelL VBel)};

elements of (2.2) are called 7z -systems with “zero” and
“unit”. Moreover,

(LAT)]:={Le P (PU)|(@ e L) &
&(VAeL VBelL (AuBelL)& (2.3)
&(ANnBe L))};
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elements of (2.3) are lattices of subsets of 7 (with “zero”).
Finally,
(LAT),[]1:={L e (LAT)[I1|I e L} € P(x[1]). (2.4)
Of course, in (2.4) lattices of sets with “zero” and “unit”
are introduced. We note that
Lu{l} e (LAT),[I] VL e (LAT)[/].

Of course,

GeG

(top)[1]:= {Z’ enllll|JGerVGeP (z’)}
(2.5)

={z’e;z[l]| |JGer VG eP(r)}

GeG

is the set of all topologies of 1. If 7 e (top)[I], then the
pair (/,7) is atopological space (TS);
(clos)[1]:={F e P'(P(I))|(D e F) &
&I eF)&(AUBeF VYAe FVYBeF)& (2.6)
&((VHeFVH eP’(F))};
HeH

in (2.6) we have families dual with respect to topolo-

gies. It is obvious that
((top)[7] = (LAT),[1]) & @7
((clos)[1] < (LAT), [1]). '

We suppose that C, :P (P(I))—> P (P(I)) is the ma-
pping for which

C,(H)={I\H:HeH| VH e P (P(I)). (28)
From (2.5) — (2.8), we obtain the following propert- ies:
(C,(C,(H))=HVH e P (P(I)&
&(C, (r) e (clos)[I]V 7 e (top)[/1]) & (2.9)
&(C,(F) e (top)[/IVF € (clos)[1]).
We note that P(7) € (top)[/]~(clos)[/]; in addition,
C,(P()) = P(I).

Of course, in (2.9), we have (in particular) the natural
duality used in general topology. Let

(c~top)[7]:={z e (top)[7] |¥¢ < P ()

[1: U G]:[EIICG Fin(&):7 = | GJ}

Geé Gek
(the set of all compact topologies of 7) Now, we intro-
duce in consideration algebras of sets. Namely,
@g)[1]:=f{Aer[Il|I\Le AVL e 4}

< (LAT),[]. (210)
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In connection with (2.10), we note that

{L eAlI\Le /1} e (alg)[I] V4 € (LAT),[1]
If L£e(alg)[/], then (Z,L£) isa measurable space with
an algebra of sets.

If Lex[ll,neN and AeP(I), thenby A, (4,L)
we denote the set of all mappings

(L) Ln—> L
for each of which:

1) 4 :OL[;
i=1

2) L "L, =@V elnvi,eln\{i}.
Then
I[/]={Aen[l]|[VLeAIneN:
. {Zn (Iﬂ\[Lz,lL) # @/; et (2.11)
is the set of all semialgebras of subsets of 7. Of course,
(alg)[1]= {/1 ell[I]|I\LeAVLe /1};
see (2.10). If we have a semialgebra of subsets of 7, then

algebra generated by the initial semialgebra is realized
very simply: forany £ eTI[/],

aj(£):= {AeP(1)|EIn eN:
A, (4,L) =B} e (alg)[/]

has the properties: 1) £ caj(£); 2) V.Ae (alg)[/]
(LcA)=@](L)cA).

Now, we introduce some notions important for con-
struc- tions of general topology. Namely, we consider
topologi- cal bases of two types:

(op—BAS)[/1:={p € P(P(1))|

[1 -U B)&(VBl €BVB,ep (2.12)

Bef
VxeB NB,3AB, e f:
(xeB;)&(By c B mBz))}’
(cl-BAS)[1]:={ e P'(P(1))|
(Iep&

&(ﬂ B:@j&(VBleﬂ VB, e

Bep

(2.13)

Vx e I\(B,UB,)
3B, € f:(B,UB, < B))&(x ¢ By))}.
Of course,

(op—BAS)[7]=1{f e P(P(I))|{} (B) € (top)[/]}.
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In connection with (2.12), we suppose that
(op—BAS),[I]:={B e (op—-BAS)[/]|D € B},
(op—BAS) [/l P(P(1));

BU{D} e (op-BAS),[1] VB  (op - BAS)[/].

Moreover, the following obvious property is valid:
{U}(B) ={u} (BU{D}) VB  (op-BAS)[/].
We note the natural connection of open and closed
bases:
(CI (B) € (op-BAS),[/]
VB e (cl-BAS)[1]) &
&(C,(B) € (cl-BAS)[/]
V3 € (op—BAS),[1]).
Along with (2.14), we note the following important
property:
{n}(B) e (clos)[1] VB  (cl-BAS)[/].

(2.14)

(2.15)

From (2.9) and (2.15), we obtain the obvious state-
ment:

C, ({n}(B)) e (top)[1] VB & (cl-BAS)[/].  (2.16)

So, closed bases can be used (see (2.16)) for topolo- gies
constructing. We note the following obvious property
(here we use (2.14) and (2.16)):

C, ({~}(B))={U}(C,(B))VB & (cI-BAS)[/]. (2.17)

Of course, in (2.17), we use the usual duality property
connected with (2.14) — (2.16).
Some additions. In the following, we suppose that

(D—-top)[1]:=

{r e (top)l7]l{x} eC, [rvwet); 2O

if ze(D-top)[/], then TS (I,z) is called T, -space.
We use (2.18) under investigation of properties of topo-
logies on ultrafilter spaces.

Finally, we suppose that (LAT)’[/]:={4 e(LAT),
[71|{x} e Vxe 1} . So, we introduce “continuous” lat-
tices.

3. Nets and Filters as Approximate Solutions
under Constraints of Asymptotic Charac-
ter

In this section, we fix a nonempty set & considered (in
particular) as the space of usual solutions. We consider
families e P (P(E)) as constraints of asymptotic
character. Of course, in this case, we use asymptotic ver-
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sion of solutions. The simplest variant is realized by the
employment of sequences inE : in the set E" the set of
¥ -admissible sequences (see Section 1) is selected. It is
logical to generalize this approach: we keep in mind the
employment of nets. Later, we introduce so- me defini-
tions connected with the Moore-Smith convergence. But,
before we consider the filter convergence.

We denote by A[E] (by A,[E]) the set of all fami-
lies Be P'(P(E)) (families B e P'( P (E))) for which

VB eBVB,eB3B,eB:B, c B NB,;

B[E]lc AIE]. Then, g,[E] is the setof all filter bases
on E.By F[E] we denote the set of all filtersonE :

F[E] ::{F cP(P®)(AnBeF
VAeF VB e ﬁ)& (3.1)
& ({H < P(B)|F c H}c F VFeﬁ)}.

Using (3.1), we introduce the set 7 [E] of all ultrafil-
tersonE :

7 [E]:= {u e FIBNIVF < FIE]. 2
(UcF)=WU=7))}

In connection with (3.1) and (3.2), see in particular [11,
ch. 1. In addition,

(E-fi)[{]:={H e P(E)|3Be{ :Bc H}

. (3.3)
e F[E] V¢ € B,[E]

By (3.3) we define the filter on E generated by a base
of A,[E]

If SeP(PE), then by F[E|Z] (by F[E[Z])
we denote the set of all filters F ef[E] (ultrafilters
Fe pJE]) such that £c F. Then, for any filter
F.eF [E], we have Z[E|ZE]eP (F[E]) and
what is more F, is the intersection of all ultrafilters
UeF[E|F] see[1l].

If a family e P (P(E)) is considered as the constra
int of asymptotic character, then ultrafilters U € g [E
|X] are considered as (nonsequential) approximate sol-
utions; of course, filters F e z [E|Z] can be consider-
ed in this capacity also. But, ultrafilters have better prop-
erties; therefore, now we are restricted to employment of
ultrafilters as approximate solutions.

The filter of neighborhoods. If 7e(top)[E] andxe
[, then

N{(x):={Ger|xeG} e B,[E]

and N, (x):=(E-fi)[N’(x)], of course, Nr(x)eﬁ[E]
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in correspondence with (3.3). We were introduce the fil-
ter of neighborhoods of x in the sense of [11,ch.I]. In
the following,
cl(4,7) = {er\AmHi@ VHeNr(x)}
V7 e (top)[E] VA € P(E).

So, we introduce the closure operation in a TS. Moreo-
ver, we suppose that

(x—bas)[r]:=¢{p e P(NT (x))|
VAe N, (x) 3Be f:Bc A} (3.4)
V7 e (top)[E] Vx e E.

The filter convergence. We follow to [11]. Suppose
that V7 e (top)[E] VB € S,[E] VxeE

def

(B=> x)=> (N, (x) = B-F)[B]). ~ (35)

In addition, ﬁ[E] c B,[E]; see (3.1). Therefore, we can
use (3.5) in the case of B=F, where F e F[E], we
note that (E-fi)[F]=F. Then, by (35) Vre
(top)[E] VF € F[E] Vxe E

(Fes x) &= (N, (x) < F). (3.6)

Of course, it is possible to use the variant of (3.6) cor-
responding to the case F =, where U € g [E].

Nets and the Moore-Smith convergence. On the ba-
sis of (3.6), we can to introduce the standard Moore-
Smith convergence of nets. We call a net in the set E
arbitrary triplet (D,=, 1), where (D,=) is a nonemp-
tyDSand feE”. If (D,=,f) isanetintheset E
then

(B -ass)[D;=; f1:={V  P(B)]
AdeD VoeD (3.7)
((d=8)=(f(d)eV))} e FIEL

we obtain the filter of E associated with (D,=, 1).
Now, for any topology r e (top)[E], a net (D,=,f)
intheset & and xelE, we suppose that

: def
((Dajaf)—) x)<:>
(3.8)

((B-ass)rD: <111 S ).

From (3.6) and (3.7), we obtain that (3.8) is the “us- ual”
Moore-Smith convergence (see [12]). Of course, any se-
guence X:=(x,),, €E" generates the net (N,<,Xx),
where < is the usual order of N.

If £€eP (P(E)),thenanet (D,=,f) in E iscall-
ed X -admissible if £ < (E—ass)[D;=;f] In this case,
> can be considered as a constraint of asymptotic char-
acter and (D,=, f) plays the role of nonsequential (ge-
nerally speaking) approximate solution.
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In conclusion, we note that
(E—ult)[x] = {H e P(E)|x e H}

€ r [E] VxeE. 39

In (3.9), trivial ultrafilters are defined.
4. Attraction Sets

In this section, we construct nonsequential (generally sp-
eaking) attraction sets (AS) using different variants of the
representation of approximate solutions. Since nets are si-
milar to sequences very essential, we begin our considera-
tion with the representation (of AS) using nets.

For brevity, in this section, we fix following two no-
nempty sets: X and Y. In addition, under feY*
and B e g [X]

f'Ble B,IYE: (4.1)

of course, in (4.1), we can use a filter or ultrafilter in-
stead of B. In addition, the important property takes
place: if feY*andBe B,[X], then

(X ~f)[Ble 7 [X]) = ((Y—fi)[ /'181]e I?u[Y]). (4.2)

So, by (4.2) image of an ultrafilter base is an ultrafilter
base. Of course, the image of an ultrafilter is an ultrafil-
ter base also. _

Introduce AS: if feY",re(top)[Y] and X € P
(P(X)), then by (as)[X;Y;z;f;X] we denote the set
of all yeY for each of which there exists a net
(D,=,g) inthe set X such that

(5? c (X—aSS)[D;j;g])&

‘ (4.3)
[(D,j,fog)—w];

we consider (as)[X;Y;z; /5 X] as AS. In this definition,
we use nets. But, for any filter F e F[X] there exists a
net (D,=,g) in the set X for which F =(X —ass)

[D;=;g] (see [13]).

__Proposition 4.1. For any f e Y*,r e (top)[¥Y] and
X e P (P(X))

@sS)[X:Y;7; /3 X]={yeY]|

e (4.4)
IF e p [XIX]: fF]l= y}-

Proof. Fix feY* re(top)Y], and X eP (P(X)).
Suppose that A and B are the sets on the left and ri-
ght sides of (4.4) respectively. Lety" e A. Then y eY
and, for a net (D,=,g) in X, the relation (4.3) is valid
under y=y*. Then, by (4.3)

F'i=(X -ass)[D;=<;g] € F[X|X]  (45)
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Moreover, by (3.8) and (4.3) (Y—aSS)[D;j;fog]:;y*
So, by (3.6)
N,(y") c (Y —ass)[D;=; fo gl (4.6)

Let H" e N,(y"). Then by (3.7) and (4.6), for some
d* e D, the following property is valid: Vd € D

(@ <d)=(f(gd)eH"). 4.7)

In addition, D*:={d e D|d" <d}e P (D) andby (3.7)
and (4.5)
g (D) eF" .

As a corollary, f*(g'(D"))=(f<g)"(D") € f'[F"]
But, by (4.7) f*(g'(D"))cH". By (33) H'e(¥-
fi)[fl[]-‘*]]. Since the choice of H™ was arbitrary,
the inclusion N, (") = (v —fi)[ f'[F"1] is established.
By (3.5)

FIFS (4.8)
By (4.5) and (4.8) y*eB. The inclusion AcB is
established.

Let y"eg. Then, for »° €Y, we have a filter
F°ef [X|X] such that

i ad B (4.9)

Choose a net (D,C,¢p) in X for which F° = (X —ass)
[D;C;p]. By (4.1) f[F°]e B,[¥Y] and, as a corollary,
by (3.5) and (4.9)

NN -0 FIFT] (@10)

Then by (3.3) and (4.10) we obtain that VH € N,
(»°) 3Be f'[F°]: Bc H . Using (2.1) we have the
property: VH e N.(y°) 3F e F°: f*(F) < H. Choose
arbitrary H° e N, (»°); then, for some F°eF° the
inclusion f*(F%) < H° is valid. By (3.7) and the cho-
ice of (D,C,¢), for some d° D, the following prop-
erty is realized: VoeD

(d° E6)= (p(0) € F°).
By the choice of 7° we obtainthat Vo eD
(@ E6)=((f-9)6) e H).

Then, H° e (Y —ass)[;C; fo¢]. So, the important
inclusion

N, (y") < (Y —ass)[D;C; f o 9]

is valid. Then (Y—aSS)[HD;E;fO¢]:T> y° (see (3.6)). By

(3.8)
(DG, fop)—> y°. (4.11)

Moreover, by the choice of F° and (D,C,¢) the in-
clusion
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X < (X —ass)[D;Cs 0]
is valid. From (4.11), we have the inclusion y° € A.
So, Bc A and, as acorollary, A=B.
Proposition 4.2. For any f e Y™,z e (top)[Y], and
X e P (P(X))

@)[X: Y7 /3 X]={y e

~ : (4.12)
U e PR S 5,

Proof. We denote respectively by F anU the sets on
the left and right sides of (4.12). Sincefrﬁ[X|)~(] cF,
[X|7(], we have the obvious inclusion Uc F (see Pr-
oposition 4.1). Let y, eF. Then by Proposition 4.1
f[Fl=y, for some Fefp[X|X] Then FeF
[X] and XcZF. We recall (see Section 3)
that 7F[X|Fle P (F [X]) Choose  arbitrary

Uep’[X| Fl Then sep[X] and XcFcul
Therefore, e  F’[X|X] Moreover, by (2.1)
fF1c 4] and, as a corollary,

(Y =) A [F < (Y = fi) [ /1 [L4]] (4.13)

(we recall that by (4.1) f'[Fle B,[Y] and f'[U]e B,
[Y]). By the choice of F we have the inclusion

N.(y,) (¥ =B)[ F'[7]]

(see (3.5)). Then by (4.13) N,(yo)c(y_fi)[ fl[u]]
and, as a corollary (see (3.5)),

I v,

Then, y, e U. Theinclusion Fc U isestablished.
Recall that, for any family X e P'(P(X)), {n}, (X)
e P'(P(X)) and X c{n}, (X). We note the follow-
ing obvious.
Proposition 4.3. For any X e P'(P(X)), the equality
FIX|X]= FUX|{n }(X)] is valid.
Proof. Recall that X < {n}, (X). Therefore, pI[X|
{n} (X)) < FILX|X]; on the other hand, from (3.1),
we obtain that F ={n } (F) VF e FLX]. Then, for an
ultrafilter ueﬁg[){u(]

N (X)c N} W)=u

and, as a corollary, U e FE[XH“}f (X)]. So, since the
choice of ¢/ was arbitrary, g[X|X]c g[X \{ N}, (0]
and, as a corollary, #[X|X]1=FIX|{n}, (X)]

Corollary 4.1. If erX,Te(tOp)[Y] and X e
P (P(X)), then

@S)[X; Y373 £ X] = @S)[X: Y573 £3{n), ()]
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The corresponding proof is realized by the immediate
combination of Propositions 4.2 and 4.3. We note that,
by definitions of Section 2

(N} (X) e BIX]1 VX e P (P(X)).  (4.14)

In connection with (4.14), we note the following general
property. Namely, Vf eY* Vr e (top)[Y] VB € f[X]

@S)[X;Y;7; f38]= [ cl(f*(B),7). (4.15)
B'eB
Then, by (4.14), (4.15), and Corollary 4.1
@)X;Y7 /3 X1= () c(/*(B).7)
Be{nly (X) (4.16)

Vf eY" Vze(top)[Y] VX e P (P(X)).

In connection with (4.16), we note that VXeP

(P(X))
(Te{n}, (D)= (ﬁg[xp?] = @).

Remark 4.1. By analogy with Proposition 4.3 we have
that

4.17)

7IX|X]= FO[ (X)] VX e P (P(X)).

Really, fix X e P'(P(X)). Then X —{n} (X). The-
refore, FO[X|{m} (X)ch [X]|X] Let FeF [X]
X]. Then, FeF[X] and X cF. But, from (3.1), we
have the equality F ={n} (F), where by the choice
of F{n}, (X) = {n}, (F). So, {n},(X) <F and, as
a corollary, Feg,[X|{n} (X)]. The inclusion
3X|1X]c3, [X|{ N}, (X)] is establish- ed. So,
3, [X1X] =T, [X|{n}, (X)]

Returning to (4.17), we note that by Proposition 4.2
VfeY" VX eP (P(X))

(T e{n}, ()= (@s)LX;: ;7 £:X]= 2
Ve (top)[Y]).

Remark 4.2. We have that, for the case @ ¢ {n},
(X) itis possible that
37 e (top)[Y]:(as)[X; Y375 3 X] =

Indeed, consider the case X =Y =R, f(x)=x Vx
€ X, =1, is the usual |-|-topology of real line R,
and

(4.18)

)N(:{[c,oo[: CGR}.
Then, X e 8[X] and @ ¢{n}, (X). But, by (4.15)
@S)[X;Y;7; /3 X]= () [c,0[= 2.

ceR

It is obvious the following.
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Proposition 4.4. If feY",re(c—top)[Y], and
Be p[X], then
@s)[X;Y;z; /3 B] = &.

Proof. The corresponding proof follows from known sta-
tements of general topology (see [11]). But, we consider
this proof for a completeness of the account. In our case,
we have (4.15). In addition,

T::{Cl(fl(H),z'):H € B}

is nonempty family of sets closed in the compact topo-
logical space (TS) (Y,7z). Moreover, T € [Y] (we use
known properties of the closure operation and the image
operation). Since J¢B, we obtain that e 7. In
addition, 7 € g[Y]. Therefore, by [9] we have the fol-
lowing property: if neN and

() Ln—> T,

(4.19)

then 37 €7 :T c()7,. As a corollary, 7 is the non
i=1

empty centered system of closed sets in a compact TS.

Then, the intersection of all sets of 7 is not empty. By

(4.19)

N el (H).r)= S =@.

HeB

Using (4.15), we obtain the required statement about the
nonemptyness of attraction set. _
Corollary 4.2.1f feY* and X eP (P(X)), then

(@eln), (@)= (@NX:Y:ir /i X] %2
V7 e (c—top)[Y]).

Proof. Let @¢{n} (X). Choose arbitrary topology

re(c—top)[Y] By (4.14) {n}, (X)efX] Moreover,
X c{n}, (X). Therefore, JeX. Then, {n} (X)e

£, [X] and by Proposition 4.4

@)[X:Y;7; f3{n), ()] = 2.
Using Corollary 4.1, we obtain that (as)[X;Y;z; f;X]#
%)

In the following, we use the continuity notion. In this
connection, suppose that

C(X,z7,Y,7,)= {f eY¥|f(G)er, VG e rz}
Vv, € (top)[X]V 7, € (top)[Y].

So, continuous functions are defined. In the following, we

use bijections, open and closed mappings, and homeom-
orphisms. Let

(bDLX; Y= {f e V" |(f1(X)=7)&
&(Vxl eX Vx, e X((f(xl) =f(x,))=
=(x = xz)))}

(4.20)

(4.21)
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In (4.21), the set of all bijections from X onto Y s
defined. If 7z, € (top)[X] and 7, e (top)[Y], then

Cop(X,rl,Y,rz) = {fe C(X,7.Y,7,)]

(G er, VGe 11}, 4.22)

C,(X,7,,Y,1,) = {f eC(X,7,Y,7,)|

) (4.23)
/' (F)eC,lr,] VF eCy [z}

In (4.22) (in (4.23)), we consider open (closed) mapp-
ings. In addition,
(Hom)[X;7,;Y;7,]:= Cop (X,7,Y,7,)
N(bI)[X;Y]=
=Gy (X, 7, Y, 7,) N (bi)[X; Y]
V1, € (top)[X] Vz, € (top)[Y].

(4.24)

So, in (4.24), the set of homeomorphisms is defined.

5. Some Properties of Ultrafilters of
Measurable Spaces

In this section, we fix a nonempty set E . We consider the
very general measurable space (E,£), where Le
7[E] is fixed also. According to necessity, we will be
supplement the corresponding suppositions with respect
to £ . We suppose that F*(L£) is the set of all families
F e P (L) such that

(B¢ F)&(ANBeF YAe F VBe F)&
&(VFeF VLeL (FcL)= (LeF)).
Elements of the set F*(L£) are filters of £. In add-
ition,
F;(L):={U e F*(L)|VF e F" (L)
(UcF)=WU=7))}
is the set of all ultrafilters of L. Recall that (see [16])

(5.1)

VFeF (L) UeF (L):Fcl (5.2)

In the following, (5.2) plays the very important role.
We introduce the mapping @, :£— P(F;(£)) by
the following rule:

CDL(L):z{L{eIF:(EﬂLeL{} VLeL. (53)

We note that {E} e F*(£) and by (5.2) F,(L£)=J. In
addition, we recall that (see Section 2)

(UF)[E; L] :={®,(L): LeL}ex[F(L)];(54)

by (5.4) the pair (F,(£),(UF)[E;L]) is a nonempty
multiplicative space. We note some simplest general
properties. We obtain that
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(E-set)[E]:={4 e P(E)|ANS =D VS ez}
e P(P(E)) vEe P (P(E)).
We note that
B|,e B,14] VB € B,[E] VA e (B-set)[E].

In addition, for 4e P(E) the inclusion p,[4]c B,
[E] takes place. Therefore,

B|,e B,[E] VB e B,[E] VA e (B-set)[E]. (5.5)

With the employment of (5.5), we obtain that, for any
B e€p[E] and A4e(B-set)[E]

(E-fi)[B|,] < FIE]: ((E-fi)[B]
< (E-f)[B|,])&(4 e (E-F)B],]).
Now, we return to the space (E, L). Suppose that
BLIE]:={B e P (L)|(@ ¢ B)&
&(VB eB VB, eBB (5.7)
dB,eB: B, c BlmBz)}
(the set of filter bases of £); F*(£) < #.[E] and
BIE1= B[E]1n P(L) ={B € B,[E]|B  L}.

We note the obvious property: FNLeF (L) VF e F
[E]. In addition,

(E—fi)[B|L]:= (E-fi)[B]NL
={Ze£\§|BeB:BCZ} eF' (L) VB e B[E]

(5.6)

Using (5.5) and the obvious inclusion S;[E]c g,
[E], under Be g[E] and A4e (B-set)[E]nL, we
obtain, that B, #;[E] We note that, under 5B e j;
[E] and 4 e (B-set)[E]n L, the filter

(E-f)[B[,|ILeF (L)
has the following properties

(E-M)IBILIc (E-T)[BI,IL]) &

&(Ae(E-i)BI,|L]).
Of course, (E-fi)[F|L]=F VF eF*(L). We can
use this property in (5.8): for any FeF'(L£) and
Ae(F-set)[E]nL, the filter (E-fi)[F|,|L]eF"
(£) has the properties

(F < (E-F)[F|,1L]) &(4 € (E-f)[F|,1L£]). (5.9)

(5.8)

In connection with (5.9), we recall the very general pro-
perty: if Bef/[E] and Ae(B-set)[E]nL, then
B, € p;[E]l. Using the maximality property, we ob-
tain that

(U-set)[E]nL=U VYU e F (L).
And what is more, ]F:(E)z{]-"eIF*(,/L)|f:(f—set)
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[E]NL}.
Of course, the above-mentioned properties are valid for
L € (LAT),[E] (5.10)

The following reasoning is similar to the construction of
[13,83.6] connected with Wallman extension; in addi-
tion, later until the end of this section, we suppose that
(5.10) is valid (so, we fix a lattice with “zero” and “un-
it”).

So, if UeF (L),AeL, and BeL, then (under

condition (5.10))
(AUBGM):((AEZ/{)\/(BEL{)) (5.11)

The property (5.11) is basic. As a corollary, VU eF,
(L) VAe LVBe L
(AUB:E):((AGU)V(BGZ/I)) (5.12)
We note that by (5.11) the following property is valid:
®,(AUB)=®,(4)UD,(B) VAe L VBeL.
As a corollary, we obtain the property
(UF)[E; £] e (LAT), [ F;(£) ] (5.13)

(so, under (5.10), the statement (5.4) is amplified). In
(5.13), we have the lattice of subsets of F (L£). This
important fact used below.

6. Topological Properties, 1

As in the previous section, now we fix a nonempty set
E and a family L e z[E]. We note the following ob-
vious property:

{ZGE\EIBGB:BCZ}EIF*(L) VB e B,[El

From definitions of the previous section, the following
known property follows: Vi, e F, (L) VU, €F, (L)

(U=U)=>EAel, IBel,:AnB=J). (6.1)
Moreover, we note that YU e F," (L)
{Ul=N{FeE(L)AeF}= D (L). (6.2)

Aeld LeU

Moreover, we note that z[F, (£)] = (op—BAS)[F, (£)].
Therefore, by (5.4)

(UF)[E; £] & (op — BAS)[F; (£)]. (6.3)
As a corollary, we obtain (see Section 2) that
T:[E]:={U} ((UF)[E; £])
:{G:GGP(]F:(E))WUGG 6.4)
AL el :® (L) = G} e (top)[F, (L)].

We recall the very known definition of Hausdorff topo-
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logy; namely, we introduce the set of such topologies: if
M isaset, then

(top),[M]:
={r e (top)[M]|Vm, e M
Vm, € M\{ml} dH, e N, (m,)
3H, € N,(m,):H,"H, = D}.
For any set M we suppose that
(c—top),[M]:=(c —top)[M ] (top),[M]

If ze(c—top),[M], thenTS (M,7) iscalled a comp-
actum. Then, the obvious statement follows from the
ultrafilter properties (see (5.3), (6.1)):

T.[E]  (top), [F; (L)) (6.5)

So, by (6.5) (F, (L), T.[E]) is a Hausdorff TS. Of cou-
rse, we can use the previous statements of this section in
the case of L e (LAT),[E], obtaining the Hausdorff to-
pology (6.5). But, in the above-mentioned case, another
construction of TS is very interesting. This construction
is similar to Wallman extension (see [13,83.6]). Moreo-
ver, in this connection, we note the fundamental investig-
ation [14], where topological representations in the class
of ideals are considered. We give the basic attention to
the filter consideration in connection with construction of
Section 3 concerning with the realization of AS. In this
connection, we note that P(E) e z[E] and the sets F~
(P(E)) and F,(P(E)) are defined. From (3.1) and de-
finitions of Section 5, we have the equality F” (P(E)) =
f?[E]. Moreover, from (3.2) and the above-mentioned
definitions of Section 5, the equality

F: (P(E))= 7 [E] (6.6)

follows. By these properties (see (6.6)) the constructions
of Section 3 obtain interpretation in terms of filters and
ultrafilters of measurable spaces.

Now, we note one simple property; in addition, we use
the inclusion chain F (£) cF(£) < B,[E] So, by (3.3)

(E—fi)[F] e FIE] V.F e F*(L).
In particular, we have the following property:
(E-fi)[U] e FIE] VU e F' (L). (6.7)

We note one general simple property; namely, in general
case of L e 7[E]

VUEeTF (L) IUep [El:U=UNL.  (68)

Remark 6.1. We note that (6.8) is a variant of Propos-
ition 2.4.1 of monograph [16]. Consider the correspond-
ing proof. Fix U €T, (L). Then by (6.7)
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V:=(E-fi)[U]={H e P(E)|
HBEUZBCH}GF[E].

From (6.9), we obtain (see Section 3) that z[E[V]e
P(F [E]). Let

(6.9)

Wer[E|V]

Then, Wel?u[E] and V< W. In addition (see Sect-
ion 5), WnLeF (£). Let Uel. Then, Uel
and, in particular, U e P(E). By (6.9) U<V and, as
a corollary, UeW. Then, UeWnL. So, the inclu-
sion U cWn L isestablished; we obtain that

WnLeF(L):UcWANL. (6.10)

From (5.1) and (6.10), we have the equality U/ =W
NL. So,

WeFu[E]l:U=WAL.

Since the choice of &/ was arbitrary, the property (6.8)
is established.

7. Topological Properties, 2

In this and following sections, we fix a nonempty set E
and a lattice £ e (LAT),[E]. We consider the question
about constructing a compact 7;-space with “unit” F,
(£). This space is similar to Wallman extension for a
T, -space. But, we not use axioms of topology and opera-
te lattice constructions (here, a natural analogy with con-
structions of [14] takes place). Later we use the fol-
lowing simple statement.

Proposition 7.1. (UF)[E;L] e (cl-BAS)[F, (L)].
Proof. We use (5.13). In particular, & e (UF)[E;L]. As
a corollary,

;=0. (7.1)
¢e(UR)[E;L]
Moreover, F (L£)=®,.(E) < (UF)[E;L] (see (5.4)). So,
(UF)[E; L] is a family with “zero” and “unit”. More-
over, by (5.13)

B U B, e(UF)[E; L] VB, € (UF)[E; L]
VB, € (UF)[E; L]

Therefore, by (2.13) the required statement is realized.
By (2.15) and Proposition 7.1 we have the following
construction:

{N}H((UF)E; L]) € (clos)[F; (£)]. (7.2)

Proposition 7.2. The following compactness property
is valid:

Coe oy UNH(UP)E; £]) € (e~ top)[F (£)]. (7.3)

Proof. For brevity, we suppose that
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U:={n}((UF)[E;L]) (7.4)
and 9:=CF5(£)[U]. Of course, by (2.9) 0 € (top)[F;
(£)]. Moreover, under S e U, the family

u[S1:={T e (UF)[E;L]|S = T} e P ((UF)[E; L])
has the following obvious property
s=T. (7.5)

Teul[S]

We have the equality U= C. . [6]. So, U s the fa-
mily of all subsets of F, (L) (”:I(osed inthe TS

(F, (£).0). (7.6)
Let # be arbitrary nonempty centered subfamily of U
(for any meN and (7;) — en™ the intersection of

i€lm

all sets 7,,ielm, is not empty). If H en, then the
family

D, = {i eL|®,(L)e u[H]} eP (L) (1.7)
has the property: D, c U VYU € H. Of course,
L:=JD, eP (L)

Hen

is centered. Indeed, choose neN and (A;), €L’
Let (7). €n" beaprocession with the property:

A, G]D)ﬁj Vjeln.

Then, in particular, (A,), € £'. In addition, by (7.7)
®,(A,)eu[fr,] Vjeln Of course,

mﬁi Cmq)L(Ai)'
i-1 i-1

Since the intersection of all sets z7,,i eﬂ, is not em-
pty (we use the centrality of 77 ), we choose an ultrafilter

n

Ue(Hr

i=1

Then, A, el under jeln. By axioms of a filter
(see Section 5) we obtain that

ﬁ A, #Q.
i=1

Since L is closed with respect to finite intersections,
we obtain that
(A} (L e P(L):(@ e {n}, (L)&(L={n}, (L).(7.8)

Moreover, (7.8) is supplemented by the following obvi-
ous property; namely,

VB, € {m}f (L) vB, e {m}f (L) 3B, € {m}f (L):
B,< B,NB,.
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From (5.7), we obtain that {n}, (L) € S7[E]. As a cor-
ollary,

Vi=(E-fi)l{n}, (L)| L] F*(L);

in addition, by (7.8) L < {n}, (L)< V. Finally, we use
(5.2). Let WeF,(£) be an ultrafilter for which V
cW. Then, LcW. So,

WeF (L):LcW. (7.9)
Let Men. Then, D, € P(L) and the equality
M= (T (7.10)
Teu[M]

is valid (see (7.5)). Choose arbitrary X e u[M]. Then,
Y e (UF)[E;L] and M cX. Using (5.4), we choose
De L forwhich X=®,(D). Then

DeL:®,.(D)euM]

By (7.7) DeD,, and, in particular, De L. By (7.9)
De)W and,asacorollary, W e ®,(D); see (5.3). So,
W eZX. Since the choice of £ was arbitrary, we ob-
tain that We B VBeuM] By (7.10) WeM. So,
we have the property:

WeH VH en.
Then, the intersection of all sets of 7 is not empty. Si-
nce the choice of 7 was arbitrary, it is established that
any nonempty centered family of closed (in TS (7.6))
sets has the nonempty intersection. So, TS (7.6) is com-
pact (see [11-13]).
Using Proposition 7.2, by T;[E] we denote the to-
pology (7.3); so,
T:[E]=C,. ({~}((UF)E; L])) € (c - top)[F; (L)),
(7.11)
We have the nonempty compact TS

(& (L), TZLED).
Proposition 7.3. If U eF, (L), then
{U} e {N}((UF)E; L]).

The corresponding proof follows from (6.2); of course,
we use (5.4) also. From (2.18), (7.11), and Proposition
7.3, we obtain the following property:

Ti[E] & (¢~ top)[F; (£)] N (D - top)[FF, (£)]. (7.13)

So, by (7.13) we obtain that (7.12) is a nonempty comp-
act 7, -space.

In conclusion of the given section, we note several pr-
operties. First, we recall that

F(L)\ @, (L) ={UeF(L)|Lelt} VLe L. (7.14)

(7.12)

In addition, from (7.11), the obvious representation fo-
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llows:
T:[E]1={G e P(F,(£L))|VU € G
AL e L\U YV e F' (L)
(Ce)=(ve G))}.

(7.15)

With the employment of (7.15) the following statement
is established.
Proposition 7.4. If U €F, (L), then the family

= {F, (L\ @, (L):L e L\U}
is a local base of TS (7.12) at U :
(goucN (u))&(VHeN W)

T2(E] T2[E]
dBeg,:Bc H).
The proof is obvious. So, by (3.4) and Proposition 7.4
{F; (L\D,(L):Le L\ u} € (U -bas)| TZ[E] ]
VYU e T, (L).

We note that, from definitions, the following property is
valid:

F(L)\ D, (L) e T2[E] VL e L. (7.16)

8. The Density Properties

In this section, we continue the investigation of TS (7.
12). Of course, we preserve the suppositions of Section 7
with respect to £ and £ . But, in this section, we postu-
late that {x} e £ Vxe E. So, in this section

L e (LAT)’[E] (8.1)

unless otherwise stipulated. So, £ e (LAT),[E] and {x}
e L Vx e E . Therefore, with regard (3.9) and (8.1), we
obtain that

(E-ult)[x]InL={AeL|xeA}eF, (L) VxeE.(8.2)

Of course, forany xe E, the inclusion {x} e (E—ult)
[xX] L isvalid.
Proposition 8. 1.

F; (L) = cl({(E-ult)[x]" L :x € E}, T[E]).

Proof Let UeF, (L) and He NTO[E] (U). We use Pr-
.. L ~

opposition 7.4. Namely, we choose a set Le £L\U for

which

F'(L)\ D, (L) < H. (8.3)
Since E eU by axioms of a filter (see Section 5), we
obtain that L= E. inaddition, Le £ and by (2.4) and

(81) LcE. So, E\L=@. Choose arbitrary point
ee E\L and consider the ultrafilter
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Si=(E -ul)[e] N L e F' (L); (8.4)

see (8.2). In addition, {e} eX. Asa corollary, by defini-
tions of Section 5

(ZeZ):(Zm{e};ﬁ@). (8.5)

But, Ln{e} =@ by the choice of e. Therefore, by (8.
5) Lg¢X. From (5.3) we have the property X ¢ @, (L).
As a corollary, by (8.4)

SeF (L)\ D, (L). (8.6)
From (8.3) and (8.6), we obtain that X < H. By (8.4)
{(E—ult)[x]mﬁ:er}mH;t@. (8.7)
Since the choice of H was arbitrary,
Ued({(E-ult)[x]nL:xe E}, TIE]).
Since the choice of &/ was arbitrary, the inclusion
F;(£) < cl({(E-ul[x]n L :x € E}, T[E])
is established. The inverse inclusion is obvious (see (7.
ll)S)(;, we obtain that trivial ultrafilters (8.2) realize an ev-
erywhere dense set in the TS (7.12).
Returning to (7.11), we note one obvious property co-

nnected with (7.16). Namely, by (2.14) and Proposition
7.1, in general case of L e (LAT),[E]

C,e o, [(UP)E:LT] & (0p-BAS), [ F; (L) ]
and, in particular, C.. [(UF)E:L]] e(op—BAS)[IE‘: (E)];
then, for A e (LAT),[E]

{u}(cm) [(UR)E; A]]) & (top) [ (M) ].

And what is more by (2.17), (7.11), and Proposition 7.1,
in general case of A e (LAT),[E]

T[E]=C.. [{~}((UF)[E:A) ]
= {U} (C]F; (A) [(UF)[E;A]]);

so, by (8.8) C.. A)[(IUH?)[E;A]] is a base of topology
(7.11). We recall that by (2.8) and (5.4), for general case
of Ae(LAT),[E]

Cp. o [(UDIEA]]

(8.8)

= {1@; (A)\B: B e (UF)[E;A]} (8.9)
={F;(A)\®,(L):LeAl.

Connection with Wallman extension. Let re(D
—top)[E]. Then, C,[r]e (clos)[E] and by (2.18) {x}
€ C,[r] Vxe E. Using (2.7), we obtain that C,[r]e
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(LAT),[E]. with the employment of the above-mentio-
ned closedness of singletons, by the corresponding defi-
nition of Section 2 we obtain that

C,[r]1e (LAT)’[E] (8.10)
Until the end of the present section, we suppose that
L=C,[z] (8.11)

So, inour case, (E,L) isthe lattice of closed sets in T-
space. Then, (7.12) is the corresponding Wallman com-
pact space (see [13]). On the other hand, by (8.10) and
(8.11) we obtain that this variant of (£,L£) corresponds
to general statements of our section (for example, see
(8.2) and Proposition 8.1). In this connection, we con-
sider the mapping

x> (E—ul)x]nL:E—>F'(L);  8.12)

we denote the mapping (8.12) by f. So, f e F,(£)"
and

f(x):=(E—-ult)[x]"L VxekE.
Consider some simple properties. First, we note that f
is injective: Vx, e E Vx, € E

(f(xl) = f(xz)) = (% =x,).
Indeed, for x, € £ and x, €E with the property f(x,)
=f(x,), by (3.9) we have that {x}ef(x,) and, as a

corollary, x, e{x}; so, x =x,.
Of course, f is abijection from E onto the set

f{(E) = {(E-ul)[x]nL:x e E} e P'(F,(L)). (8.14)

(8.13)

If Ae£ and xeE, then (Aef(x))< (xeA). As
a corollary, we obtain that

f1(D,(A)=A VAeL. (8.15)

Remark 8.1. Of course, in (8.15), we use the repre-
sentation (8.12). Fix Aef. Let x, ef(d,(A)).
Then x, € E and f(x,)e®,(A). By (6.3) Aef(x,)
and, as a corollary, x, e A. So,

fH (D, (A) = A (8.16)

If x"eA, then Aef(x"); see (8.12). Therefore, by
(5.3) f(x")e®,(A) and, as a corollary, x" ef™ (P,
(A)). So, Acf*(®,(A)). Therefore (see (8.16)) A
and f*(®,(A)) coincide.

From (5.4) and (8.15), we obtain that

f'(B) e L VB e (UF)[E;L]. (8.17)

Proposition 8.2. e C(E,z,F, (£),TZ[E]).
Proof. We use the construction dual with respect to
(4.20). Let FeC,. [ TZIE]]. Then, by (8.8) F e{n}
((UF)[E;L]). Therefore, for some Fe P ((UF)[E;L])
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F=()B.

BeF

As a result, we obtain that

fH(F) = F7(B),

BeF

where f1(B)eL VBeF; see (8.17). By (2.6), (2.9),
(8.11), and (8.18) we have the property:

A:={f"(B):BeF}eP(C,lz]) and

(8.18)

fYF)= ﬂ A eC,[r]

Aed

Since the choice of F was arbitrary, from (8.19) we ob-
tain the required continuity property (see [16, (2.5.2)]).

Corollary 8.1. f e c(E, o, (E). TEE] )

Proof. Recall that f(x) e f*(E) Vx e E. In addition, by
(8.14)

(8.19)

f(E) ={f(x):xe E} F,(L).
Let GeT/[E] |f1(E) and T' e T/[E] realizes the equal-
ity G=f"(E)nT. By Proposition 8.2
1 er. (8.20)
In addition, f*(G)cf™(I') (indeed, GcT). Let x,
ef (). Then, x.cE and f(x)el. But, f(x.)e
fY(E) too. Then, f(x,)ef'(E)nI. So, f(x)eG. Th-

erefore, x, ef™(G). Since the choice of x, was arbi-
trary, the inclusion

() < F1(G)

is established. So, f*(G)=f"('). By (8.20) f'(G)
e 7. Since the choice of G was arbitrary, the inclusion

fe c(E, 7, fY(E), T2[E] |f1(E)) is established.
Recall that f e (bi)[E;f'(E)] (see (4.21)).
Proposition 8.3. feC, (E 7. f{(E), TAE] |, (E)).

Proof. Let Ger. Then fl(G):{f(x):xeG} and
F:=E\GeC,[r]. By (8.11) Fe L. In addition, by
(5.3)

®,(F)={UeF(L)|F eU]. (8.21)
Of course, by (5.4) @,(F) e (UF)[E;L]. Then

F (L)\®,(F)e CF;(E) [(UF)[E; L]].
As acorollary, F (L)\®,.(F)eT;[E]. Therefore,

G:=f(E)n(F; (£)\ @, (F)) e T[] (8.22)

t(E)

Now, we compare f'(G) and G (8.22). Let Vef!
(G). Then, for some x, € G,
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V=Ff(x,)=(E—-ult)[x,]n L. (8.23)

Of course, Ge(E-ult)[x,] By (3.9 F ¢(E-ult)
[x,] (indeed, GNF =D ¢ (E—ult)[x,]). By (8.23) F
¢V and, as a corollary, V¢ ®,.(F); see (8.21). We ob-
tain that

VeF (L)\D, (F). (8.24)

Since f'(G) cf'(E), we have the inclusion V ef*(E).
Using (8.22) and (8.24), we obtain that Ve G. The
inclusion

f{(G)c G (8.25)

is established. Choose arbitrary W e G. then, by (8.
22), for some x* e E, the equality W="f(x") is valid.
So,

W = (E-ult)[x' ] L. (8.26)

Moreover, WeF (L)\D,(F). So, Wg D, (F). By
(8.21) F¢W. Since FelL, by (8.26) F ¢ (E—ult)
[x"]. From (3.9), the property x" ¢ F follows. Then,
x e E\F. Therefore, x*eG. as a corollary, W=
f(x*) e f(G). The inclusion G cf'(G) is established.
Using (8.25), we obtain that f'(G) =G. By (8.22)
1 0

f(G) e T.[E] |fl(E) .
Since the choice of G was arbitrary, by Corollary 8.1 and
(4.22) we have the inclusion

teCy(BoF (B TE )
By (4.24), (8.13), and Proposition 8.3 we obtain that
fe (Hom)[E;r;fl(E);TZ[E] |f1(E)] (8.27)

So, we construct the concrete homeomorphic inclusion
of T;-space in the compact 7, -space (in this connection,
we recall that by Proposition 8.1

F; (£) = cl(f*(E), TZ[E]);

moreover, see (7.13)). So, we have the “usual” Wallman
extension.

9. Ultrafilters of Measurable Space

In this section, we fix a nonempty set | and an algebra
A of subsets of 1. So, in this section, (1,.4) isa me-
asurable space with an algebra of sets: A e (alg)[I]. Of
course, we can to use constructions of Section 5; indeed,
in particular, we have the inclusion A e (LAT), [I]; see
(2.10). As a corollary, by (2.4) A e z[l]. So, we use the
sets F*(A) and F (A) of Section 5; we use proper-
ties of these sets also. We note the known representation
(see [15]):
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F;(A)={F eF'(A)|VAe A (4e F)v(I\de F)}.

(9.1
Now, we use (9.1) for investigation of TS (7.12) in the

case L£=A. First, we note the obvious corollary of
(9.2):

F(A\D (A =D, (I1\4) VAc A (9.2

Remark 9.1. Let Ade A is fixed. Choose arbitrary
U eF(A)\D ,(4). Then, by (7.14) Ae¢U,. By (9.1)
IN\4ely, where 1\4e A by axioms of an algebra of
sets. So, by (5.3) U, e @ ,(1\ 4). The inclusion

F(A)\D , (4) = D, (1\ 4) (9.3)

is established. Let U, e ® (I \A). Then, by (5.3)
U, eF (A) and I\4eld, By axioms of a filter

(Zeuz)z(Zm(l\Z);é@).

So, Zeuz and leez(DA(Qi). As a corollary,
U, eF (A)\D ,(4). So, the inclusion

@, (I\4) c F: (A)\D , (4)

is established. Using (9.3), we obtain the required coin-
cidence F, (A)\®,(4) and @ ,(I\A).

Returning to (9.2) in general case, we note the follow-
ing obvious

Proposition 9.1. (UF)[1;A]=C_. [(UF)[1;.A]].
Proof. Let B, e (UF)[1;.A]. Using (5.4), we choose I,
€A suchthat B, =®,(L). Then I\L, €A and by
(9.2)

F, (A\B, =F, (A\D (L) =D, (I\L,). (9.4)
From (5.4), we have the obvious inclusion @ ,(I\L)) e
(UR)[I;.A]. By (9.4)
F, (A)\ B, e (UF)[1; A]
Therefore, we obtain the following property:
B, =F; (A)\(F, (A)\B,)

=F; (A\D,(I\L,)eC,.  [(UPIA.

o(A)
The inclusion (UF)[I;Al=C_.  [(UF)[I;A]] is esta-

blished. Choose arbitrary
AeC

Fy (A)

Using (2.8), we choose B° e (UF)[I;.A] such that A
=F (A)\B°. Let L’ e A be the set for which B’ =
@, (L); see(5.4). Then, by (9.2)

A=F A\, (L)=d,(I\L),  (9.6)

where 1\L" e A. Since by (5.4) ®,(/\L)e(UF)
[I;.A], from (9.6), we obtain that

7y (A)

[(UF)[1;.A1]. (9.5)
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A e (UF)[1; Al
Since the choice of A (9.5) was arbitrary, the inclusion
CIF: o [(UF)[1;Al] = (UF)[I;A]

is established. So, we obtain the required equality.

From (6.4), (8.8), and Proposition 9.1, the simple (but
useful) statement follows.

Proposition 9.2. T,[1]1=T4[l].
So, for measurable spaces with algebras of sets, the top-

ological representations of Sections 6 and 7, 8 realize the
same topology. By (6.5), (7.13), and Proposition 9.2

T.[1] & (c—top), [F, (A)] 9.7)

So, we obtain a nonempty compactum. Recall that (see
(7.11), Proposition 9.2)

(NH(@mmA)=c,. , [T01] ©8)

is the family of all sets closed in the sense of topology
(9.7). We note the following obvious property (see [15,
ch.1])

(UF)[1; Al & (alg)[F, (A)]- (9.9)

Remark 9.2. We recall (5.4). Let I e (UF)[I;A].
Using (5.4), we choose A e A such that T'=® ,(A).
Then, 1\Ae A and by (9.2)

F'(A\T =F' (A)\ D, (A) =D, (I\A). (9.10)

By (5.4) and (9.10) F, (A)\T e (UF)[I;A]. So, we
establish that

F'(A)\ H e (UF)[I;.A] VH e (UF)[I;.A]. (9.11)

From (2.10), (5.4), and (9.11), the property (9.9) follows.
Proposition 9.3. (UF)[;A]=T;[IlnC,. [T.01)-

Proof. Recall that by statements of Section 2 and (9.8)
the inclusion

URLAl=C,.  [TilIT].

From (6.4), the inclusion (UF)[l;.A]c T,[E] follows
too. So, by (9.12)

(9.12)

UBAlc T NC,. [T @13
Let QeT,[1InC_.  [Ti[]]. Since Q s open,
then by (6.4) we obtadin that, for some family
W e P((UF)[I;.A]), (9.14)
the following equality is realized:
Q= w. (9.15)
e

If 20=0, thenby (9.15) Q= and, as a corollary, Q
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=0 ,(9), where JeA. So, by (5.4) we obtain the
implication

(W =) = (Q e (UF)[1;A]). (9.16)

Let 20 =. Then, 2WeP ((UF)[I;A]). Since Q is
a closed subset of a compactum, we have the compactess
property of Q ; then, by (9.14), for some K e Fin(20)

a=w. (9.17)

Wek
In particular, K e Fin((UF)[I;.A]). We note that (UF)
[I;.A] is closed with respect to finite unions (indeed, by

(9.9) (UB)[I;.A] is an algebra of sets). Therefore, by
(9.17) Qe (UF)[I;4] inthecase 20 = J. So,

(W = D) = (Q e (UF)[I;A]). (9.18)

Using (9.16) and (9.18), we obtain that Q e (UF)[I;.A]
in any possible cases. Since the choice of Q was arbitr-
ary, the inclusion

TNC,. , [Till]= UPIA]  (9.19)

in established. From (9.13) and (9.18), the required state-
ment follows.

So, (UF)[I;.A] is the family of all open-closed sets
in the nonempty compactum

(B (A), T4 00) = (F; (A), T4 [12).

In connection with the above-mentioned property of
nonempty compactum (9.20), we recall [15, ch. 1]. With
the employment of (9.1), the following obvious property
is established: in our case of measurable space with an
algebra of sets

(I-ult)[x]nAeF (A) Vxel. (9.21)

Remark 9.3. For a completeness, we consider the sch-
eme of the proof of (9.21). For this, we note that by (3.9)
and the corresponding definition of Section 5

(I—ul)[x]n L eF' (L) VL ex[l] Vxel. (9.22)

In particular, by (9.22) (I —ult)[x]" A eF"(A) Vxel.
Fix x, el and suppose that

Fo=(—-ul)[x,]nA;

of course, 7, eF"(A). In addition, A c P(l). Then,
VAde A

(9.20)

(x, € A)v (x, € 1\ A). (9.23)

Of course, by (3.9), for 4.4, we have the following
obvious implications:

(& eZ):s(Zeya))&((x* el\z):(l\AeJ-;)).
Then, by (9.23) (4e Z)v(I\4Ae F). Since the choi-
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ce of 4 was arbitrary, by (9.1) F eF'(A). So,
(9.21) is established.
Using (9.21), we introduce the mapping

(A-ult)[1]:=((1 -ul)[x]NA) _ eF (A)'. (9.24)

Of course, in (9.24) we have analog of the mapping f
(8.12). But, in the given case, we realize the immersion
of points of the initial set in the ultrafilter space under
other conditions. We will use the specific character of
measurable space with an algebra of sets. Now, we note
the obvious property:

(Vxel Vyel\{x} EI;IGA:(xe;l)&(yeE;I))

:((A—ult)[l]e(bi)[l; (A—ult)[l]l(l)]).

In (9.25), the statement of the premise has the following
sense: algebra A is distinguishing for points of I .

If JeP(A), then by analogy with Section 4 we
suppose that

(F*(A17)={F e 7 (A)|T < F})&

(9.25)

(9.26)
&(E (A17)={U e E (AT < ul);

of course, F (A|J)cF(A|J) and moreover the
following property is valid:
VFeF'(AlJ) IUEeF, (A|T): FcU.
Returning to (9.25), we note that
(A-ul)[IT*(F; (A|T))= () 4 VI e P'(A). (9.28)

AeT

(9.27)

In (9.28), we can use Z as constraints of asymptotic
character. Of course, F,(A)cF'(A)c pgilllc Bl
(see Section 5). Then, by (3.3)

(I —fi)[U] = {H  P(1)|3B e U -

! (9.29)
Bc H} e F[l] VU e F; (A).

By analogy with (9.29) we note that F"(A)c S,[I]
and (I1-fi)[F]e F[I] VF eF*(A). These properties pe-
rmit realize an asymptotic analogs of solutions of the set
(9.28). In this capacity, we can use elements of the sets
F*(A|Z) and F;(A|Z), where T e P (A) is used
as “asymptotic constraints”. Of course, .A bounds our
possibilities: we can use only subfamilies of A .
Proposition 9.4. F; (A) = cl((A-ult)[IT'(1), T, [1]).

Proof. Fix FeF:(A). Let AeF. Then Ae P (l).
So, A#@ and Ac|l. Choose arbitrary a e 4. Th-
en, by (9.24)

(1 —ul))[a] A = (A - ul)[1](a) € (A — ul)[IT:(1). (9.30)

By the choice of a we have the inclusion Ee(l—
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ult)[a]. Since F < A, we obtain that Ac A Then,
by (9.30) 4e(I-ult)[a]nA. Since (I-ult)[a]nAe
I, (A), by (5.3)
(I-ult)[a] " A e D, (4). (9.31)
By (9.30) and (9.31) we obtain the following property
@, (A) N (A-ult)[IF() = 2.

Since the choice of A4 was arbitrary, we have (see
(8.3)) the statement

O, (L)N(A-ul)[IT(1) =D VLe F. (9.32)

Choose arbitrary Qe NT*[I (F). Then, for some Q° e
N°. (F), the inclusiori' b” c Q is valid. Therefore,

Ja

o ng-;[” and FeQ°. By (6.4), there exists Ae
F such that

D, (A) . (9.33)
From (9.32), the property @, (A) " (A-ult)[IT'(1) = @
is valid. By (9.33) we obtain that

QNA-ul)[IT() 2D
(indeed, @ ,(A)c Q). Since the choice of Q was
arbitrary,

SAA-ul)IT() =D VSeN._.

Talll
Then, ]-‘ecI((A—ult)[l]l(l),T;[I]). So, the inclusion
F; (A) < el ((A-ul)[IT (1), T [1])

(F).

is established. The opposite inclusion is obvious.
We note that Proposition 9.4 is similar to Proposition
8.1. But, in the given section, the condition

{x} eA Vxel (9.34)

is supposed not; in Section 8 (in particular, in Propos-
ition 8.1), the condition similar to (9.34) is essential. So,
Proposition 9.4 has the independent meaning.

10. Attraction Sets Under the Restriction in
the Form of Algebra of Sets

In the following, we fix a nonempty set £, a TS (H,7),
where H =@, and a mapping heH”. Elements ee
E are considered as usual solutions and elements y e
H play the role of some estimates. The natural variant
of an obtaining of y is realized in the form y =h(e),
where ee E. But, we admit the possibility of the limit
realization of y. This is natural in questions of asympt-
otic analysis. In the last case, it is natural to use “asymp-
totic constraints” in the form of a nonempty subfamilies
of P(E). Then, we obtain constructions of Section 4
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under X =E, Y=H, and f=h. But, we admit yet
one possibility: along with “usual” AS, we use the sets

(r-AS)[Z|A]l:={yeH |

IF e F'(A]Z) : h'[Fl= v (10.1)

VA e (alg)[E] VZ € P (A).

Of course, we use remarks of the conclusion of the pre-
vious section.
Proposition 10.1. If A e (alg)[E] and X e P (A),
then
(z—-AS)[Z|A]={y e H|FU e F (AZ):
. (10.2)
RIS ).
Proof. We use reasoning analogous to the proof of Pro-
position 4.2. We denote by Q the set on the right side
of (10.2). Since F (A|Z)cF"(A|X) (see Section 9),
by (10.1)
Qc (r-AS)[Z|A] (10.3)

Let y, e(r—AS)[Z|A] Then, by (10.1) y, eH and,
for some F eF"(A|Z),

h[F]= »,. (10.4)

Recall that F e S [E] (see Section 9). Therefore, by
(4.1) h'[F]e B,[H]. Then, (10.4) denotes that

N.(y,) = (H-fi) h'[F]]

(see (3.5)). In addition, by the choice of F we have the
inclusion X < F; see (9.26). By (9.27), for some ile
F'(A|%), theinclusion F < 4 isvalid. Then,

h'[F]c h'[4].
As a corollary, by(3.3) and (10.5)
N, (y,) € (H=fi)[h'[F]] = (H-fi) h'[u1]],
where h'[s(] € B,[H] (see Section 9). Then, by (3.5)
U= 5,

By definition of Q we obtain that y Q. Since the
choice of y, was arbitrary, the inclusion

(10.5)

(10.6)

(r—AS)[Z|A]c Q (10.7)

is established. Using (10.3) and (10.7), we obtain the
required equality

(r-AS)[Z|A] = Q. (10.8)

From the definition of Q and (10.8), we obtain (10.2).
Recall that P(F) € (alg)[E£] and therefore

(- AS)[Z|P(E)| e P(H) VZ e P (P(E)).
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By definitions of Section 3, (6.6), and (9.26) we obtain
that
FulE£]=F, (P(E)|Z) VE e P (P(E)). (10.9)

From Propositions 4.2 and 10.1, we have (see (10.9)) the
property:

(@s)[£;H; 75y X]

=(c—-AS)[Z|P(E)] VEe P (P(E)).
So, our new construction is coordinated with AS of Se-
ction 4. Moreover, under A e(alg)[E], we can con-
sider AS (as)[E;H;z;h;X] for = e P (A).

Proposition 10.2. If A e (alg)[E] and X e P (A),
then

(r—AS)[Z|4] < (as)[E;H;z;h;Z]. (10.10)

Proof. We use (6.8). Choose y, e (r—AS)[Z|.A]. Then,
y. €H and, forsome U, €F, (A|Z), the convergence
h'[]= . (10.11)

is valid. Then, U, €F,(A) and X cU,; see (9.26). By
(6.8) for some U e Fu[E], the equality U, =U"NA
is valid. Then, T cU". Asacorollary, U" € Fu[E|Z].
Now, we return to (10.11). In addition, U, € §,[E]
Therefore, h'[i4,]e B,[H] and by (3.3)

(H-fi)[ '] FH].
From (3.5) and (10.11), we have the obvious inclusion
N, (r) = (H-fi)[n']]. (10.12)

In addition, U" e B[E] and h'[U*]e B [H]; see (4.
1). Since U, cU’, the inclusion h'[uL]ch'[U’] is
valid. As a corollary, by (3.3)

(H-fi)[h'[u,]] = (H-fi)[ h'[e]].
Using (10.12), we obtain the basic inclusion
N, (v.) < (H=fi)[h'[u]].

From (3.5) and (10.13), we obtain the following conver-
gence

(10.13)

U] .. (10.14)
So, U* eﬁZ[E\Z] has the property (10.14). Then, by
Proposition 4.2
¥, € (@)[E;H;z;h;E].
Since the choice of y, was arbitrary, the required inclu-
sion (10.10) is established.

So, by (10.1) and (10.2) some “partial” AS are defin-
ed. Of course, the case for which (10.10) is converted in
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a equality is very interesting. For investigation of this
case, we consider auxiliary constructions. In the follow-
ing, in this section, we fix A e (alg)[E]. So, (E,A) is
a measurable space with an algebra of sets. In this case,
we can supplement the property (6.8). Namely,

UNAeF (A) VU e FulE] (10.15)

Remark 10.1. We omit the sufficiently simple proof
(10.15). Now, we are restricted to brief remarks. Namely,
by ultrafilter ¢/ € Fu[E] we can realize a finitely addi-
tive (0,1)-measure « on the family P(E) supposing
that x(L):=1 under Lel/ and u(A):=0 under Ae
P(E)\U. In connection with such possibility, we use
[9,(7.6.17)] (moreover, see [9,(7.6.7)]). The natural nar-
rowing v of x on our algebra A is finitely additive
(0,1)-measure on A (of course, v =(u|.A)). Therefo-
re, for some VeF (A), by [9,(7.6.17)] v is defined
by the rule

(v(4)=1Vde v)&(v(}i) =0 Vde A\V). (10.16)

On the other hand, the family &/ A realizes v by the
obvious rule:

(V(Z)zl V;lel/{mA)&(v(;I):O VAe A\UNA)).

(10.17)

From (10.16) and (10.17), the required equality U m
A=V follows. Then, by the choice of )V we have the
inclusion U " A e, (A).

Using (6.8) and (10.15), we obtain that

F'(A) = {LmA Ue ﬁu[E]}. (10.18)
By (10.18) we establish the natural connection of I?u[E]
and T’ (A). Now, we consider some other auxiliary pr-
operties.

If Bepg[H] and zeH,
ing equivalence

then we have the follow-

(B=> 2) &= (N?(z) < (H-fi)[B]). (10.19)

Of course, we can use instead of B the corresponding
image of a filter base in E. Indeed, by (4.1) and (10.19)
VvBepf[E] VzeH

(W[B]= z) = (zv: (z) = (H —fi)[hl[B]]). (10.20)

Moreover, in connection with (10.20), we note that
VBepf[E] VzeH

(h[B]= z) = (h’l [N(2) ] (E—fi)[B]). (10.21)

Remark 10.2. Consider the proof of (10.21). Fix B e
BE] and zeH. Let hl[B]:>z Then, by (10.20)
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N?(2) = (H-fi)[h'[B]].

Therefore, for any G, € N/ (z), there exists B, € B
such that h'(B,) = G.. Asa corollary,
B, <h™(h'(B.))=h™(G.).

Then, h™(G,)e(E-fi)[B]. Since the choice of G,
was arbitrary,

-1[N"(z)] (E —fi)[B].
[N ] e (E- f|)[B]) Let
W[ N2 (2) ] = (E-fi)[B]. (10.22)

Choose arbitrary neighborhood G* e N?(z). Then, by
(10.22) h™(G") e (E —fi)[B]. Therefore, for some B*
e B, the inclusion B* —h™(G") is valid. In addition,
h'(B*) e h'[B] and

h'(8")ch'(h*(G")) <G

Then, G" e(H- fi)gh [B]|. Therefore, N;(z)<=(H-
fi)[h'[B]] and by (10.20) h'[B]= z. So,

So, (hl[zs'];> z)

(h-l [N(2) ] (E—fi)[B]) = (hl[B]:l z).

The proof of (10.21) is completed.

We note that, in (10.21), we can use instead of B ar-
bitrary filter of (£,.4). In this connection, we recall
that by constructions of Section 5, for any F e F*(A),
we obtain (in particular) that F € g,[E] and

(E-f)[F]1nA=(E—-fi)[F|A]=F. (10.23)

Then, from (10.21) and (10.23), we have the following
property: VF eF*(A) VzeH

(WF1 2) = (V2 (2) < (H-fi)[h'[F]]).(10.29)

Of course, (10.24) is the particular case of (10.21); in
(10.23), we have the useful addition. We note that
VB e B [H] VzeH VZ e (z-bas)[r]

(Boz) = (Zc (H-fi)[B]).  10.25)

Remark 10.3. Fix Be g [H], zeH, and Ze(z—-
bas)[z]. Consider the proof of (10.25). By (3.4) and
(3.5) we have the following implication

(B=sz)=(Zc (H-f)[B]).  (10.26)

Let Z < (H-fi)[B]. Choose arbitrary Se N_(z). Th-
en, by (2.18), for some Z e Z, theinclusion Zc S is
valid. Since Z e (H-fi)[B], by filter axioms (see 3.1))
Se(H-fi)[B]. So, the inclusion N, (z) c (H-fi)[B]
is established. By (3.5) we have the convergence
B—= z. So,
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(Z = (H-fi)[B]) = (B= 2).

Now, with the employment of (10.26), we obtain (10.25).
We note the following obvious corollary of (10.25) (in
this connection, we recall (10.21)): VB e B [E] VzeH

(hl[B]:lz) (37 e (z -bas)[¢]:
(10.27)
h™[z] < (E-fi)[B]).

Remark 10.4. Consider the proof of (10.27). We fix
BeB[E] and zeH. Since N!(z)e (z—bas)[zr] (see
(3.4) and definitions of Section 3), by (10.21)

(hl[B];z) = (37 e (z—bas)[7]:
(10.28)

h™[z] < (E-fi)[B]).

Let the corollary of (10.28) is valid. Fix 3 e (z—bas)[r]
with the property

h'[3] < (E - fi)[B]. (10.29)

Let Ge N/(z). Then, by (3.4), for some Be 3, the
inclusion Bc G is valid, where h™(B)eh™[3]. By
(10.29) h™*(B) e (E-fi)[B] and h™(B) c h™(G). Fr-
om (3.1) and (3.3), the inclusion h™(G) e (E —fi)[B]
follows. Since the choice of G was arbitrary, the inclu-
sion

h*[ N2 (2)] = (B -fi)[B]

is established. By (10.21) hl[B]:; z. S0, we obtain
that

(3Z e (z-bas)[z]:h*[Z] = (E-Ti)[B]) = (hl[B]:T> z).

Using the last implication and (10.28), we obtain the
required property (10.27).

Using (10.15), we obtain the obvious corollary of
(10.27): YU e f [E] VzeH

(hl[UmA]_;z) & (37 e (= ~bas)[z]:
(10.30)

h[Z] < (E-fi)[U 1 A]).

Remark 10.5. Consider the proof of (10.30), fixing
Uep [E] and zeH. Then, by (10.15) UnAeF,
(A). In particular (see Section 9), UnAe S [E]
Now, (10.30) follows from (10.27).

Condition 10.1. VzeH 3Z e (z-bas)[r]:h'[Z] <
A.

Remark 10.6. It is possible to consider Condition 10.1
as a weakened variant of the measurability of h. The
usual measurability of h is not natural since A is
only algebra of sets.

Until the end of the present section, we suppose that
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Condition 10.1 is valid.

Proposition 10.3. If Condition 10.1 is fulfilled, then
(r—AS)[Z]| 4] = (@s)[E;H;z;h;Z] VZ € P'(A).
Proof. Let Condition 10.1 be fulfilled. Fix X e P (A)
and ze(as)[E;H;z;h;X]. Then, zeH and, for some
UeFJE|Z]

h'[U]= z (10.31)

(see Proposition 4.2). Then, by (10.21) and (10.31) we

have the inclusion h’l[NT”(z) c U, since (E-fi)[U]
=U by (3.1). Asacorollary,

h[N, ()] cu

(indeed, for H € N,(z), we can choose G e N?(z) su-
ch that Gc H; therefore, by (2.1) h™(G)el,
h™(G)=h™(H), and by (3.1) h™(H)eu). By Con-

dition 10.1 there exists Z e(z—bas)[z] such that
h™[Z]< A. In addition,
h*[Z1ch™[N,(z)] c U; (10.32)

therefore, h™[Z]cU A, where by (10.15) U A
eF (A). We recall that U/~ Ae B [E] (see Section
9) and

h*[ZlcUNAc (E-fi)[UNA] (10.33)
Of course, by (4.1) h'[U/~.A]e B,[H]. In addition, by
(10.33)
3Z e (z—bas)[r]:h ' [Z] < (E - fi)[U N A].
By (10.27) h'[{~A]—z. Recall that = c /. Since

T e P (A), we obtain that X c 2/ n.A. Therefore (see
(9.26)),

UNAeT (A|Z):h[UNA]= =

By Proposition 10.1 z e (z—AS)[Z|A]. Since the cho-
ice of z was arbitrary, we have the inclusion

(@)[E;H;7;h;E] = (r—AS)[Z]|A]. (10.34)

Using (10.34) and Proposition 10.2, we obtain the equal-
ity
(- AS)[Z|A] = (as)[E;H; 73 h; E].

So, we can use (see Proposition 10.1 and Condition
10.1) ultrafilters of the space (E,.A) as nonsequential
approximate solutions in the case, when a nonempty
subfamily of A is used as the constraint of asymptotic
character. This property is very useful in the cases of
spaces (E,.A) for which the set F (A) is realized
effectively. In addition, for a semialgebra L eII[F]
with the property A =a; (L) (see Section 2), we con-
sider the passage

F (L) —> F (A)
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as an unessential transformation (see [9,87.6] and [16,8
2.4]; here it is appropriate to use the natural connection
of ultrafilters and finitely additive (0,1)-measures). Then,
after unessential transformations, the examples of [9,8
7.6] can be used in our scheme sufficiently constructive-

ly.
11. Ultrasolutions

First, we recall some statements of [17]. In addition, we
fix a nonempty set £ and a TS (H,z), where H=.
We consider the nonempty set Fu[E] Suppose that
heH”. Then, we suppose that

(h—LIM)[u \f]:z{z e H U= z}vu e [E] (11.0)

So, we introduce the limit sets corresponding to ultrafilt-
ers of E. By analogy with Proposition 5.4 of [17] the
following statement is established.

Proposition 11.1. If 7 e (c—top)[H],
LIM)[/ | 7] € P (cl(W'(E).7)) VU € E [E].
Proof. Fix Uef [E]l Then h'[U]eB,[H] and by
(4.2

then (h-

K:=(H-fi)[n'[t]] € 7 [H] (11.2)

(recall that (E—fi)[t/]=U). Since (H,7) is a com-
pact TS, there exists yeH such that K= y; see [9,
ch. 1]. Then, by (3.6) N_(y)c K or

N, () = (H-fi)[ h'[e] ]

(see (11.2)). By (3.5) and (11.3) h'[i/]= y. Then, by
(11.1) ye(h—-LIM)[U|z]. So,

(h—LIM)[U |7] # D. (11.4)

Let ze(h—LIM)[U|c]. Then zeH and h'[U]=
z. By (3.5) and (11.2) N_(z)c K. In addition, by
(11.2) h'[U]< K. Then, by (3.1)

ANB# D VYAe N_(z) VBeh'[U]
By (2.1) we obtain that
h'(U)nH =@ YU e VH e N_(2).

Since U=@ and h'(U) < h(E) for U eU, we have
the property:

(11.3)

h'(E)ynH # & VH e N,(z).
So, zecl(h'(E),r). The inclusion
(h—LIM)[2 |7] = cl(h'(E).7)

is established. Using (11.4), we obtain that (h—LIM)
[U|7]e P'(cl(h"(E).7)).
We note the following obvious property too: if
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7 e (top), [H]. F € I?‘[H],yl eH, and y, eH, then
(F= W)&(F= 3,)|= (h=2,). (115)

Remark 11.1. Let the premise of (11.5) be fulfilled.
Then, by (3.6)

(N,(yl)cf)&(NT(yz)c}"). (11.6)

Then, y, =y,. Indeed, suppose the contrary: y, # y,.
Then, by (6.1), for some H,eN_(y,) and H,eN,
(v,), the equality H nH,=¢ is valid. But, by
(116) H eF and H,eF. Then, by (3.1) H NH,
# (0. The obtained contradiction means that y, =y, is
impossible. So, y, = y,.

Proposition 11.2. If ze(c-top),[H] and Ue
FJIEL then

JzeH :(h—LIl\/I)[Z/l|T]:{E}.
Proof. The corresponding proof is the obvious combina-

tion of (11.1), (11.5), and Proposition 11.1. Indeed, by
Proposition 11.1 (h—-LIM)[U |7]#<& and (h—LIM)

[U|r]cH. Let ye(h-LIM)[U|z]. Then, yeH
and
W [U]= y. (11.7)
Let ze(h—LIM)[U |r]. Then, zeH and
h'[U]= z. (11.8)
For H:=(H-fi)[ W'[u]]e £, [H], by (11.7) and (11.8)
(N.(») c H)&(N,(z) = H).

So, by (3.6) H:T>y and H:T> z. From (11.5) the
equality y =z isvalid. Then, ze{y}. Theinclusion

(h—LIM)[U |7] < {y} (11.9)
is established. But, by the choice of y we have the
inclusion {y} < (h—LIM)[Z/|z]. Using (11.9), we ob-
tain that

(h—LIM)[U |7]={y}.
The uniqueness of y is obvious.

From Proposition 11.2 the natural corollary follows: if
7€ (c—top),[H], then

31g e H™E s (h— LIM)[U | 7] = { g ()}

N (11.10)
VU e Fu[E]
In the following, we postulate that
7 € (¢ —top),[H]. (11.11)
Then (see (11.10) and (11.11)), we suppose that
H [z]e HFW] (11.12)

is defined by the following rule: if UEﬁu[E], then
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H [7](U) € H has the property:
(h=LIM)[U 7] = {H,[1()}.
We note that by (11.13) and Proposition 11.1
H,[2](U) e cl(n"(E).7) VU € Fu[E] (11.14)

(11.13)

So, by (11.12) and (11.14) H,[r]: Fu[E] - cl(h'(E)
,7). In this connection, we note the following typical si-
tuation: under condition (11.11), h'(E)=H and h'(E)
¢ (r—comp)[H]. Of course, by (11.11)

cl(h'(E).7) e (r - comp)[H].

Indeed, any closed set in a compact TS is compact too.
Recall that

H [ ecl(h(E).7)"". (11.15)
Returning to (11.1) and (11.13) we note that
h[U)= H,[]U) VU e 7 [E]l  (11.16)

With the employment of (3.9), we introduce the natural
immersion of Ein g [E] supposing that

(E-ul)[1:=((E -ut)[x])_, e 7 [ET. (11.17)

In connection with (11.17), we note the following obvi-
ous equality:

h=H [r]o(E - ult)[]. (11.18)

Remark 11.2. Consider the proof of (11.18). Fix

x € E. By (3.9) we obtain that
h(x) e h*(S) VS e (E —ult)[x]. (11.19)

So, by (2.1) and (11.19) we obtain the following prop-
erty:
h(x)eT VT eht [(E—ult)[x]].
In addition, by (3.5), (3.9), and (11.16)
N, (H,[71((E-ult)[x])) =
< (H—fi)[ h* [(E —ult)[x]] ]

So, VI eN,(H,[7]((E-ult)[x])) 3T eh'[(E-ult)[x]]
:T<T . Then, by (11.20) h(x)el V[ eN,(H,[7]
((E—ult)[x])). Using the separability of 7 (11.11),
we obtain the equality chain

h(x) = H,[7]((£ - ult)[x])
=(H [r]o (E —ult)[]) (x).
Since the choice of x was arbitrary, we obtain that
(11.18) is fulfilled.

Proposition 11.3. If ¢/ € g [E], then the following
equality is valid:

(11.20)
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N el(h*(4).7) = {H,[])}.

AelU

Proof. Let u:=H [z](U{). Then ueH and by (11.16)
h'[U]= u.

Then, by (3.5) N, (u) = (H—fi)[ h'[4]]. Therefore, for
any T eN,(u), there exists Uel/ such that h'(U)
c T (see(3.3)and (4.1)).

Let A4 eU. Then, h'(4)eP(H). If SeN._(u),
then, for some U e U, the inclusion h*'(Us)c S s
valid; moreover, 4, "Ug =< and

h'(4, AU,) ch'(4,) "h'(U;) ch'(4) S, (11.21)

where h'(4, NU;)#=@. So, h'(4)nS=D. Since
the choice of S was arbitrary, we obtain that

h'(4)NH #@ VH e N, (u).

Therefore, uecl(h'(4,),7). Since the choice of 4,
was arbitrary too, we have the inclusion ue ﬂcl
(h'(4).7). Therefore, Asu

{u} = N el(h*(4).7).

AeU

Choose arbitrary g e () cl(h'(4),7). Then geH and

AeU

WAh'(4)+ @ VAelU YW e N_(q). (11.22)

Then, for W e N_(g), we obtain the property W T
#@ VT eh'[U]. Using (3.3), we have the following
statement:

WM =@ VM e(H-fi) h'[u]].

Therefore, W e ((H —fi)[ h'[u] ] —set)[H] (see Section
5), where

(H-fi)[h'[u]] e 7,[H]

(we use (4.2)). In addition, using (6.6), (11.23), and sta-
tements of Section 5, we obtain that

((H-fi)[hifza] ] -set)[H]
= ((H=fi)[ n*[2]] - set)[H] ~ P(H)
=(H —fi)[hl[?/l]]-

Therefore, We(H—fi)[hl[u]]. Since the choice of
W was arbitrary, we obtain that

N, (q) = (H=fi)[h'[u]].

So, by (3.5) h'[U]=> ¢q. Then, we have the following
properties:

(11.23)

(hl[u]:;u)&(hl[L{]:; q).
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By (11.5) u=gq. Then ge{u}. Since the choice of
g was arbitrary, we obtain that

N cl(h*(4).7) < {u}.

AeU
The opposite inclusion was established previously. Ther-
efore, {u} and the intersection of all sets cl(hl(A),r),

AelU, coincide.
From (4.15) and Proposition 11.3 we obtain that

@S)[E;H;z;h; U] = {H,[2](U)} VU e F [E]l (11.24)

So, ultrafilters of E realize very perfect constraints of
asymptotic character.

12. Ultrafilters of Measurable Space with
Algebra of Sets

In this section, we fix a nonempty set £, TS (H,7),H =
@, and heH’. Moreover, we fix A e (alg)[E]. Fin-
ally, we suppose that Condition 10.1 is fullfiled. Then,
we have the statement of Proposition 3 and other state-
ments of Section 10. We suppose that (11.11) is valid
also. So, we have the mapping (11.12). In addition, we
have the natural uniqueness of the filter limit: (11.5) is
fulfilled. Now, we supplement (11.5). Namely, VB e g,
[H] Vy,eH ¥y, eH
(B=y)&(B=y,)|= (h=2,).  (121)
Remark 12.1. For the proof of (12.1), we fix Be g,
[H],», eH, and y, e H. Let the premise statement of
(12.1) is valid: B converges to y, andy,. Then, for
F=MH-1i)[BleF,[H] (see(3.3)), the inclusions

(Nf(yl)C}—)&(Nr(yz)Cf)

are fulfilled. Therefore, by (3.6) the following two prop-
erties are valid:

(FS0)&(FSp,).

By (11.5) y, =y,. So, (12.1) is established.

We recall (10.23) and (10.24): if FeF'(A), then F
e B[E] and h'[F]e B,[H] (see (4.1)). We use (10.
15).

Proposition 12.1. h'[U N A]= H,[c](U) VU e Fu[E].
Proof. Let UeF[E] and z:=H [7](U). Then ze
H and by Condition 10.1, for some Z  (z —bas)[r], the
inclusion h‘rl[Z]cA is fulfilled. In addition, by (11.
16) h'[U]=z Since UeB[E] and U =(E-fi)

[U], then
h[ N2 ] cu. (12.2)

From (12.2) the inclusion h™*[N.(z)]cu follows
(namely, for any S eh™[N,(z)], there exists T eh™
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[Nf (z)| suchthat T S; then, Tel by (12.2) and
S el Dby axioms of a filter). In addition, Z c N_(z).
Then,

h[Z]ch[N, ()] c U

and (by the choice of Z) h™'[Z]lcUnAc (E-fi)
[UNA) Since Z e (z—bas)[r], by (10.27)

h' U N A]= z.

By definition of z h'[/ N A]= H, [1(U). ]
Proposition 12.2. VF eF'(A) 3zeH:h'[F]l=z.
Proof, Fix F e[, (A). Using (10.18), we choose

U e Fu[E] such that
F=UNA. (12.3)
Then, by (11.12) H,[r](/)eH and by (12.3) and
Proposition 12.1
h[F]= H,[](WU). (12.4)
In addition, Feg[E] and h'[F]e B,[H] Therefore,
by (12.1) and (12.4) VyeH

(115 5) = (v =, 17100).

From Proposition 12.2, the obvious corollary follows;
namely 3lge H™™ .

W[F]= g(F) VF €F;(A).
Now, we suppose that the mapping
9,[]:F (A)—>H (12.5)
is defined by the following rule: if F eF (A), then
h[F]= $,[71(F). (12.6)

From (10.15) and (12.5), the obvious property follows;
namely, 9,[z1(U " A)eH VU e Fu[E]
__Proposition 12.3. 9 ,[r](U~A) = H [c](U) YU
FulE]

Proof. Fix U e F.,[E] Then, by (11.12) H,[c]) e H.
By (10.15) we obtain that 4/ A e F,(A). In particu-
lar, U~Aep[E] and by (4.1) h'[U~A]e B,[H]
From Proposition 12.1, we have the following conver-
gence

h'[U ~Al= H,[c1U). (12.7)
Using Proposition 12.2, (12.1), (12.6), and (12.7), we ob-
tain that §,[z](U N .A) = H,[](U1).
Proposition 12.4. If U eF,(A) and U elU, then
9, [7JW) e cl(h*(U).z).

Proof. Using (10.18), we choose Ve g [E] such that
U=VnA. Then, by Proposition 11.3 we have the in-
clusion
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H [7](V) ecl (hl(ff),r) (12.8)

(we use the obvious inclusion U eV realized by the
choice of U ). By Proposition 12.3

9)U) = 9,[2JVn A) = H,[2]V).

From (12.8), the inclusion §,[z](t) e cl(h'(U),z) fol-
lows.

We note that (see [11,12,13]) by (11.11) the space (H
,7) isregular: if xeH, then

3X e (x—bas)[7]: X = C, (7). (12.9)
Proposition 12.5. The mapping (12.5) is continuous:
9,[r]e C(F; (A). T,[E}H,7). (12.10)

Proof. Fix U €F,(A). Then, by (12.5) z:=9,[7](U)
e H. In addition, by (12.6)

h[U]= z. (12.11)

Of course, U e B[E] and h'[U]e B,[H] (see (4.1)).
As a corollary, by (3.3)

Hi=(H-fi)[h'[u]]e F[H].

From (3.5), (12.11), and (12.12), we obtain the following
inclusion:

(12.12)

N, (z) c H. (12.13)
From (2.1), (3.3), and (12.13), we obtain that
VSeN,(z) U e :h'(U)cS. (12.14)

Fix Ne N, (z). Using (12.9), we choose Z e (z—bas)
[7] such that Z < C,(z). Then, by (3.4), for some
F e Z, theinclusion

FcN (12.15)

is valid. Therefore, FeC,(r). Of course, Fe N_(z).
Therefore, by (12.14), for some U el

h'(U) cF. (12.16)

In addition, @ ,(U) e (UF)[E;.A] (see (5.4)). By (6.4)

®,(U)eT,[E] In addition, by (5.3) Ued (V).

Therefore,
D, (U)enN:, _(U).

TALE]

(12.17)

Choose arbitrary ultrafilter Ve ® ,(U). Then, VeF,
(A) and UeV; see (5.3). By Proposition 12.4

$,[zJ(vV) ecl(h*(U).7).

By the closedness of F and (12.16) Cl(hl(U),z’)C F.
So, from (12.18), we have the inclusion
9,[z1(V) eF.

Using (12.15), we obtain that $,[z](V) € N. Since the
choice of V was arbitrary, the inclusion

(12.18)
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S’JA[T]l(CI)A (U)) <N

is established. Since the choice of N was arbitrary too,
from (12.17), we obtain that

VS e N, (9,[71U))
ITeN_. (U):9,[1(T)cS.

TALE]

(12.19)

So, the mapping $ ,[7] is continuous at the point U .
Since the choice of U was arbitrary, the required in-
clusion (12.10) is established (see [16], (2.5.4)).

In connection with Proposition 12.5, we recall Propo-
sition 9.2 and known statement about the possibility of
an extension of continuous functions defined on the ini-
tial space; in this connection, see, for example, Theorem
3.6.21 of monograph [13]. For this approach, construc-
tions of Section 8 are essential. Of course, under corre-
sponding conditions, we can use the natural connection
with the Wallman extension (see (8.27) and Proposition
9.2).

In this case, Proposition 12.5 can be “replaced” (in
some sense) by statements similar to the above-mentio-
ned Theorem 3.6.21 of [13] (of course, this approach re-
quires a correction, since we consider ultrafilters of the
measurable space). But, we use the “more straight” way
with point of view of asymptotic analysis: we construct
the required continuous mapping by the limit passage
(see Proposition 12.5). We recall (9.24). Then, by (9.24)
and (12.5) the mapping

9 [7]o (A-ult)[£]
= (9. [F((E-uin)[x]nA)) _, eH"

is defined; moreover, he H”.

Proposition 12.6. The equality h =9 [r]o(A-ult)
[E] isvalid.
Proof. Fix xeE. Then by (11.17) (E-ult)[x]€ F,
[E]. In addition, by (11.18) the obvious equality fol-
lows:

(12.20)

h(x) = H,[7]((E - ult)[x]). (12.21)

Moreover, by (9.24) we obtain that
(A-Ul)[E](x) = (E-ul)[x]" A e F, (A). (12.22)
Then, by Proposition 12.3 and (12.22) we have the eq-
uality chain
9,[71((A -U[E](x)) = H,[7]((E - ul)[x]) = ().

So, (9,[z]e(A~ult[E])(x) = 9, []((A -ult)[E](x))
=h(x) . Since the choice of x was arbitrary, h=9,
[7]° (A —ult)[E].

Since (9.7) is valid, from Propositions 12.5 and 12.6,
we have the important corollary connected with Proposi-

1M



A.G. CHENTSOV 549

tion 5.2.1 of [9]:
(F, (A), TL[EL (A -ult)[E] H,[])  (12.23)

is a compactificator, for which (in the considered case)
(@S)[E;H; 31 S = 9, [T ((@s)[EF, (A); TL[E];

, (12.24)
(A—Uult)[ELE]) VE e P (P(E));

in (12.24) we use Proposition 3.1 and Corollary 3.1 of
[18]. In addition, P'(A)<= P (P(E)). Therefore, by
(12. 24)

(@s)[E;H;z;h;2] = $ [T ((as)[E;IFo* (A)TLLE];

| (12.25)
(A—-Uul)[ELZ]) VE e P (A).

In (12.25), we have the important particular case. We co-
nsider this case in the following section.

13. Ultrafilters as Generalized Solutions

We suppose that E,(H,z),h, and A satisfy to the co-
nditions of Section 12. We postulate (11.11). Finally, we
postulate Condition 10.1. Therefore, we can use con-
structions of the previous section. In particular, (12.25) is
fulfilled (the more general property (12.24) is fulfilled
too). In connection with (12.25), the obtaining of more
simple representations of AS

@) B;F) (A): TAEL (A -u[ELE .2 € P/(A),

(13.1)

is important. For this goal, we use the natural construc-
tion of Theorem 8.1 in [17]. Namely, we have the follo-
wing

Proposition 13. 1. If e P'(A), then (as)[E;IFj
(A\TLEL(A-U)[ELE] = F, (A |2).
Proof Let F e (as)| E;F; (A); T, [EL (A -ul[ELZ].
Then, by the corresponding definition of Section 4 (see
(4.3)) FeF (A) and, for some net (D,=,f) in the
set E,

(Zc(E-as9)[D;x; 1) &

5] (13.2)
&((D,=, (A= UIt)[E]e f)—> F).

Fix AeX. Then, by (13.2) Ae(E-ass)[D;=; f]. Us-
ing (3.7), we choose d; e D suchthat Vo e D

(d,<8)= () e 4). (13.3)

Of course, A< P(E). And what is more, A< F. In-
deed, let us assume the contrary:

Aes\F. (13.4)

Recall that X c A. Therefore, 4e.A. By (9.1) and
(13.4) we have the inclusion E\A4e F. Then, by (5.4)
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@, (E\ 4) € (UF)[E; Al
@, (E\A) e T,[E] (13.5)

Moreover, by (5.3) }‘eq)A(E\;l). Using (13.5), we
obtain that

In particular (see (6.4)),

@, (E\A) e N,

), (13.6)

where N, . ](]-") (f) From (13.6) and the
second statAement of (13 2) we have the following prop-
erty: there exists d, € D such that V&6 e D

(d, 28) = (((A-Ul[E]> £)(8) e D (E\ ). (137)

By axioms of DS there exists d, e D for which d; <
d, and d, =d,. By (13.3) f(d)eA Moreover, by
(13 7

((A=U[E]e /) (d;) € D, (E\ 4).

By (9.24) ((A-Uul)[E]e [)(d,) = (E—ult)[f(dy)] N A.
Therefore,

(E-ul)[f(d)]nAc® (E\A).

From (5.3), the inclusion E\A e (E-ult)[f(dy)]nA
follows; in particular, E\Ae(E-ult)[f(dy)]. By
(3.9) f(dy)eE\A. So,

(f(ds) e Z)&(f(d3) eE\Z).

We have the obvious contradiction. This contradiction
means that (13.4) is impossible. So, 4 F. Since the
choice of A4 was arbitrary, the inclusion X< F is
established. Then (see (9.26)), F eF (A|Z). So, we
obtain the inclusion

(@) 5T, (AR TAEL (A-U[EEE | < ) (A [5). (138)

Choose arbitrary V eF, (A |Z). Then, by (9.26) Ve
F'(A) and Xc V. By Proposition 9.4 and [9,(3.3.7)],
for some net (D,C,g) intheset E,the convergence

TAlE]
(D,C,(A—-ult)[Ele g) —>V (13.9)
is fulfilled. Now, we use axiom of choice. Fix QeX

Then, by the choice of V the inclusion QeV is ful-
filled. Of course, by (5.4)

@, (Q) e (UF)[E; Al; (13.10)

in addition, by (5.3) Ve®,(Q). Since by (6.4) and
(13.10) @, (Q)eT,[E] we have the inclusion

@, (Q)eN° (V) (13.11)

THIE]

From (13.9) and (13.11), we have the property: for some
deD weobtainthat VoeD.

(dC8)=(((A-ult)[E]og)(5) e @, (Q)). (13.12)
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From (9.24) and (13.12), we have the following property:
voeD

(dCo)=((E-ult)[g(6)]nAed, (Q)). (13.13)

By (5.3) and (13.13) we obtain that, for 5D with the
property d C & the inclusion Qe (E—ult)gg(é‘)]m
A is valid and, as a corollary, by (3.9) g(5 eQ So,
QeP(E) and

3d, eD Vd, D (d, Cd,)=(g(d,) Q)

Then, by (3.7) Q e(E-ass)[D;C;g] Since the choice
of Q was arbitrary, the inclusion

2 c(E-ass)[D;C; g] (13.14)

is established. So, by (13.9) and (13.14) we obtain that
the net (ID;C;g) in the set g has the following proper-
ties:

(Zc(E-ass))[DiC;g] &
&((D,g,(A—ult)[E]o g)i[ﬂv}

By definition of Section 4 (see (4.3)) Ve(as)[E;
F (A); T, [E]:(A- uIt)[E];E] So, the inclusion

F, (A[2) < (as)| E;F, (A);T; [E](A-ult)[E];3 ]

is established. Using (13.8), we have the required equal-
ity

(as)| E;F, (A):T; [E]:(A-ult)[E];z ]| =, (A[2)

From (12.25) and Proposition 13.1, we have the fol-
lowing

Theorem 13.1. If e P'(A) then, AS in (H,7)
with constraints of the asymptotic character defined by
¥ isrealized by the rule

(as)[E;H; ;2] = 9, [¢] (F; (A[z)).

We note that, in Theorem 13.1, the set F, (A[x)
plays the role of the set of admissible generalized solu-
tions.

14. Some Remarks

In our investigation, one approach to the representation
of AS and approximate solutions is considered. This very
general approach requires the employment of constructi-
ons of nonsequential asymptotic analysis. This is conn-
ected both with the necessity of validity of “asymptotic
constraints” and with the general type of the convergence
in TS. We fix a nonempty set of usual solutions (the sol-
ution space), the estimate space, and an operator from the

Copyright © 2010 SciRes.

solution space into the estimate space. In the estimate
space, a topology is given. Then, under very different co-
nstraints, we can realize in this space both usual attaina-
ble elements and AE. But, if usual attainable elements
are defined comparatively simply (in the logical relat-
ion), then AE are constructed very difficult. For last goal,
extensions of the initial space are used. In addition, the
corresponding spaces of GE are constructed. Ultrafilters
of the initial space can be used as GE. But, the realizabil-
ity problems arise: free ultrafilters are “invisible”. In add-
ition, free ultrafilters realize limit attainable elements wh-
ich nonrealizable in the usual sense. In this connection,
we propose to use ultrafilters of (nonstandard) measur-
able space; we keep in mind spaces with an algebra of
sets. But, it is possible to consider the more general con-
structions with the employment of ultrafilters. In our in-
vestigation, ultrafilters of lattices of sets are used. On this
basis, the interesting connection with the Wallman ex-
tension in general topology arises.

It is possible that the proposed approach motivated by
problems of asymptotic analysis can be useful in other
constructions of contemporary mathematics.
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