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ABSTRACT

It is well known that most of information systems are based on tolerance relation instead of the classical equivalence
relation because of various factors in real-world. To acquire brief decision rules from the information systems, lower
approximation reduction is needed. In this paper, the lower approximation reduction is proposed in inconsistent infor-
mation systems based on tolerance relation. Moreover, the properties are discussed. Furthermore, judgment theorem and
discernibility matrix are obtained, from which an approach to lower reductions can be provided in the complicated in-

formation systems.
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1. Introduction

The rough set theory, proposed by Pawlak in the early
1980s [1], is an extension of the classical set theory for
modeling uncertainty or imprecision information. The re-
search has recently roused great interest in the theoretical
and application fronts, such as machine learning, pattern
recognition, data analysis, and so on.

Attribute reduction is one of the hot research topics of
rough set theory. Much study on this area had been re-
ported and many useful results were obtained [2-8].
However, most work was based on consistent informa-
tion systems, and the main methodology has been de-
veloped under equivalence relations (indiscernibility re-
lations). In practice, most of information systems are not
only inconsistent, but also based on tolerance relations
because of various factors. The tolerance of properties of
attributes plays a crucial role in those systems. For this
reason, J. Jarinen [9-13] proposed an extension rough sets
theory, called the rough sets based on tolerances to take
into account the tolerance relation properties of attri-
butes. This innovation is mainly based on substitution of
the indiscernibility relation by a tolerance relation. And
many studies have been made in DRSA [14-18]. But
useful results of attribute reductions are very poor in in-
consistent information systems based on tolerance re-
lations until now.

In this paper, the lower approximation reduction is
proposed in inconsistent information systems based on
tolerance relations. Moreover, some properties are dis-
cussed. Furthermore, judgment theorem and discerni-

Copyright © 2013 SciRes.

bility matrix are obtained, from which an approach to
lower approximation reductions can be provided in in-
consistent information systems based on tolerance re-
lations.

2. Rough Sets and Information Systems
Based on Tolerance Relations

The following recalls necessary concepts and prelimina-
ries required in the sequel of our work. Detailed des-
cription of the theory can be found in [5,17].

An information system with decisions is an ordered
quadruple | =(U,AUD,F,G), where
U ={x,%, -, X,} isanon-empty finite set of objects;

AUD isanon-empty finite attributes set;

A= {al,az,---,ap} denotes the set of condition attri-
butes;

D={d,.d,,--,d,} denotes the set of decision attri-
butes,and AUD = ;

F={fJU->V.k<p}, f(x) is the value of a,
for xeU, v, isthedomainof a,,where a, € A;

G ={g,JU >V, k'sq}, g.(x) is the value of
d, for xeU, v, isthedomainof d,, d,eD.

If a binary relation T on the universe U is reflexive and
symmetric, it is called a tolerance relation on U. The set
of all tolerance relations on U is denoted by Tol(U). A
tolerance relation T can construct a covering of the uni-

verse U, not a partition. For any tolerance relation
TeTol(U) and xeU, denote
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0, (x,y)eT '

T(x,y)z{l' (x,y)eT

T(x)={yeU|xTy,xeU};

where T(x,y)=1 means x and y have the tolerance
T,or x and y haven’tthe tolerance T, and the

T (x) is called the tolerance neighborhood or tolerance
class of the object x.

An information system is called an information system
based on tolerance relations, in brief TIS, if all relations
of condition attributes are tolerance relations.

In general, we call an information system based on
tolerance relations with decision to be a decision table
based tolerance relations, denoted by TDT , that is
TDT =(U,AUD,F,G). Thus the following definition
can be obtained.

Definition 2.1. Let TDT =(U,AUD,F,G) be a de-
cision table based on tolerance relations, forany B c A,
denote R} and R[] are tolerance relations of infor-
mation system TDT .

If we denote

[% L :{xj eU|(xi,xj)eRg};

[xi]IT3 ={xj eU|(xi,xj)eRg},

then the following properties of a tolerance relation are
trivial.

Proposition 2.1. Let R, be a tolerance relation. The
following hold.

(1) R is reflexive, symmetric, but not transitive, so
it is not an equivalence relation.

(2) IfBc A, thenR, c R} .

(3) IfB< A, then [, ]; =[x ]L

4 J :U{[xmxau} constitutes a covering of U .

Forany subset X of U ,and A of TDT define
RA(X)={xeU|[x], < x}:

RL(X)={xeU[x[,Nx #2},

Ri(X) and R, (X) are said to be the lower and up-
per approximation of X with respect to a tolerance
relation R, . And the approximations have also some
properties which are similar to those of Pawlak app-
roximation spaces.

Proposition 2.2. Let TDT =(U,AUD,F,G) be an
information systems based on tolerance relation and
X,Y c U, then its lower and upper approximations sa-
tisfy the following properties.

(DRY(X) = X = RY(X).
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@ Ra (XUY) =Ry (X)URL(Y);
RA(XNY) =Ry (X)NRA(Y).

@) RA(XNY) = Ry (X)NRI(Y);
Ry (X)URL(Y) = Ry (X UY)

@) R¢(~X):~R¢(X);
Ry (= X)=~Ry(X)

(5) Ry (2)=@; RL(U)=U

(6)If X <Y, then RL(X)cRL(Y) and

Re(X) = RL(Y);
where ~ X is the complement of X .

Definition 2.2. For an information system based on
tolerance relations with decisions
TDT =(U,AUD,F,G), if R, =R}, then this infor-
mation system is consistent, otherwise, this system is in-
consistent.

Example 2.1. Given an information system based on
tolerance relations in Table 1.

Define the tolerance relation R, as following:

Ry ={(xi,xj)Hf(xi,ai)—f(xj,ai)‘gl,Vai eA}

From the table, we have

[Xl];={x1,x3};
[XZ]LZ{XZ,X4,X5,X6};
[X3];={X1,X3,X4};
[x4]TA:{x2,x3,x4,x6};
[XS]TAz{Xz’XS'Xe};
[xe];:{xz,x4,x5,x6},

and

[Xa]z Z[Xe]z ={Xp X, X, X )

Obviously, by the above, we have R; ¢ R[], so the
system in Table 1 is inconsistent.

For simple description, the following information sys-
tem with decisions is based on tolerance relations, i.e.
information systems based on tolerance relations.

3. Theories of Lower Approximation
Reduction in Inconsistent Information
Systems Based on Tolerance Relation

Let TDT =(U,AUD,F,G) be an information system
based on tolerance relations with decisions, and R{ ,
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Table 1. An information system based on tolerance rela-
tions.

U a a, a, d
X 1 2 1 3
X, 3 2 2 2
X 1 1 2 1
X, 2 1 3 2
X, 3 3 2 3
X, 3 2 3 1

R} be tolerance relations derived from condition attri-

butes set A and decision attributes set D respectively.

For B < A, denote
U/Rg = {[Xi ]L

U/RL ={D,,D,,

xieU};
D, };

Ly :(Bg(Dl)ng(Dz):"‘ng(Dr));

where [x]; = {y eU|(x, y)e R;} . Furthermore, we said
L; is the lower approximation function about attribu-
tions sets B.
Definition 31 Let a=(a,a,
S =(b,b,,--,b,)" be two vectors with n dimensions.
If a =b (i=1---,n), we said that « isequalto 3,
denoted by o =p.If a <b (i=1--,n), we said that
a is less than g, denoted by « < . Otherwise, If it
exists iy, (i €{L2,--,n}) such that a_>b, , we said
a isnotlessthan g ,denotedby a £ 3.

Suchas (1,2,3)#(11,4),and (11,4)#(123).

From the above, we can have the following proposi-
tions immediately.

Proposition 3.1. Let TDT =(U,AUD,F,G) be an
information system based on tolerance relations with
decisions. If Bc A, then L, <L;.

Definition 3.2. Let TDT =(U,AUD,F,G) bean In-
consistent information system. If L, =L,, for all, we
say that B is a lower approximation consistent set of
TDT . If B isa lower approximation consistent set, and
no proper subset of B is lower approximation con-
sistent set, then B is called an lower approximation con-
sistent reduction of TDT .

Example 3.1. Consider the system in Table 1.

For the system in Table 1, we denote

D, =[X1]<T1 Z[Xs]z ;
D, =[X2]Z Z[X4]; ,

Z[XS]; =[Xe]Z’

-a,)" and

We can have
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BA(Dl):®
BA(DZ):{x11X21X3’X4’X5’X6}

BA(Da)z{X4}

When B={a,,a,}, it can be easily checked that
R.(D;)=Ry(D;), forall vD, eU/R] . So that
Ly=L;, and B={a,,a,} is a lower approximation
consistent set of TDT . Furthermore, we can examine
that {a,} and {a,} are not lower approximation con-
sistent set of TDT . That is to say B={a,,a;} is a
lower approximation reduction of TDT .

Moreover, it can be easily calculated that B’ ={a,,a;}
and B"={a;a,} are not lower approximation con-
sistent sets of TDT . Thus there exist only one lower
approximation reduction of TDT in the system of Ta-
ble 1, whichis {a,,a,} .

In the following, detailed judgment theorems of lower
approximation reduction are obtained.

4. Methods for Attribute Reduction in
Inconsistent Information Systems Based
on Tolerance Relations

This section provides approaches to lower approximation
reduction in inconsistent information systems.
Definition 4.1. Let TDT =(U,AUD,F,G) be an in-
formation system, Denote
D; ={(x.x)|x €RL(D,).x, #RL(D,)}; 3D, eU/R]

it

RI (x, 0 , D,
o () ~{ 4 < AR Gom) =0} )
2, (%,%)€D;
D (x,,xj) is called lower approximation discernibility

attrlbute set, and matrixes

ML:(D X1 X; |x,,xJ eU) is referred to lower appro-

ximation discernibility matrix of TDT respectively.

Theorem 4.1. Let TDT =(U,AUD,F,G) be an in-
formation system, B < A, then B is a lower approxi-
mation consistent set < if
xeRL(D;),yeR,(D,), then exists beB such that
R,(x,y)=0,forany D,eU/R .

Proof. = Assume that exists D,, forany beB, and
R,(x,y)=1,if xeR,(D,),y¢R;(D;),then
ye [x]; .

Since B is a lower approximation consistent set, there-
fore, forany D, eU RT we can have
BL(Di):B;(D) Accordlng to xeR,(D;), so we
can obtain xeRj;(D;) and [x]B c D,. Moreover for

ye[x]TB, then [y]; g[x];, therefore [y]g cD, and
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yeRg (Di) :

contradiction.
< Supposed that B isn’t a lower approximation

consistent set, then exists D, eU / RI} , such that

RL(D,)#Rg(D;), therefore exists x, € R}, (D;) and

Hence we have yeRj(D;), which is

X, Ry (D;) . Sowe can have [x,], <D, and
[xo];¢Di.

Moreover, [X, ]TA = [% ]T

. T
5 SO there exists y, e[x,],

and y,eD;, i.e. y,2R, (D). In addition, we can

have that exists b e Bsuch that R, (X, Yy,)=0, which
is contradict with [x,].

Therefore B is a lower approximation consistent set.

Theorem 4.2. Let TDT =(U,AUD,F,G) be an in-
formation system. Bc< A, then B is a lower appro-
ximation consistent set if and only if for any (x, y) e D/,
we canhave BND, (x,y)=<.

Proof. = Forany (x,y)e D/, there exists
D, eU/RT such that xeR;(D,),y¢Ry(D)), so ac-
cording to Theorem 4.1, we can have that exists beB
suchthat R,(x,y)=0,s0 beD_(xY).

Therefore, if B is a lower approximation consistent
set then for any (x,y)e Dy, we can have
BND, (x,y)=d .

< |If for any (x,y)eD;, BND_ (x,y)=d, then
exists a, e B suchthat a, e D_(xy),sowe have
R, (x.y)=0,and xeR,(D,),yeR,(D,).

Therefore B is a lower approximation consistent set
according to Theorem 4.1.

Definition 4.2. Let TDT =(U,AUD,F,G) be an
information system, M, is referred to lower approxi-
mation discernibility matrix of TDT , denote

F :/\{v{ak|ak e DL(xi,xj)},xi,xj eU}

:/\{\/{ak|ak € DL<Xi,X1)},(Xian)€ DE}

F_ is called discernibility formula of lower approxi-
mation.

Theorem 4.3. Let TDT =(U,AUD,F,G) be an in-
formation system. The minimal disjunctive normal form
of discernibility formula of lower approximation is

= P [ %
=v| Aa
Loyl st s

Denote B, ={a,|s=12,-,q,}, then

{B,Jk=1,2,--,p} is just set of all distribution re- duc-
tions of TDT .

Proof. It follows directly from Theorem 4.1 and the
definition of minimal disjunctive normal of the discer-
nibility formula of lower approximation.

Theorem 4.3 provides a practical approach to lower
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Table 2. Lower approximation discernibility matrix M, .

x
x

<

Q Q Q »

a

2

<
8 Q8 88 8 8 Q8 |«x
Q8 Q8 ©8 8 8 8
8 Q8 ¥ 8 8 ¥
Q8 Q8 ©8 8 8 8
Q Q8 Q8 {8 {8

&

approximation reductions of information systems with
decisions based on tolerance relation. The following we
will consider the system in Table 1 using this approach.

Example 4.1. For the system in Table 1, the function
of distribution and maximum distribution have been ob-
tained in Example 3.1. In additional, we can have

D; :{(Xl'X4)’(X2’X4)'(X3'X4),(X5,X4):(X5,X4)};

The above table (Table 2) is the lower approximation
discernibility matrix of system in Table 1.
Consequently, we have

Fo=a,rq

Therefore, we obtain that {a,,a,} is all lower appro-
ximation reduction of information system in Table 1,
which accords with the result of Example 3.1.

5. Conclusion

It is well known that most of information systems are not
only inconsistent, but also based on tolerance relations
because of various factors in practice. Therefore, it is
important to study the lower approximation reduction in
inconsistent information systems. In this paper, we are
concerned with approaches to the problem. The lower
approximation reduction is introduced in inconsistent
information systems based on tolerance relations. The
judgment theorem and discernibility matrix are obtained,
from which we can provide the approach to attribute re-
ductions in inconsistent information systems based on
tolerance relations.
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