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ABSTRACT

Based on the equation of motion in nonequilibrium Green function formalism, the matching conditions for the distribu-
tion functions of Boltzmann equation at interfaces of metallic multilayers are investigated in the nonequlibrium trans-
port procedure. We also explore the matching conditions when the current-induced spin accumulation is accounted for,
the contribution of coulomb interaction due to accumulated electrons is included. In order to study the matching condi-
tions in the position space, we generalize the tunneling Hamiltonian to the formalism in position space, the matching
conditions in this case is then obtained, which is convenient for us to match the usual distribution function of Boltz-

mann equation.
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1. Introduction

In the past few years, a number of theoretical studies had
been carried out in the Boltzmann equation approach on
the spin-polarized transport of electrons tunneling through
a magnetic multiplayer [1-5], the spin dependent trans-
port is found to exhibit the interesting giant magnetore-
sistance effect and the current-induced switching of mag-
netic layers. The usual way in the Boltzmann equation
approach is to solve the distribution function in each
layer and connect them between layers by use of the
matching conditions, which has been well used to inves-
tigate the transport problem of collinear magnetic multi-
layers [3,6,7]. The matching conditions in the noncollin-
ear case are also explored by introducing an artifice to
account for correlations between states in different layers
[8,9]. However, these matching conditions for the distri-
bution functions at the interface of two layers are only
given out in the equilibrium case or in the steady state,
how to extend them to the nonequilibrium transport pro-
cedure is still an open question. Actually, it is worthwhile
to study the matching conditions out of equilibrium, be-
cause most of spin-dependent transport procedure occurs
in the nonequilibrium situation. Also, the current-induced
spin accumulation will happen in the nonequilibrium
case, the coulomb interaction among the accumulated
electrons will have their contributions to the matching
condition, which had been illustrated in the steady state
[10].

In this paper, we try to obtain the matching conditions
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out of equilibrium in the nonequilibrium Green function
formalism. The lesser Green functions in different layers
are related by their equations of motion, which can lead
to the matching conditions for the distribution function of
Boltzmann equation after Wigner transformation. Mean-
while, if we consider the coulomb interaction among
accumulated electron in the tunneling Hamiltonian, it’s
contribution to the matching conditions can also be ob-
tained. Finally, the matching conditions are also ex-
pressed in the usual position space.

2. Green’s Functions and Wigner
Distribution Functions

Consider a Ferromagnet/Insulator (Semiconductor)/Fer-
romagnet (FM/I(S)/FM) tunneling structure with the
Hamiltonian given by [11],

H=H.+H; +Hg,, €))

where the contact (ferromagnet) Hamiltonian is

_ + +
HC - z gkaockaackao— b Ckao- (Ckuo- )
ko,aelL,R

is the creation (annihilation) operator of an electron of
lead ¢ with momentum k and spin o, &, is the
single particle energy,

HCen = Z‘god;dc

is the Hamiltonian of central region, d}(d,) creates
(destroys) an electron with spin o in central region,
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H; is the tunneling coupling between contacts and the
central region,

Ho= X

k,o,0',aeL,R

[Vka.d Craolyr + h.c.]_

It is well known that the Green function in the contact
is defined as

glf‘;—’< (tl ’tZ) = i<Ck+ac" (t2 )Ckao' (tl )> H (2)

which satisfies the following equation of motion,

oo'< ga oo'<
6_?29"“ (tl’tz)zigka (tlvtz)

1 o (3)
+EZV1<ZZ Glfag,; (tl )t )’
where the Green function
Gl?:,”cf (tl atz) = i<d;" (t2 )Ckao' (tl )>’
which is determined by it’s equation of motion
a o<
Elea,d (t1 ’tz )
& oo'<
= _iL;Gka,d (tl atz) 4

1 oo’ ~o'o'<
+E;Vka,d6d (t.t,),

where GJ7~ (tl,t2)=i<d; (t,)d,. (tl)>, is the Green

function of central region. After Fourier transformation
to the variable t=t —t, on both sides of Equation (4),
it will turn to

10 o'o<
(EE— (0] Gka,d (a),T )

& o'o<
=- ikh“ Gl (@,T) (5)

1 oo’ ~o'o'<
+— > VTG (o,T),
1y
with solution

G,f;f’[f (a),T ) = exp [—(—2a)+2€ijT}

]

1 S
{I Td{‘gJ;Vﬁnga (1) ©)

2
X exp H—Zaﬁ%)t} + c},
1

where T = %(t1 +t2) is the center of mass variable and

C is a constant which can be determined by the initial
condition. Similarly, performing the same Fourier trans-
formation to Equation (3), then substituting Equation (6)
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into it, we have

1 a oo'< ga oo'<
2Liofar(@n) -2 gz (o)

1 *oo" 2‘90:
+E;Vka,d exp{—(—2w+?]T}
1 00 oo <
XDTth_E);Vk“}‘G“ “(w,t)

2
X exp{(—2w+%}} + c},
i

This equation relates the Green function of contacts
with the Green function of central region.

Usually, the Wigner distribution function of quantum
Boltzmann equation in contact and central region are
defined as

(N

o7 (o,T)=-igy “ (@,T) ®)

ka
and
fn’ (0,7)=-G]"" (o,T), 9)

respectively. Then from Equation (7), the distribution
foa’

function fJ7 (@,T) of contact and the distribution
function fg” (@,T) of central region can be connected

together, it is

1 00 o'c’
{rdt(—gjz“vm; (77 (w,T)

a1

X exp K—Za)+2€%jt} + C},
i

which is exactly the matching condition between contact
and central region in the nonequilibrium case. This com-
plicated integro-differential condition about time T is
in essence the equation of motion for the lesser Green
function, so far we have arrived one of our results.

3. Matching Conditions

The above matching conditions (10) and the Hamiltonian
(1) are given in the second quantization formalism.
However, the usual matching conditions we use to con-
nect the distribution function of Boltzmann equation in
different layers is expressed in the position formalism. It
is necessary to explore the matching conditions out of
equilibrium in position space. For this purpose, we in-
troduce the Hamiltonian of tunneling structure as
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H = ([ % ey {—%V%ru(xl)}//(xl)
o (<) v o0 () x)

et () v 0 ) ()

1500 JIT S @l (6 )™ (6w (%)
T (%) (%) (%)
[ axf[] 2 ag [T, (x.0)
AT (4w () (%))

where S, is the interface between the left contact and
central region, S, is the interface between the central
region and the right contact, U(x ), U(X,) and
U (x,) are the potentials in the left contact, in the cen-
tral region and in the right contact, the single particle
energy corresponding to them are denoted as ¢,, &,
and &, respectively. T, (x,x;)and T,(x;,x;) are the
coupling coefficient between the contacts and the central
region. In this case, we can define the lesser Green func-
tion in the contact as

v (%) (%)

g<(X1»Xz):i<W+(X2)W(X1)>’ (19)
which satisfies the following equation of motion
P &
<07 (X, %) =297 (X,%,)
* i (20)

e 15 06T 06 G ()

where the Green function G, (X,,X;) is defined as

Grop (%0,%3) = i<1//+ (x)w(x )> . From this definition, we
can get it’s equation of motion by use of the Hamiltonian
in position space, it is

! g ’
%Ghop(xvxz)z lfll Ghop (X Xz)

s e (xo)e 060

where G (Xi,xz) is the lesser Green function in the
central region,

Gy (%5:x) =i(v" (%) (%)) 22)

Usually, the Wigner distribution function in the Boltz-
mann equation is defined as the Fourier transformation of
the lesser Green function [12-14].

fo'o"(p7x)
1 ip ) .. X X (23)
_TmIdXeXp(—;X\JGO_OJ(X +E,X —Ej,
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2y

where o,0’ denote the spin indices, p =(p,g)is the
four dimensional momentum, ¢ is the energy,

X =(R.T) where R:%(rlJrr) T=1 (t i) s

the center of mass variable, the Varlable x=(rt),
which represents the differences between two position
and time variables entering these functions, r=r, -,
and t=t —t,. Performing the above Fourier transfor-
mation to both sides of Equation (20), we have

(%%+wj £ (pX)

¢ 1
:éf,(P,X)+E[TI(p,x) fp (P X)
+ﬁ aTl(p’X) hop(pa ) (23)

Oy (P.X )an(mm},.}
ox op ’

where f, (p,X)=-ig"(p, ) is the distribution func-
tion in the contact, and f,, (p,X) is defined as

frop (P X)) ==iG,,, (P, X) . We have adopted the gradi-
ent approximation in the Fourier transformation of the
second term in the above equation [12-14]. In order to
express . (p,X ) in terms of the distribution function
of contact region fy, (p,X), we write out the equation
of motion for the Green function G, (p,X) as

10 g
(EE j hop(pﬂ ):_éGhop(pax)

1. -
—E[Tl (p.X)G, (p. X)
Lin 8T1*(E,X)aGd(p,X) (24)

A op

9G4 (p, X ) o1, (p, X) P
X op ’

’

X+ X,

where X = . The above equation is just the Fou-

rier transformation of Equation (21). The variable X
has relation with the variable X as

1.,
+E(X2_X2)’

X, 1is the position of electron before jumping from con-
tact to central region, it is in the contact. X is the posi-
tion after jumping, which is in the central region. As we
know, the jumping usually occurs as the electrons are
near the interface, so X, = X,, then we can approximate
X ~ X . In this approximation, Equation (24) has solu-

tion

X =X
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i T X X
+ﬂ(8 1 E’ ) G, ( P, ) (25)
2 oX ap

_0G; (p.X) a1 (p. X)
oX op

+---]exp{Z(%—a)jT'}dT#cl}
i

where ¢, is a constant which can be determined by the
initial condition. Substituting expression (25) into Equa-
tion (23), we finally obtain the matching condition out of
equilibrium in the position space, which connects the dis-
tribution function f, in the contact with the distribution
function f, =—iG,(p,X) in the central region. Cer-
tainly, this matching condition is very complicated, it has
simple expression in the steady state or in the equilibrium
case.

4. Conclusion

In summary, we have obtained the matching condition
out of equilibrium for the distribution function of Boltz-
mann equation in different layers, which is based on the
equation of motion method within the framework of
nonequilibrium Green function formalism. The contri-
bution of coulomb interaction among the accumulated
electrons to the matching condition is also discussed, we
compare it with the results in Reference [10]. Our
research is in fact a microscopic model to illuminate the
results in Reference [10]. The usual matching condition
in position space formalism are finally expressed by
means of a Hamiltonian chosen in the position forma-
lism.
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Appendix
Current Driven Accumulation

As we know, the current-induced spin accumulation will
happen in the nonequilibrium case, it is necessary to con-
sider the coulomb interaction among accumulated elec-
trons in the Hamiltonian if we want to account for the
spin accumulation in the matching conditions. The Ham-
iltonian in this case is similar to Exp. (1) but with the
H.., replaced by [11]

Heen = Zé‘od d,+Unn,, (1)
where 6=-0 and n_=d;d  is the occupation
number of the spin-state o, U describe the cou-
lomb interaction among accumulated electrons. In the
Hartree-Fock approximation, the distribution function
o7 (a),T) of the central region in Equation (10) satis-
fies the following equation of motion

(Eﬁ-'— a)j de'U (a),T)
1 o'c'~o'o<
Ezvka,d Giia (a),T )

kac (12)
ZV@ZG&’EJ (.7)

kba
Ny )+U (n,) £ (@.T),
where G77

1
-—(U

tialb )(a),T) is the Fourier transformation of
Green function GJ7 ., (tt )—1<Ck+a@6, (t')d,. (t)c? at
contact a(b). The last term in the right hand side of
Equation (12) indicates the contribution of coulomb in-
teraction of accumulated electrons to the matching con-
dition (10) when we include the interaction in the Ham-
iltonian (11). In order to demonstrate this clearly, we
concentrate on the study of a steady state, in which

a oo’ a oo’
= fioq (@.T)=0, and — p— — fq (0,7)=0, the match-

ing condition (10) will reduce to

it (@7)

g UO'
1;; o (0,T)-

-1

- P —x XM
W 2w+ ke || g—"ke |
ih ih

which is similar to the matching conditions of steady
state in previous work. Suppose the distribution function
in equilibrium case is f,, because of the coulomb inter-
action due to the accumulated electrons, the distribution
function f in the steady state will deviate f,, that is

f(oT)=f(o.T)+5f(0,T), (14)

where of is the deviation away from the equilibrium
distribution function f;. According to Equation (13),

"o (,T)(13)
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the deviation in the steady state satisfy the following
equation
star (@.T)
-1

= 2 s)
n’ (—2a)+ e j(a) - gk‘”j
i ih
XZ IVka d fdﬁr o,T)

where the deviation of the distribution function in the
central region &fg7 (»,T) can be obtained from the
equation of motion (12) when we adopt the steady condi-
tion, it is

Sfgn (a),T)
1 1 oo’ o'oy oo o'c
= ._kaa,dgfda + Zkad5fdb (16)
& || 17 taoy 7 oo
-
in

1 : :
(0 (0 (1)) (14 0 )},
where
5te =-i0G7 5" (w,T)
and
5ty =-i0G7 5" (w.T).

Substituting the above expression into Equation (15),
we have

fkc:j (“)’T )

= >N
n| o-2 —2a)+2f9i -k |
ih ih ih

1 o0’ oo 1 oo oo
{E kaal,d ofa” +€ kab,dlé‘ fo !

kaoy kboy

1 . .
(U )+ U (g )< (7 + 0 1677

1

} (17

1

v
X Z|V|$,rd
g’ (—2(0+2f9k“ )(a)—gk“j o
fi

+

{i(um )+U1(n ))f”jh

This equation is helpful for us to compare with the re-
sults shown in Reference [10]. In Reference [10], the
contribution of coulomb interaction due to accumulated
electrons to the matching conditions was investigated in
the steady state, the deviation of distribution function is
given by
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5f, =tst, +otf,, (18)

where t is the scattering matrix which relate the distri-
bution function of the contact f, and the distribution
function of the central region f, in the equilibrium
case, f,, =tf,,, Equation (18) indicates that the devia-
tion of f, in the contact contain two parts, the first part
is contributed by the deviation of f, in the central re-
gion, the second is by the change of scattering matrix
which is induced by the coulomb interaction among ac-
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cumulated electrons. Comparing Equation (18) with Equa-
tion (17), we can find that the first part corresponds to
the first term in Equation (17) which is involved with the
deviation of distribution functions, while the second part
corresponds to the second term in Equation (17), the
coulomb interaction among the accumulated electrons
plays a important role in it. In fact, a microscopic model
had been proposed to illuminate the results in Reference
[10].
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