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Abstract

Let 7(M) denote the maximum number of disjoint bases in a matroid M . For a connected graph G, let
7(G)=t(M(G)), where M(G) is the cycle matroid of G . The well-known spanning tree packing theo-
rem of Nash-Williams and Tutte characterizes graphs G with 7(G) > k. Edmonds generalizes this theorem
to matroids. In [1] and [2], for a matroid M with (M) >k, elements e E(M) with the property that
7(M —e) >k have been characterized in terms of matroid invariants such as strength and 7 -partitions. In
this paper, we consider matroids M with (M) <k, and determine the minimum of |E(M")|—|E(M)],
where M' is a matroid that contains M as a restriction with both »(M")=r(M) and 7(M')>k. This
minimum is expressed as a function of certain invariants of M , as well as a min-max formula. These are

applied to imply former results of Haas [3] and of Liu et al. [4].

Keywords: Disjoint Bases, Edge-Disjoint Spanning Trees, Spanning Tree Packing Numbers, Strength,

Fractional Arboricity

1. Introduction

In this paper, we use N and Q, to denote the set of
all natural numbers and the set of all positive fractional
numbers, respectively, and consider finite matroids and
graphs. Undefined notations and terminology can be
found in [5] or [6] for matroids, and [7] for graphs. Thus
for a connected graph G, @o(G) denotes the number of
components of G . For a matroid M, r, (or r,
when the matroid M is understood from the context)
denotes the rank function of M, and E(M), I(M),
C(M) and B(M) denote the ground set of M , and
the collections of independent sets, the circuits, and the
bases of M , respectively. Furthermore, if M is a ma-
troid with £E=FE(M), and if X cE, then M —-X is
the restricted matroid of M obtained by deleting the
elements in X from M, and M /X is the matroid
obtained by contracting elements in X from M . Asin
[5] or [6], we use M —e for M —{e} and M /e for
M /{e}.

For a matroid M, let 7(M) denote the maximum
number of disjoint bases of M . For a graph G, define
7(G) =7(M(G)), where M(G) denotes the cycle ma-
troid of G. Thus if G is a connected graph, then
7(G) is the spanning tree packing number of G .
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Readers are referred to [8] for a survey on 7(G). The
well-known spanning tree packing theorem of Nash-
Williams [9] and Tutte [10] characterizes graphs with &
edge-disjoint spanning trees, for any integer k>0 .
Edmonds [11] proved the corresponding theorem for
matroids.

Let k>0 be an integer. For any matroid M with
t(M)>k , we are interested in finding elements
ec E(M) that have the property that (M —e)>k .
Characterizations of all such elements have been found
in [1] and [2]. For a graph G, the problem of determin-
ing which edges should be added to G so that the re-
sulting graph has k& edge-disjoint spanning trees has
been studied, see Haas [3] and Liu et al. [4], among oth-
ers. As the arguments in these papers are involved verti-
ces, it is natural to consider the possibility of extending
these results to matroids. Since matroids in general do
not have a concept corresponding to vertices, one can no
longer add an element to a matroid as adding an edge in
graphs. Therefore, we need to reformulate the problem
so that it would fit the matroid setting while generalizing
the graph theory results.

Let M be a matroid and ke N . If there is a ma-
troid M' with r(M")=r(M) and z(M')>k such
that M' has a restriction isomorphic to M (we then
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view M as a restriction of M'), then M’ is a
(7 2 k) -extension of M . We shall show that any ma-
troid has a (7 > k) -extension. We then define F (M, k)
to be the minimum integer />0 such that M has a
(r 2 k) -extension M' with |E(M")|-|EM)=1 .
The main purpose of this paper is to determine F(M,k)
in terms of other invariants of M .

By definition, if M is a matroid with »(M)=0,
then Vke N, 7(M)=k. Accordingly, for a connected
graph G, if |V(G)[=1, then 7(G)=k for any
ke N . Foragraph G, a,(G), the edge arboricity of
G, is the minimum number of spanning trees of G
whose union equals E(G). For a matroid, we define the
similar concept y,(M), which is the minimum number
of bases of M whose union equals E(M). The fol-
lowing theorems are well known.

Theorem 1.1 Let G be a connected graph with
[V(G)|>1, and let k>0 be an integer. Each of the
following holds.

1) (Nash-Williams [9] and Tutte [10]) 7(G) >k if
and only if VX Cc E(G), |X 2 k(o(G-X)-1).

2) (Nash-Williams [12]) ¢,(G)<k if and only if
VX € E(G), | X k(¥ (GLX])|~w(GIX)).

Theorem 1.2 (Edmonds [11]) Let M be a matroid
with r(M)> 0. Each of the following holds.

1) 7(M)>k ifandonlyif VX c E(M),
|[E(M)-X |2 k(r(M)—r(X)).

2) yy(M)<k ifandonlyif VX c EWM),
| X <kr(X).

Let M be a matroid with rank function . For any
subset X < E(M) with r(X)>0, the density of X
is

[ X

dM(X):m-

When the matroid M is understood from the context,
we often omit the subscript M . We alsouse d(M) for
d(E(M)) . Following [13] and [14], the strength 7(M)
and the fractional arboricity y(M) of M are respec-

tively defined as
n(M)=min{d(M/X):r(X)<r(M)}, O
and }/(M)=max{d(X):r(X)>0}.

Thus Theorem 1.2 above indicates that
t(M)=Ln(M)], and y,(M)=[y(M)]. (2

We assume that M is a matroid with »(M)>0. A
subset X c E(M) is an 7 -maximal subset and
M| X is an 7-maximal restriction if for any subset
Yc E(M) that properly contains X , we have
n(M1|Y)<n(M|X).In[1] and [2], it has been proved
that any matroid M has a unique decomposition based
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on its 7 -maximal subsets.

Theorem 1.3 ([1] and [2]) Let M be a matroid with
r(M) > 0. Then each of the following holds.

1) There exist an integer me N, and an m -tuple
(,4,,....1,) ofrational numbersin Q, such that

n(M)=1<L<..<l,=y(G), 3)
and a sequence of subsets
J,c.cJ,cJ =EWM), 4

such that for each i with 1<i<m, M|J, isan 75-
maximal restriction of M with (M |J,)=1.

2) The integer m and the sequences (4) and (3) are
uniquely determined by M .

For a matroid M , the m-tuple (/,l,,...,/,) and the
sequence in (4) will be referred as the 77 -spectrum and
the 7 -decomposition of M , respectively. For each
subscript j with 1< j<m, werefer J; to be the set
corresponding to /. Our main result can now be stated
as follows.

Theorem 1.4 For ke N, let M be a matroid with
tM)<k . If y(M)<k , define J,) =< ; and if
y(M) >k, let i(k) denote the smallest subscript in (3)
such that [, > k. Then

D) FM,k)=k(r(M)=r(J; )~ E(M)=Jy |-

2) F(M,k)=max xceunthkr(M / X)—|M/X|}.

In the next section, we shall present some of the useful
properties related to the strength and the fractional ar-
boricity of a matroid M , and to the decomposition of
M . Section 3 will be devoted to the proofs of the main
results. In the last section, we shall show some applica-
tions of our main results.

2. Preliminaries

Both 77(M) and y(M) have been studied by many,
see [14-16] and [17], among others. From the definition
of d(M),n(M) and y(M), we immediately have, for
any matroid M with r(M)>0,

nM) <d(M)<y(M). ®)

A matroid M satisfying n(M)=y(M) is called a
uniformly dense matroid. Both 7(M) and y(M) can
also be described by their behavior in some parallel ex-
tension of the matroid $MS$.

Definition 2.1 Let M be a matroid and let
@ E(M)+— N be a function. For each ec E(M), let
X, ={e',e*,---,e”"”} beasetsuchthat X,nX, =0,
Ve,e'e E(M) with e#e'. The ¢ -parallel extension
of M, denoted by M,, is obtained from M by re-
placing each element ec E(M) by a class of ¢(e)
parallel elements X,. Thus E(M (p):U X, such

eesE(M) ¢

that a subset Y < E(M ) is independent in M if and
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only if both {ec E(M): X,NY =} is independent in
M and VeeEWM), |X,nY[|K1. For te N, if
Vee E(M), ¢(e)=t is a constant function, we write
M, for M,, and call M, the t-parallel extension of
M.

Let E'={e':ec E(M)} < E(M,) . Then the bijec-
tion e<>e' between E(M) and E' yields a matroid
isomorphism between M and M, |E’. Under this
bijection, we shall view that M =M |E" is a restric-
tionof M.

Theorem 2.2 (Theorem 4 of [14]) Let M be a ma-
troid and let s >t>0 be integers. Then

1) n(M)Z; ifand only if 7(M,)>s.

2) }/(G)S? ifand only if y(M,)<s.

Theorem 2.3 (Theorem 6 of [14]) Let M be a ma-
troid. The following are equivalent.

D n(M)=d(M).

2) y(M)=d(M).

3) n(M)=y(M).

4) 77(M):§, for some integers s>¢>0, and M,,

the ¢ -parallel extension of M , is a disjoint union of s
bases of M .

5) y(M)=;, for some integers s=>¢>0, and M,,

the ¢ -parallel extension of M , is a disjoint union of s
bases of M .

Lemma 2.4 ([14], [1] and [2]) Let M be a matroid
with r(M)>0, and let [>1 be fractional number.
Each of the following holds.

1) (Lemma 10 [14]) If XcEM) and if
n(M | X)zn(M),then n(M/X)=n(M).

2) (Theorem 17 of [14]) If X cE(M) and if
d(X)=y(M), then
n(M | X)=y(M | X)=d(X)=y(M).

3) A matroid M is uniformly dense if and only if
any subset X c E(M), d(X)<n(M).

4) A matroid M is uniformly dense if and only if for
any restriction N of M, n(N)<n(M).

5) If d(M)>[ , then there exists a subset
X cEM) with r(X)>0 suchthat n(M|X)>1.

For each rational number />1, define

S={M:n(M)=1}. (6)
Proposition 2.5 ([1] and [2]) Let p>q >0 be inte-
gers, and 1=£¢ Q, be a rational number. The ma-

troid family S, satisfies the following properties.
(C)If »(M)=0,then MeS,.
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(CHIf MeS, andif ecE(M),then M/ec S,.

(C3) Let XcEM) and let N=M|X . If
M/XeS, andif Ne§,,then M e §,.

Lemma 2.6 ([1] and [2]) Let W, W' c E(M) be
subsets, and let 1eQ, . If n(M|W)=] and
nM W21, then n(M|(WOW")>1.

Lemma 2.7 ([1] and [2]) If X< E(M) is an n-
maximal subset, then X is a closed setin M .

3. Characterization of the Must-Added
Elements with Respect to Having &
Disjoint Bases

The main purpose of this section is to prove Theorems
1.4. We will start with a lemma.

Lemma 3.1 Let M be a matroid and let k>0 be
an integer. Each of the following holds.

1) n(M)=k ifandonlyif F(M,k)=0.

2)If y(M)<k,then

F(M.k)=hkr(M)-|E(M).

Moreover, there exists a map ¢:E(M)— N, such
that M, is a matroid that contains M as a restrict-
tion with n(M,)=y(M;)=k , and such that
|E(M,,) |~ | E(M)|= F(M.K).

Proof: 1) By (2), n(M)>k ifandonlyif z(M)>k.
By the definition of F(M,k), z(M)>k if and only if
F(M,k)=0. This proves 1).

2) Since y(M)<k, it follows by (2) that M has
disjoint bases B,,--,B, such that E(M)= Uf;lBl. .
Define ¢(e)=|{B,:ec B;}|. Then ¢: E(M)+— N . Let
L=M, be the ¢-parallel extension of M . Then by
Definition 2.1, M is contained in L as a restriction.
Moreover, both |E(L)| = Zf_;] |B,|=kr(M)andz(L)=k .
It follows by Theorem 2.3 that 7(L)=y(L)=k . Hence
by Theorem 2.3 1) or 2), |E(L)| = k r(L) = k r(M), and so
F(M.k)=| E(L)|~| EMM) |= kr(M)~ | E(M)].

When £k =2, the cycle matroid version of Lemma 3.1
has been frequently applied in the study of supereulerian
graphs, see Theorem 7 of [18] and Lemma 2.3 of [19],
among others. (For a literature review on supereulerian
graphs, see [20] and [21].)

Proof of Theorem 1.4 1): Let M be a matroid with
r(M)>0. If 7(M)>k, then by (2) and by Theorem
1.3, i(k)=1i,,and so

EM)=J,,,, and F(M,k)=0.

(k)>
Thus Theorem 1.4 1) follows trivially with (M) >k .
Hence we assume that 7(M)<k. If y(M)<k, then
Theorem 1.4 1) follows from Lemma 3.1.
Therefore, we may assume that 7(M)<k and
y(M)=k. By Theorem 1.3, we must havem >1. Let
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i(k) be the smallest subscript in 77 -spectrum (3) of M
such that [, >k . By Theorem 1.3,n(M | J,,)) 2 k . Let
M'=M/J,, . By the assumption that 7(M)<k and
by Lemma 2.4 1), n(M")=n(M). By the choice of
i(k), y(M")<k,and so by Lemma 3.1,

F(M"k) =k (M)~ E(M")], %)

and there must be a function ¢': E(M')+—~ N such that

My satisfies  np(Mj)=y(My)=k. Define ¢:
EM)— N as follows:
TOR A
1 if e J(k)

Then M, is a matroid that contains M as a restric-
tion, such that J, (M) < E(M ). By the definition of ¢,
My Jyy=M|Jyy €S, Slnce Myl J,y=MyeS,,
it follows by Proposmon 2.5(C3) that M, e S,. Thus

by (7) and by Lemma 2.7,
F(M,k) = ( ) kr

:k(r( ) (z(k)) |E

and so Theorem 1.4 1) is established.
To continue our proof for Theorem 1.4, we introduce
the following function: for any X < E(M), define

fo (M, X)=kr(M]X)-
and Fk( )— I;na(x {fk(M X)}

—IE )l

i(k)|’

@®)

The function f,(M,X) was introduced by Bruno
and Weinberg [22] to investigate the principal partition
of matroids. They are closely related to the strength and
fractional arboricity of matroids, as to be shown in
Lemma 3.2 below.

Lemma 3.2 Let M be a matroid with r(M)>0,
and let k>0 be an integer. Each of the following
holds.

1) F,(M)=0 ifandonlyif n(M)=k.

2) F(M)=f,(M,D) ifandonlyif y(M)<k.

3) Let i(k) denote the smallest i, in (3) such that
i(k)zk,and J,,, denote the corresponding set in the
1 -decomposition (4) of M . Then
F.(M /1 J4)=FM,k).

4) For any ee E(M),
ticular, F,(M)2F(M,k).

5)If X, cE(M) satisfies F, (M) = f,(M,X,), then
F (M) = [,(M ] X))= F,(M/ X)) = f,(M/X,,2) and
y(M/X,)<k.

Proof: 1) By definition (8), F,(M)=0 ifand only if
VXCEWM), f(M,X)=kr(M/X)-|E(M/X)I£0.
By the definition of (M), VX c E(M),
kr(M / X)-|E(M/X)|<0 ifandonlyif n(M)=>k.

2) By the definition of F, (M), F.(M)= f,(M,D)

FM)zF (M/e). In par-
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if and only if VX ¢ E(M),
k(r(M)—r(X))-|E-X [<kr(M)-|E|;

and so if and only if VX c E(M) with r(X)>0,

| X |
r(X)
and only if y(M)<k.

3) By Theorem 1.3, y(M/J,,))<k. By 2) of this

lemma, by Lemma 2.7, and by Theorem 1.4 1)

(M/Jz<k>) Ji (M/ i(k) > ) kr(M/ i(k) |M/ (k)|
=k(r(M)=r(Ji)) = (| B~ [io|) = F (M, ).

4) For any e e E(M), by the definition of F, (M) in
8), F,(M)=F (M /e). It follows by 3) of this lemma

that F,(M)= f,(M,X)=F(M,k).
5) By 4), and by the choice of X, we have

F (M)=F (M/X,)> [, (M/X,,9)
:fk(M’XO):Fk(M)'

<k . By the definition of y(M), this happens if

Thus equalities must hold and so
FM)=f M/ X)=FM/X,)=f,(M/X,,2) It
follows by 2) that (M / X)) < k . This proves 5).

Lemma 3.3 Suppose that X, E(M) satisfies
Si(M, X)) =F (M). Then n(M|X,)=k.

Proof: By Lemma 3.1 1), it suffices to show that
F,(M|X,)=0.Forany Y c X,,as

S (M 1X0,Y) = k(r (X )= (¥))=[ X[ +
and f, (M, X,)=k(r(M)-r(X,))-|E(M

It follows that f, (M | X,,Y)+ f,(M, X)) = f,(M,Y) <
F.(M)= f,(M, X,). Thusby definition, f,(M | X,,Y)<0.
This implies that F, (M | X)) =0,and son(M | X)) >k .

Proof of Theorem 1.4 2): By Lemma 3.2 4), it suf-
fices to show that F, (M) < F(M,k). We shall argue by
induction on | E(M)| to proceed the proof.

Suppose first that F, (M) =0. Then by Lemma 3.2 1),
F,(M)=0 ifandonlyif n(M)=k.ByLemma 3.1 1),
we have F(M,k)=0=F (M) in this case. Thus we
assume that F,(M)>0.

By Lemma 3.1 1), F,(M)>0 if and only if
n(M)<k.If y(M)<k,then by Lemma 3.1 2), and by
Lemma 3.2 2),

F (M)= £ (M, @)=k

Hence we may assume that Theorem 1.4 2) holds for
smaller values of | E(M)|, and that

nM) <k <y(M).

)|+|X0|'

M)-|E(M)|=F(M,k).

(€]

By induction, we may assume that M does not have
loops. By Theorem 1.3, and by (9), both i(k), the smal-

AM



248 H.-J.LAl ET AL.

lest j in (3) such that /, >k, and J,,,, the corre-
sponding set in (4), exist.

Let X, c E(M) be a subset such that F, (M) = f, (M, X,).

By (9), X,z< . Since |EM/X)I<EWM)|, by
Lemma 3.2 5) and by induction, we have

R (M) = £, (M]X,) = 5 (M]X,) = F (/% ),
and y(M|X,)<k.

Suppose that F(M,k)=1/. Then there exists a ma-
troid M' with M'e S, which contains M as a res-
triction and satisfies |E(M')—E(M)|=1 . Note that
X, CE(MM)cEM') . Let W=EM')—EM), and
Wy =W —cl,,(X,). Then |W |<|W|.

Since M'e S, it follows by Proposition 2.5 (C2)
that M'/ X, e S,. Since M is a restriction of M’,
M /X, is a restriction of M'/X,. It follows by the
definition of F(M / X,,k) and by (10) that

Fk(M):F(M/Xo’k)£|E(M,/Xo)_E(M/Xo)|
<w,|<|w|=F(M,k).

This, together with Lemma 3.2 4), implies Theorem 1.4
2).

4. Applications

Let G be a graph, and M = M(G) be the cycle ma-
troid of G Let F(G,k)=F(M(G),k) , and
(G, X)= f,(M(G),X), for any edge subset X c
E(G). Let o(G) denote the number of connected
components of G . The next theorem follows immedi-
ately from Theorem 1.4.

Theorem 4.1 (Theorems 3.4 and 3.10 of [4]) For
ke N, let G be a connected graph with ©(M(G)) <k
and let i(k) denote the smallest i, in (3) such that
i(ky=k . Then

1) F(G.k)=k(V(G)|~| V(G D | +0(GLJ )]
| E(G)_Ji(k) |

2) F(G,k)= maXXgE(G){fk (G, X)}.

The problem of reinforcing graphs to have & edge-
disjoint spanning trees has also been investigated by oth-
ers. In [3], the following is proved.

Theorem 4.2 (Haas, Theorem 1 of [3]) The following
are equivalent for a graph G, and integers k>0 and
[>0.

1) |E(G)=k(V(G)|-1)—I and for subgraphs H
of G with at least 2 vertices, |E(H)|<k(|V(H)|-1).

2) There exists some / edges which when added to
G result in a graph that can be decomposed into %
spanning trees.

Proof: Assume that 1) holds. Then by 1),
y(M(G))<k . It follows by the assumption that
|E(G)=k(V(G)|-1)-] and by Lemma 3.1 2) that
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F(G,k)=1,and so 1) is obtained.

Assume 2) holds. Since adding / edges to G can result
inagraphin S,, by (1) and by (2), »(M(G))<k.By
Lemma 3.1 2),

k(|7 (G)|-1)-|E(G) = F(G.k) =1,

and so 2) must hold.
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