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ABSTRACT

Redistributions of income can be considered as variable transformations of the initial income variable. The transforma-
tion is usually assumed to be positive, monotone-increasing and continuous, but discontinuous transformations have
also been discussed recently. If the transformation is a tax or a transfer policy, the transformed variable is either the
post-tax or the post-transfer income. A central problem has been the Lorenz dominance between the initial and the
transformed income. This study considers analyses of other properties of the transformed Lorenz curves, especially its
limits. We take in account mainly two cases (a) the transformed variable Lorenz dominates the initial one and (b) the
initial Lorenz dominates the transformed one. For applications, the first case is more important than the second. The
limits obtained are not accurate for a specific transformation, but do hold generally for all distributions and a broad
class of transformations so that, if one pursues general conditions the inequalities obtained cannot be improved.
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1. Introduction

Redistributions of income according to tax or transfer
policies can be considered as variable transformations of
the initial income. The transformation is usually assumed
to be positive, monotone-increasing and continuous. The
initial results are given in

Theorem 1. [1-3] Consider a nonnegative random
variable X with the distribution function F, (x), mean
uy and Lorenz curve L, (p). Let u(x) be a con-
tinuous monotone increasing function and assume that
#, =E(u(X)) exists. Then Lorenz curve L, (p) for
Y =u(X) existsand

1) L (p)=Ly(p) if @ is monotone decreasing,
2) Li(p)=Ly(p) if @ is constant and
u(x)

3) L, (p)<Ly(p) if —= is monotone increasing.
X

The importance of case (1) is that it gives the inequal-
ity effect of progressive taxation. The case (2) corre-
sponds to flat taxes. The last case (3) is of minor eco-
nomic importance, but it is included in order to complete
the theorem. Recently, Fellman [4,5] has also discussed
discontinuous transformations. If the transformation is
considered as a tax or a transfer policy, the transformed
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variable is either the post-tax or the post-transfer income.
Under the assumption that Theorem 1 should hold for all
income distributions, the conditions are both necessary
and sufficient [2,4]. Hemming and Keen [6] have given
an alternative version of the conditions. In this study we
consider other general properties of the transformed Lo-
renz curves.

2. Background

Consider income X, defined on the interval (a,b),
where 0<a<x<b<ow, with the distribution function
F, (x), density function f, (x), mean g, , percentile
x, definedas F, (xp)z p and Lorenz curve L, (p).
The general formulae are

b

Ly :.[xf>< (x)dx 1)
and
LX(p):ﬂiffo(x)dx )

where a<x, <b.

We consider the transformation Y =u(X), where
u() is non-negative, continuous and monotone-in-
creasing. Since the transformation can be considered as a
tax (u(x)<x) or a transfer policy (u(x)=x), the
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transformed variable is either the post-tax or the post-
transfer income.
The mean and the Lorenz curve for variable Y are
b

Ly :J'u(x) fy (x)dx (3)
and
1 P
=— [u(x ©)
Hy
A fundamental theorem concerning Lorenz dominance
is [2,4].

Theorem 2. Let X be an arbitrary, non-negative,
random variable with the distribution F, (x), mean
ty and Lorenz curve L, (p). Let u(x) be a non-
negative, monotone-increasing function, let Y =u(X)
and let E(Y)=y, exist. The Lorenz curve L, (p) of
Y exists and the following results hold:

1) L (p)=Ly(p) if and only if @ is mono-
tone-decreasing,
. Lou(x) .
2) L, (p)=Ly(p) if and only if - is constant
and
. Lou(x) .
3) L, (p)<Ly(p) if and only if — is mono-

tone-increasing.

In the following, we consider additional properties of
the Lorenz curve L, (p). If

u(x)
X

is constant, then according to Theorem 1 (2),
L, (p)=Ly (p) and the transformed Lorenz curve is
identical with the initial one, a case which will be ig-
nored.

3. Results

u(x) :
3.1. The Ratio « Is Monotonically

Decreasing

According to Theorem 1 K (y) Lorenz dominates
F, (x). We introduce the values M and m such that

Iimsz <o

X—a+ X

and

Consequently,
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Let Fy(x,)
and that asx,

Note that points p and g are chosen arbitrarily and
that the equality signs cannot be ignored because we also
include the functions

u(x)

X
which are not uniformly strict decreasing in the class of
transformations. Hence, we have to include members for
which equalities hold for almost the whole range and, in
addition, sub-intervals in which strict inequalities hold
can be chosen arbitrarily short and located arbitrarily
within the range (a,b). If one pursues general condi-
tions, the inequalities (8) and (9) obtained below cannot
be improved. If we assume that
u(x)
X
is monotonically decreasing, then u(x) must be con-
tinuous, otherwise
u(x)

X
should have positive jumps [1].

From
() u(x)

p

it follows that x,u(x)<xu(x,). The integration over
the interval X, £x<x yields

IXU
%g

pJ' (x)dx<u(x,) [ xfy (x)dx (5)

X

X)dx < ]q xu( )fX (x)dx

Xp

p

Xp by (LY (Q)_ L, (p)) < U(Xp)/ux (Lx (q)_ Ly (p))
and
(L (a)- Ly (M)S%(Lx (@)=L (p))-
Analogously, it follows from

u(x)ZU(Xq)

X Xq

that x,u (x)=xu (xq ) and we obtain
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(L (@)=L (p).  (®)

Consequently,

M(LX (@)-Lx (p))=(L (a)-L (p))

Hy Xo

oy )
q X
2TXq(Lx (a)-Lx ()
When p—0 in(7), then

L, (p)—0,L (p)—>ou(x”)—>|v|

Y » =X ! Xp
and one obtains

Mis | (@)at, (@)= 200 )

,uY /uY Xq

The lower bound gives an evaluation of how much the
Lorenz curve has increased. The upper bound is of minor
interest and is commented on later.

When g —1 in(7), then

L (4) > Ly (a)>1

and one obtains

1—%(1— Le(p)2 L, (p)

o1 “(::E:f_x (t-L, (p))

In order to compare these inequalities with the ine-
qualities in (8), we change the argument from p to g, and
the inequalities are

1—%(1— L ()2 L, (a)21- u(:j))(qﬂx (1-Lx ()
9)

The lower bound gives an evaluation of how much the
Lorenz curve has increased. The upper bound is of minor
interest and is discussed later.

Inequality (8) is applicable to small values and ine-
quality (9) to large values of g. For small values of g, we
consider the difference

Ly () (10)

and for large g we consider the difference

D,(a)=L, (q)—1+u(;j%(l— Ly (a))- (11)
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In general,
dL (@) _ Ye _u(x)

da
and

dL, (q):i

dg Hx
The ratio
u(x)
X

is decreasing and consequently

dfuba)) dfve) d(%)d .,
dg| X, dgl x, | dx (%, Jdg**/ "

Now we differentiate D, (q)and obtain

d(D,()) u(x) ul*)m %

da s o Xy iy

L (g) 22 i[@}

u, dg| X

q

— _|_X (q)'u_xi[MJ >0

4y dg{ X,

Consequently D, (q) is increasing from zero at q=0
toamaximum D, (q,) for q=q, (say).
Now we differentiate D, (q) and obtain

AD: (@) _8(x) 80) (g g @ [QJ

dg Hy Hy dg| x

wy da| o,

= (1- Ly (@) E[MJSO

4 dgl x,

Consequently D,(q) is decreasing from D,(q,) to
zerowhen g —1. The point ¢, at which the shift from
(10) to (11) is performed, is chosen so that

D, () =D, (). Now,

L (qo)_l‘*m(l_ Ly (QO))

Hy do .
Ul X, |u
:Lv(%) ( q0X> XLx( 0)
do
that is,
1_U(Xq0)ﬂx —OandU(XqO)—&
'UYX% X% Hx

Consequently,
Dl(qO): Dz(qo) =L, (qo)_ Ly (qo)
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Since the ratio
U (X) sy
Xtdy
is decreasing, the difference

U(qu) &:0

qu H X

shifts its sign from plus to minus at point q,. Hemming
and Keen ([6]) gave the condition for Lorenz dominance

that
u(x)
X
crosses the
My
Hyx

level once from above. Our results above have shown
that the crossing point is g, . The condition obtained can
also be otherwise explained. If we write it as

Hy Hx ’
we obtain the formula
dt, (q)| _dL, (q)|
dq q=0o dq q=qo '

that is, the Lorenz curves L, (q) and L, (q) have
parallel tangents and the distance L, (q,)—Ly ()
between the Lorenz curves is maximal for q=gq, .

We define the difference function as

- D, forg<
D(q):{ 1(q) q qO ,
D, (q) for q > q
and the lower bound of L, (p) is
U(XQ)'UX
Hy Xy

(12)

Ly () for q<aq,

L(a)= (13)

U(Xq)ﬂx
1 o, (1-Ly (q))forg>gq,

Figure 1 shows the Lorenz curves L, (q), Ly (q),
the lower bound L(q)and the difference D(q) be-
tween L, (q) and the lower bound L(q).

Remarks. The variable Y Lorenz dominates X, and the
upper bounds in (8) and (9) tells us nothing about the
reductions in the inequality. The upper bound contains
the maximum value M and one has to take it for
granted that it is also inaccurate when M is finite. In ad-
dition, there may be situations in which M = . The
minimum value m can be zero, and in this case the upper
bound is one and the obvious inequality L, (p)<1 is
obtained.
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- u(x) :
3.2. The Ratio Is Monotonically
X

Increasing

The analysis of this case follows similar traces to the
earlier study and the results are analogous to our earlier
results, but in this case u(x) may be discontinuous.
Only the inequality signs have changed their directions.
We introduce the values M (<) and m(>0) such

that
lim M:m and lim M: M

x—=a+ X x—=b- X

and consequently

u(x)
0<EmM<——~L<M<w.
X

Note, that in this case the points p and g are also
chosen arbitrarily and that the equality signs cannot be
ignored because we also include functions
u(x)
X

which are not uniformly strictly increasing in the class of
transformations. Hence, we have to include members for
which equalities hold for almost the whole range and, in
addition, the subintervals where strict inequalities hold
can be arbitrarily short and can be located arbitrarily
within the range. If one pursues general conditions, the
inequalities (17) and (18) obtained below cannot be im-
proved.

If u(x) is discontinuous, the discontinuities can only

0.8

0.6 1

0.4

0.2

Figure 1. A sketch of the Lorenz curves L, (q), L.(a),
the lower bound L(q), and the difference D(q) between

L, (a) and the lower bound L(g) when the transformed
variable Lorenz dominates the initial one.
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be a countable number of finite positive jumps. Under
such circumstances u(x) is still integrable.

We use the same notations as above and assume that
Fu (%,)=p.F(%)=0,that p<q and consequently
that x, <X <X, .

Now,

Consider x,u(x)> xu(xp). The integration over the
interval x, <x<x, yields

T 1, (e (s, ), ()

xp:fu(x) fy (X)dx=u(x, ) | xfy (x)dx (14)

Xp

Xptty (Ly (@)=L ()2 u(x, ) s (L (@)= Ly (P))
and
(L@ )= 4, )1 o)

Analogously, if we consider x,u(x)<xu(x,) we
obtain

Xty (Ly (9) =Ly () < u (%, ) 1 (L (a) = L () (15)

and

(L (@)L, (p)) < “(Xxg“ (Le (@)=L ()
Hence,
)i 1 (gL )<L @)L )
v (16)
s%(wq)—wp))
When p—0 in(16), then
Ly(p)—>O,LX(p)—>0,u(XXp)—>m
and one obtains
L (@) <L (o) ”(;jl:‘* L), an

Now, the initial variable X Lorenz dominates the trans-
formed Y and the upper bound is the interesting case.
When g—1 in(16), then
u(x,)

%

L (1)>1 L (q)—>1, —->M
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one obtains

1—%(1— L« (p))=L, (p) 21_Mﬂ_‘Y‘X(1_ L ()

After a shift from p to ¢, we obtain

1- u(;:' lqyx (1-Lx (@)= Ly (a) zl—Mﬂ—’:x(l— L (a))

(18)

Now the upper bound is of interest. Formula (17) is

applicable for small values and formula (16) for large

values of g. In the following, we consider the difference

between the upper bound and the Lorenz curve L, (q),
that is, for small values of g

uf X
D, (q) =—(ﬂj ))(ﬂx
q

For large values of g, we consider the difference

L (a)-L (a). (19)

Dz(Q)=1—M(1—Lx(Q))—LY(Q)- (20)

Hy Xy
In general,
L (9) (a) LI . (@) (a) e
dq Hy dq Hyx
The ratio

u(x)

X
is increasing and consequently,

di Ya|_d[Y i(xq)z(),
al X dx, | X, Jdq

Now we differentiate D, (q) and note that

is increasing and obtain

d(D,(q)) _ U(Xq)ﬂx Xq

dq /uY Xq 1uX
L ,U_xi U(XQ) _U(XQ)l
" X(q),uv dQ{ Xq Hy
_ ﬂ_i U(Xq)
= Ly (Q)/; dq[—xq JZO

Consequently D, (q) is increasing from zero to a
maximum for g, .
Now we differentiate D, (q) and obtain
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d(Dz(q)):+U(xq)_(l

dq Hy

(),

~ Ly ()£ i[MJ

u, dg| X,

Ly (q))= E{M] <0

2, 4, dg| X

q

Consequently D,(q) is decreasing from a maximum
to zero. The point denoted q,, at which the shift from
D,(q) to D,(q) is performed, satisfies
D,(q)=D,(a).

Now,
u( qo),ux
1 14, qu (1_ Lx (QO))_ LY (QO)
U (% ) i '
- Hy Xy, o (qO)_LY(qO)
that is,

1—M:0and (%) o

Hy Xq, Xg Hx
This condition is identical with the condition, given
above, in which
u(x)

X
is decreasing.
Again, the condition
u(x, ) ax
Hy Xy

1- =0

can be written

u (XCIO ) XClo

Hy Hx
and we obtain the formula
diy (a); _dic(a)
dq dq
that is, the Lorenz curves L, (q) and L, (q) have
parallel tangents and the distance between the Lorenz
curves is maximal.
We define the difference function as

f)(q)={D1(q)f°rq£q° (21)

- -

D,(q)forgq>q,’
and the upper bound of L, (q) is

ul X
#Lx (Q)for a=q,
~ Hy
L(a)= ’ (22)

u (%)
1—qu(1— Ly (9))for g >q,

In Figure 2, we sketch the Lorenz curves L,(q),
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Ly (9) . the upper bound L[(q) and the difference
D(q) between the upper bound L(q) and L, (q).

Now the lower bounds are of minor interest because
the initial variable X Lorenz dominates Y. Note that
m=0 is possible in some situations and the lower
bound in (17) can be zero. Note that M can be great and
even M =oo is possible in some situations and the
lower bound in (18) can be even negative.

Example 1. The Pareto distribution. Consider in-
come X with the Pareto distribution F, (x)=1-x"*
and f, (X)=ax“*, where «>1 and x>1.Now,

and the Lorenz curve

Ly (p)=1-(1-p)

a-1
a

From Fy (x,)=1-x"=p we obtain x, =(1-p)«
Let the transformation be Y =u(x)=x"(0<B<1) so

. u(x) x* .
that the function Q:—zx’H =— Is decreas-
X X X

ing. We obtain z, = e , the Lorenz curve

L, (p)=1-(1- p)%,
P {9)= _%(l_q)a; _((O;__f)) (1-p)« and
D,(q)= (l_ﬁ)(l—q)%

Figure 2. A sketch of the Lorenz curves L, (q), L, (q), the
upper bound L£(q), and the difference D(q) between the

upper bound LC(q) and L,(g) when the transformed va-
riable is Lorenz dominated by the initial one.
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D, (a)-1- 74 (1-a)
D(q)= —((0;__/1;))(1— p)% forq<q,
D,(q)= Ela_—ﬂl; (1—q)¥ for g > q,
(a—p) =5 ap
— (1-9)« —(1-q) « [|forq<gq,
ta-{ 1)( |

) 4 Jraa

For pB<1,theratio

u(x)
X
is decreasing, this case being sketched in Figure 1, and if

£ >1 the ratio
u(x)

X
is increasing, this case being sketched in Figure 2.

4. Conclusion

Redistributions of income have commonly been defined
as variable transformations of the initial income variable.
The transformations are mainly considered as tax or
transfer policies yielding post-tax or post-transfer in-
comes and therefore, the transformations are usually as-
sumed to be positive, monotone-increasing and continu-
ous. Recently, discontinuous transformations have also
been discussed. The fundamental concern has been the
Lorenz ordering between the initial and the transformed
income. In this study we constructed limits for he trans-
formed Lorenz curves. We considered the optimal cases
that the transformed variable Lorenz dominates the initial
one and the initial variable Lorenz dominates the trans-
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formed one. In applications, the first case is more impor-
tant than the second, because it yields policies which
reduce the inequality. The case (2) in Theorem 2 is not
included in this study because the initial and the trans-
formed Lorenz curves are identical. The limits obtained
hold generally for all distributions and a broad class of
transformations. If one pursues general conditions the
inequalities obtained cannot be improved.
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