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ABSTRACT

The paper deals with an application of theory stochastic processes on business practices and with conseguences which
the concatenated economic co-operation may have on the future economic growth. The aim of the paper is aso to draw
attention how the theory which is apparently applicable for solution of scientific problems can also be utilised in practi-
cal commercial and economic use. First, the necessary theoretical background will have been done and then some ap-

plication examples will be given.
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1. Introduction

The tool that will be used at solution is the theory of
Markov's processes. It can be applied in some scientific
areas and also in technological and economical branches.
Formulae of this theory in stable state are well known.
They are used for calculation of service channels like
cash desks in department stores, seats in canteens, work-
places in call centres or help desks. The results of the
theory in stable state are widely used especially in tele-
communication praxis at dimensioning of communica-
tion channels and switching nodes. But less known are
results of this theory in transition (non stable) state.
Some examples can be taken from nuclear physic, boil-
ogy and radio communication [1,2]. The theory describ-
ing random processes in transition state can also be ap-
plied on the special problem as indicated below.

2. Deterministic Case

Let's have an element that is able to augment itself once
with the certainty (with probability equal to 1) in each
timeinterval At in average. Its descendants have also the
same ability. In this way, there will be 1 element born in
the 1st time interval, 2 elements in the 2nd time interval,
and 4 elements in the 3rd time interval, etc. (Figure 1).
The number of elements born in the k-th time interval
will be:

b= 2"

The entire count of elements after k time intervals will
be:
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Figure 1. Simple deter ministic concatenated process.
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as Equation (1) performs the geometrical series.

Asit is evident from Equation (1) and Figure litisa
simple concatenated process which quickly grows over
any limits. Here is an example of an ideal concatenated
process.

Let’s imagine a simple business model. A person who
initially starts the business builds a net of agents (dealers,
vendors) and clients in order to sell specia goods or to
render insurance or financial advices. He acquires 1 sub-
ject in each time interval in average (during a day, a
week, a month or even a year). The gradualy acquired
new subjects do the same. As soon as a new subject ac-
quires a new client, this subject becomes the agent. The
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agents continue gaining other clients and so one. When k
time intervals elapse, there will be n subjects. In that
manner the pyramidal structure grows. Thus after k time
steps, there will be 2“* clients on the bottom of the
structure, 2 -1 subjects who are agents, and finally 1
agent-founder of the pyramidal business, together n/2
clients and n/2 agents. The clients on the bottom of the
concatenated pyramid pay money for delivered goods or
rendered services. The payments are distributed among
agents. The higher an agent is in the pyramid, the higher
incomes he has because he cashes money not only from
his client, but he gets a certain part of money from his
subordinated agents. The chief of the business on the top
of the pyramid cashes the most of money as he has the
most subordinated agents and he need not pay any money
to anybody. The business will prosper only on condition
when clients either pay once for 1 piece of goods or 1
piece of advice, but in this case the net must be increased
step by step, or clients must constantly pay for rendered
services and their number must not decrease. Otherwise,
the business will cease.

Such situation cannot happen in real life because the
indicated example is idedlistic. It does not take into ac-
count the real conditions, e.g. acquisition of new clients
in the business based on the pyramidal structure cannot
continue permanently because the number of inhabitants
on disposal in a country is finite. Acquisitions proceed
with a certain probability and members of the business
may also leave it due to the fact they have no interest to
take part in the business more or they simply die.

Therefore a more perfect mathematical toll has to be
used for solution of above cases occurring in real life.

3. Stochastic Case
3.1. General Mathematical Specifications

The used mathematical tool is the theory of Markov's
processes. In order to explain the problem more clearly
and more comprehensive, we avoid the complex descrip-
tion of Markov’'s processes in matrix form, as it is pre-
sented in special mathematical textbooks [3-5]. Instead
of it the non-matrix descriptions adapted on the particular
case will be used and constraining conditions will be
defined.

Formula for the full probability is fundamental for our
further considerations (refer also to [6]):

P{A}:;)P{Ai}'P{NAJ} @

Here P{A} is probability of an appearance A which
can only occur together with appearances A that create
the full set of mutually excluding appearances and there-
fore the sum of their probabilities P{A} for all j = 0, 1,
2, ---,n, --- must be equal to 1. P{A/A} is the conditional
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probability with which the appearance A occurs together
with one of appearances A;.

Let's consider a system that actualy (in time t) con-
tains k elements. Further let denote:
A—number of elements having entered (appeared in) the
system during atime unit;
w—number of elements having left the system during a
time unit;
n—entire number of elementsthat the system may achieve;
7= 1/y—average time an element staysin the system;
t—time;
At—time interval;
pj(t)—probability the system contains j elements in a
timet;
p(t + At)—probability the system will contain k elements
inafuturetimet + At;
p; x(At)—conditional probability the system transits from
the status having | elements to the status having k ele-
ments within an arbitrary short time interval At—0;
P—cumulative probability in a given range.

Only from pure practical reasons, let theratio

a=—=A71-1 (©)]
i
denote a growing factor (a > 1) or eventualy a sinking
factor (a< 1) and

X=put=— 4

denote arelative time.

The constraining conditions are as follows:

* Entering of elementsinto the system and their leaving
out of the system is not controlled in any manner, but
they are fully random.

* No more than 1 change is alowed in the system dur-
ing an arbitrary short time interval At—0, i.e. just 1
element may enter or leave the system, or the system
stays without any change during the time interval At.

* The probabilities p;(At) proportionaly depend only
on the time interval At and they do not depend on
where on the time axis, t the time interval At lays
(they are time invariant). Also the constants 4 and u
aretime invariant.

Issuing from these fundamental conditions, the basic
equations can be set up.

3.2. Growth and Ceasing Process

Let's consider the system performed by the concatenated
pyramidal structure as in Figure 2. The elements in the
system are able to augment themselves with a certain
probability.The augmentation process means that new
elements continuously and randomly enter the system.
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Figure 2. Stochastic growth and ceasing concatenated proc-
ess.

Moreover, some of the elements may also leave the sys-
tem continuously and randomly with another probability
after a certain time (which is indicated by empty little
circles in Figure 2). Therefore a limitation of the count
of elements in the system need not be taken into account
in this case.

Theor etic Background

Keeping on mind the fundamental conditions, there are 3

possibilities how the system can get to the state with k

elementsin afuturetimet + At:

e either just 1 element enters the system containing
k—1 elements during At probability of which is

Pr-1x (At) ;

e or no element neither enters nor leaves the system
containing k elements during At probability of which
is P (At);

e orjust 1 element leaves the system containing k + 1
elements during At probability of whichis p,,,;, (At).

Issuing from the formula for the full probability (2) we
can write for the considered system:

p (t+At)

= 5
= P (t) Py1k (At)+ Py (t) Pr .k (At)
+ P (t) pk+1,k (At)

It is assumed that the transition probability,
Pe_1« (At) is proportional to the number of elements,
k-1 being in the system in an actual time, t and to the
entering intensity, A:

Pesc (At) =(k-1)4-At (6)

Similarly, the transition probability pg . 1x(At) is aso
proportional to the number of elements still being in the
system, k + 1 and to the leaving intensity, s
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Pk (At):(k+l)ﬂ'At (7

when the system contains k elements in an actual time, t
and it shall stay in the same state in a future time, t + At,
no element must enter or leave the system during At:

Pex (At) :1_[ Prk (AL)+ P i (At)}
:1_[ pk,k+l(At) * pk,k—l(At)J
=1-(kA-At+ku-At)
=1-Kk(A+u)At

®)

In other words, when an element comes into being, it
may bear other elements during its being in the system.
Each other new born element may do the same. The more
elements exist in the system, the higher the probability of
their birth is and aso the higher the probability of their
deaths.

Now we can return to Equation (5) having put Equa
tions (6)-(8) into it:

P (t+At)
= P4 (t)-(k=1)2-At+ p(t)
—p (1) K(A+p)-At+ py (t)-(k+1) u- At
t+At)- t
):llm pk(+ ) pk()
At—0 At
:(k—l)/l' pk—l(t)_k(/l"'ﬂ)' P (t)

+(k+1) - p(t)

We have obtained the system of the infinite number of
differential equations:

P () =(k-2)Ap1(t)—k(A+ 1) p(t)
+(k+1) upe,(t) k=0123:-

To solve this system, the next operation shall be ap-
plied onit:

P (t

=
Il
o
=~
Il
JuN
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i(k_l) Pr-1 (t) z"
=2 (k=1) p, (t) 22

©
k=1

M

(k+2) P (1) 2° = gkpk (t)-2

=~
I

0

Putting these modificationsinto (9) we will have:

B (0)+ 2 pi (1) 2
- ﬂzzgkpk (t)- 2%~ (2+ ) zgkpk (t)-2* (10)
" ygkpk (t)- 2
Theterm
f(t,z):gpk (t)-2 = py (t)+kzzpk (t)-2 (1)

is the generation function. Applying it on Equation (10)
we obtain the partial differential equation:

af(t'z):/lzzaf(t’z)—(/1+y)zaf(t'z)+yaf(t’z)
ot 0z 0z 0z
And finaly:
of (t,2) , of (t,2)
a2 (A =0
" +[ z (+,u)z+,u] pe

It isthe linear homogenous partial differential equation
of type:

—

of (t,2)

Ptz 1 (t2) = =+Q[tz1 ) (t.2)

0z

=0

Solution of this equation can be transferred to solution
of the system of the common differential equation in the
next canonical form [4]:

dt B dz
Ptz f(t,2)] B Q[t,z f(t,2)]

where:
Ptz f(t,2)]=-1

Qt.z f(t,2)|=AZ —(A+u)z+u

dt dz

) 22—(1+#jz+’u
A A
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dz

—_— = Adt
7
z-1| z— =
( )( ﬂj
4 1 dz=—-Adt
A-ppz-1
1 1
- dz=—(A1—u)dt
z-1 H ( ﬂ)
Z_i
A
7

In|z-1-In - =—(A-p)t+c

-1
In =—(A-u)t+Inc’
u (A-n)
A
z-1
In " (A-p)t
C .
A
: z-1 _ g an
c
(-2
T (u=22)
z-1 —(A-u)t
— - - =€
c-(u—A4z)
¢ = K22 i (12)
z-1

Herec', ¢, c are arbitrary integration constants.
Let z= 7z, for t = 0 and according to (11)

f(o,zo)=§pk(0)-z§
=P, (0)+ p,(0)Z5+---+ p,(0)Z5 +--- (13)

-2
as on the beginning when t = 0 the system started withn
elements in a genera case probability of which is 1.
When thereis only 1 element at the beginning, thenn = 1.
Replacing the time variable, t by O, constant ¢ will be
determined:

c=H% (14)
21

Replacing constant ¢ in (12) by (14) we have:

H=2Zy =22 (i
z-1 z-1
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The variable z, shall be expressed from this equation:

u [1— gt } - [,u — pe al ] -z

A—pue g [1— g it } -z

because it is the sought generation function f (t, 2) at the
same time according to (13).

The next effort will be to make such mathematical ar-
rangements that will lead to the geometrical series that
will correspond with the generation function (11). The

=f(t,2) |last equation will be arranged as follows:
ﬂl:l— ef(/tf/l) :| |:ﬂ le (A=)t :I Z 1— e_(l_#)t lu—ﬂe_(/{_”)t
A— et - pe - pe &
f(t.z)= papTe o
2-pe 31—t 7 L et
(A-u)t A- ,ue_(i_”)t
A—pue
Let where the terms (3) and (4) were also used. From there:

Al 1o e o _1-2A

4 — e ! 1-uA
2 1-1A
1- e_(;_ Je 1-gex (19 A A

- = /,[A_ -z

1 7[%71]/& Iu[a—ef(afl)x} ,1_/1.71_/1'0‘
# ;—e f(tz)= 1-uA

’ 1- 1Az

=P A=A+ A7A
1- A
B A it A 2 A_(ﬂz—uz)A—(ﬂ—ﬂ)_
_ 1- A :,u A—p :,uA—[(/1+y)A—l]-Z
1-1Az 1-1Az 1-1Az

1
= [ uA-(AA+ uA-1)- Z]'l—/iAz =[ uA-

k=1 k=1

_yA{l+/1AZ(/1A)k1 k} (AA+uA-1)S (AA) 2 = uA+(uAIA-2A- uA+1) S (1A)

(2A+uA-1)-2] Y (2A2) = uAY (AA) 2~ (2A+ uA-1) Y (AA) 2

k=0 k=0 k=0
k-1 k

k=1

= pA+[ A= AA)+ (1= 2A) S (AAF T 2 = A+ (1- AA) (1- 4A) 3 (2A) 2

k=1

The term in Equation (16) corresponds with the gen-

eration function (11). Comparing these we have:

Po (t) = uA= —(2—u)t

A—ue

p. (1) = (1-2A) (L uA)(2A)""

1[1— e*“*””] y[l— e’“‘”‘)‘]
= 1— . 1_
a— ue —(A-u)t 2 _lue—(l—y)t
aetn])
—= k=123
/1 _ ,uef(lf/l)t
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ﬂ[l— e'“"‘)‘] )

k=1
(16)
Using the terms (3) and (4):
1-e@?

Po (X) a— e_( ) (19)

1— e—(a—l)x 1— e—(a—l)x

P (X) = |:1_ a a—e (@ :| ' |:1_ a_eg@x
20
1— e—(a—l)x k-1 ‘ ( )

Ja— =123,
a—e —(a-1)x

The terms (17) and (18) perform the probability dis-
tribution and therefore

:Zopk (t) =1
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The stable state will become when x—o0. Putting it to
(29) there will be:

pozlmpozlmpo(x):iz A>u (22)

N

p, =1im p, (x) =0

Though the intensity of entering elements prevails the
intensity of leaving elements (the growth factor a > 1), it
can happen the system will get empty with a probability
Po, Which is evident from (21).

As it can be seen from Figure 3, probability the con-
catenated structure will ever cease is relatively high at
low values of a. For the balanced case, whena =1

_ a(a)x
po(x)zlim1 © X

a—l a— ef(afl)x - 1+ X (22)

and the structure would cease with probability of 0.95
after 20 time units (here 1 time unit means the average
time an element stays in the system).

Probability there are up to n elementsin the systemiis:

n

P,(x)= kZ:;pk (x)= (1—/1A)(1_ﬂA)kZ;(/1A)kfl
:(1—1A)(1_ﬂA).%

= (1- uA)|1-(2A)"|
_ —(a-1)x _ —(a-1)x n
a— e—(a—l)x a— e—(a—l)x
a-1 1-g@ ]
= —(a-1)x ql-la —(a-1)x
a—e a—e

No matter of how many elements, n exist in the system,
the probability Pn(X) convergesto:

a-1
Po (X) =1 (X) = — 55
and in the limit case:
. a-1 1
P>0 = P>0 (OO) = ||mw:1——

X—0 a_ e_

4. Conclusions

It would seem that the business based on a concatenated
pyramidal structure can only crash when the count of
new acquired members, A will be lower than the count of
members they left the structure, x. Thisis not true. There
is always a certain probability, po the business will cease
even if the count of new members acquired, A is higher
than the count of members, u they left the structure. This

Copyright © 2012 SciRes.

Po(x) 1

o
\
\

0.1 1 10 100

ra

a=25

—a=10 ——a=15 a=20

Figure 3. Equation (19).

probability is the highest in case when these numbers are
balanced (a = 1) [see (21) and (22)] and the business will
certainly crash after a longer time (theoreticaly in time
t—o0). The probability the business will cease decreases
when the growing factor, a increases. There will be a
chance 50:50 the business sustains, only when the num-
ber of acquired members will be 2-times higher than the
number of members they left the business. Therefore no
person operating the business based on such concate-
nated structure can be sure that the business will last for
ever. The founder and his agents must take high effort to
maintain the business and therefore they must always
acquire new and new clients.

The global economic is a great business. It is also
based on the structure similar to that as described above.
Large international corporations perform associations of
big national companies which affiliate smaller enter-
prises and these enterprises have its own suppliers that
provide work occasions for many people. The motor car
industry is a good example of such concatenated struc-
ture. Now let’s imagine that the economic growth would
not be supported by implementation of discoveries, in-
ventions, innovations issuing in technology devel opment
and the work productivity increase. It would have to rely
only on the growth based on establishing of more new
enterprises instead of perished ones. It would be hard to
achieve the growth factor, a to be higher than 1 in the
high developed countries like the USA, European Union,
while the growth factor, a can be higher than 1 in less
developed countries. But even if the count of new estab-
lished enterprises is in 25% higher than perished ones
(the growth factor a = 1.25), there would till be the
probability of 80% that the economic will crash after a
longer time [see (21)], if this growth is not supported by
technology development. The times of great physical and
industrial discoveries and inventions of the 20th century
are over for ever. Today's discoveries, inventions and
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innovations are mainly aimed on biology, genetic and
health care and, in fact, they have not contributed to eco-
nomic growth so far. These facts may be one of the rea-
sons of today’s global economic problems in high de-
veloped countries.
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