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ABSTRACT

A truncated trigonometric, operator-valued moment problem in section 3 of this note is solved. Let
r*={ryel(H),r;=r,vnez’,

ni| <s,1<i < p} be a finite sequence of bounded operators, with

S= (sl,n-,sp ) e NP, p=>1 arbitrary, acting on a finite dimensional Hilbert space H. A necessary and sufficient condi-
tion on the positivity of an operator kernel for the existence of an atomic, positive, operator-valued measure E., with

the property that for every neZP with |ni| <s,1<i<p,the n™ momentof E. coincides with the n" term I

of the sequence, is given. The connection between some positive definite operator-valued kernels and the Riesz-Her-
glotz integral representation of the analytic on the unit disc, operator-valued functions with positive real part in the class

of operators in Section 4 of the note is studied.

Keywords: Unitary-Operator; Self-Adjoint Operator; Joint Spectral Measure of a Commuting Tuple of Operators;
Spectral Projector; Complex Moments; Analytic Vectorial Functions

1. Introduction

About the scalar complex trigonometric moment problem

we recall that: a sequence {tn}nez of complex numbers

with t, = t__n is called positive semi-definite if for each

n>0, the Toeplitz matrix T, = (tH )in,-: is positive
semi-definite. The problem of characterising the positive
semi-definiteness of a sequence of complex numbers was
completely solved by Carathéodory in [1], in the follow-

ing theorem:
Theorem 1. The Toeplitz matrix T, = (tH. )inj:O is po-

sitive semi-definite and rank T, =r with 1<r<n+l
if and only if the matrix T, , is invertible and there
exists ; eT,,j=L2,---,r with a; #a, for j#k
and

p] >O:j :13'“9r

such that

r

t =Y pa;, fork=0,1--n. (1.1)

j=1

In the same paper [1], Charathéodory also proved that:
if 1<r<n, then {e&,-,a,} are the roots of the
polynomial
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which are all distinct and belong to T,.

Another characterization of the positive semi-defini-
teness of a sequence of complex numbers was obtained
by Herglotz in [2]. In [2], for neZ, the n™ moment
of a finite measure x# on T, is defined by

c, =% [ e™du(t)= a(n).

The following characterization of the positivity of a
complex moment sequence is the main result in [2].

Theorem 2. A sequence of complex numbers (t,) _,
t,=t, is positive semi-definite if and only if there
exists a positive measure g on the unit circle T,, such
that t, = z(n) forneZ.

From Theorem 1 and Theorem 2, Charathéodory and
Fejér in [3] deduce the following theorem:

Theorem 3. Let (ti)::_n be given complex numbers.

Then there exists a positive measure g on T,, such
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that

()=t |il<n, (1.2)

if and only if the Toeplitz matrix T, :<tH )n is posi-

i,j=0
tive semi-definite. Moreover, if 1<rank T =r<(n+1),
then there exists a positive measure « supported on r
points of the unit circle T, which satisfies (1.2.)

Theorem 3 gives an answer to the scalar, truncated
trigonometric moment problem.

Operator-valued truncated moment problems were stu-
died in [4,5]. Regarding the truncated, trigonometric op-
erator-valued moment problem, we recall that:

1) E(A1), -n<A<m is called a spectral function if
(a) each E(A) is a bounded, positive operator, (b)
E(A)<E(u)for A <u; it is orthogonal if each E(A)
is an othogonal projection;

2) a finite sequence {A;,--,A } of bounded opera-

tors on an arbitrary Hilbert space is called a trigono-
metric moment sequence if, there exists a spectral func-

tion E(2),(-m<A<m) such that A =["e"dE(2)

for every k=0,---,n. In [4], the necessary and suffi-

cient condition of representing a finite sequence of

bounded operators on an arbitrary Hilbert space H,
n

{A(}k:in with A =A",A =Id, as a trigonometric
moment sequence is the positivity of the Toeplitz matrix

T = (A*J’ )in,j:o

representing spectral function is obtained in [4] by gen-
erating an unitary operator, defined on the direct sum of
(n+1) copies of the Hilbert space H for obtaining an
orthogonal spectral function and by applying Naimark’s
dilation theorem to get the representing spectral function
from it. In [5], a multidimensional operator-valued trun-
cated moment problem is solved. That is: given a se-
quence of bounded operators

obtained with the given operators. The

{T3}nez® n|<s.1<i<p,
acting on an arbitrary Hilbert space H, with
s=(s.-.8,) N, T} =T

-n»

a necessary and sufficient condition for representing any
such operator

F;,m:<m1,~-,mp)eZp,|mi|SSi,lsis p

as the m" moment of a positive operator-valued meas-
ure is given. The necessary and sufficient condition in [5]
for such a representation is again the positivity of the
Toeplitz matrix

Sj+1
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obtained with the given operators. The representing posi-
tive operator-valued measure, (spectral function), in [5]
is obtained by applying Kolmogorov’s decomposition
positive kernels theorem.

Concerning the complex, operator-valued moment
problem on a compact semialgebraic nonvoid set K, we
recall that a sequence of bounded operators

I'= {Favﬂ}a,ﬂer ’

acting on an arbitrary complex Hilbert spacea H, subject
on the conditions I, ,=T,,, T,=1, is called a
K moment sequence if there exists an operator-valued
positive measure F. on K such that

r,,=[77dF (2),a,8eZ}.

A sequence of bounded operators {I',} _, with
I,=r_,VneZ® and T, =Id,, acting on an arbitrary,
complex, Hilbert space is called a trigonometric opera-
tor-valued moment sequence, if there exists a positive,
operator-valued measure F. on the p-dimensional com-

plex torus T,” such that T, :JT]pZadFF(Z) for all

a €Z”. Some of the papers devoted to operator-valued
moment problems are: [6-10], to quote only few of them.
The operator-valued multidimensional complex moment
problem is solved in [9] in the class of commuting mul-
tioperators that admit normal extension (subnormal op-
erators) (Theorem 1.4.8., p. 188). In [9], Corollary 1.4.10.,
a necessary and sufficient condition for solving a trigo-
nometric operator-valued moment problem is given. In
[10], another proof of a quite similar necessary and suffi-
cient existence condition on a sequence of bounded op-
erators to admit an integral representation as trigonomet-
ric moment sequence with respect to some positive op-
erator valued measure is given. In Section 4 of this note,
we prove that the two existence conditions in [9,10] are
equivalent.

The present note studies in Section 3 the representa-
tion measure of the truncated operator-valued moment
problem in [5], only when the given operators act on a
finite dimensional Hilbert space. In Proposition 3.1, Sec-
tion 3, it is shown that the representing measure, in this
case, is an atomic one. In Proposition 3.2, Section 3, the
necessary and sufficient existence condition in Proposi-
tion 3.1 is stated also in terms of matrices.

In Section 4 of the note, is studied the connection be-
tween the problem of representing the terms of an opera-
tor sequence

{Fn}néz JT,eL(H),I=T_,vneZT,=Id,
as moments of an operator valued, positive measure and
the problem of Riesz-Herglotz type integral representa-

tion of some operator-valued, analytic function, with
positive real part in the class of operators.
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2. Preliminaries
Let peN" arbitrary,

s=(sl,~--,sp)e NP,

z

(Z,,m,zp)eij:(Z_l,---,Z)GCp,

t

(t.-t,)eR?

denote the complex, respectively the real variable in the
complex, respectively real euclidian space. For

m:<ml,~-,mp)ezp,q:<q1,-~,qp)e NP,
we denote

™.z #0,1<i<p,

z :zll...zp , Z;

m =m, = Mp

" =7" 7,
andby t*=t"---t The sets:
Tlp={(zl,---,zp),|zi|:lfora111siSp}
represent the torus in C” and D={zeC,|z|<1} the
unit disc in C; if
(zl,m,zp)eTlp
and

—m;

m<0,z" =z
[
For s:(sl,---,sp)eNp, we denote with [3} the

S
integer part of the number EI The addition and sub-

traction in NP, respectively in Z" are considered on
components. In the set {neZp,|ni|£si,1£i§ p} the

elements are treated in lexicographical order. If H is
an arbitrary complex Hilbert space and

N=(N,,--,N,)eL’(H)

a commuting multioperator, we denote by
N™=NMo-oN"
for all meN” and, as usual, L(H) is the algebra of

bounded operators on H ; also &; denotes the Kro-
necker symbol for i, je Z . Let

re={r;} , ={TseL(H)|n|<s vi<i<p}

n

be a sequence of bounded operators on H
the conditions I'°, =T;" for all

subject to

neZ® |n|<s,vi<i<p

and T’y =1d,. For such a finite sequence of operators,
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in [5], a necessary and sufficient condition for the exis-
tance of a a positive Borel operator-valued measure F-

on Bor (T, p) , such that the representations

rs :prz”dFr(z),Vn :(nl,---,np)e VAR
1

n

2.1)

In|<s,1<i<p

hold, it is given. Such a measure is called a representing
S
measure for {F"}nezp .

In Section 3 of this note, in Proposition 3.1, we give a
necessary and sufficient condition for the existence of an
atomic representing measure of a truncated, opera-
tor-valued moment problem as in (2.1.) in case that the

Lo act on a finite dimensional Hilbert
ne

operators {F;}
space. In Proposition 3.2 of this note, the necessary and
sufficient existence condition for the representing meas-
ure in (2.1.) is reformulated in terms of matrices.

In section 4, Proposition 4.2, we establish a Riesz-
Herglotz formula for representing an analytic, operator-
valued function on D, with real positive part in the
class of operators. The obtained, representation formula
for such functions is the same as in the scalar case [11,
12]. In this case, the representing measure is a positive
operator-valued measure. The proof of Proposition 4.1 in
this note is based on the characterization on an operator-
sequence {Fn}nezp to be a trigonometric, operator-val-
ued moment sequence in [9]. The represented analytic,
operator-valued function is the function which has as the
Taylor’ s coefficients the operators {F K }keN .
3. An Operator-Valued Truncated

Trigonometric Moment Problem on Finite

Dimensional Spaces

Let 5:(sl,~-,s
set

p)e NP be arbitrary and consider the

RHICHURE

with the lexicographical order (® represents the carte-
sian product of the mentioned sets), H a finite dimen-
sional Hilbert space with

dim H =r and d=|[T7 (s, +1)]r.
Proposition 3.1. Let
re={r;} , ={TheL(H)In|<s vi<i<p)
be a sequence of bounded operatorson H, with
re, =ry forall nez®|n|<s,Vvi<i<p,I§=1d,.
The following assertions are equivalent:
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() Z< s X m> >0 for all sequences {X,}

m,nel

nel

in H.
(ii) There exists the multisequence

({20240 ) €T (i) 1))

of dP

iy iy

Dhn, = 2

(i )eftd}P

points and the bounded, positive operators,
such that

()" (2)"

for all n:(nl,-, p)eZp|n|<s 1<i<p.

(A) REEGD

(iii) There exists a positive atomic operator-valued
measure F. on Bor(T,”) such that:
Ff]=jTlpz”dFr(z),Vn:(nl,~~-,np)ezp,
with |n|<s;,1<i<p.

Proof. (i)=> (ii). On the set

ot 3] [ae)-[22])

we have the lexicographical order. The finite sequence of
operators I'° = {Ff]} 20 nfss, is considered double in-

dexed i.e. T3, =T'(n,m)’; with this assumption, from
(i), T® can be viewed as an operator-valued kernel

I*:1xl—>L(H);T(nm) =I5,

Let F

defined on |

={f:1 > H} the C-vector space of functions
with values in the finite dimensional Hil-

bert space H. With the aid of T'*, we can introduce on
F the non-negative hermitian product:

<f’g>r5 :Zi,jel<r(i’j) f (i)’g(j)>H ;

according to (i), we have the positivity condition:

(0 =20 (T )1 (1), 20

The matrix associated to this kernel is a Toeplitz ma-
trix of the form:

S S S
1—‘0---0 1“0 . 1H—sl —5y+=3p
S
Foml
S S
Fs]szmsp Tooo

From Kolmogorov’s theorem, there exists the Hilbert
space (essentially unique) K, obtained as the separate
completeness of the C vector space of functions F
with respect to the usual norm generated on the set of

Copyright © 2012 SciRes.

cosets of Cauchy sequences, (i.e. F/'~"), by the non-
negative kernel I'°, respectively the space K = IE/ r
(when H is finite dimensional, the Hilbert space

:{f,f € F}). From the same theorem, there also

exists the sequence of operators {h } eL(H,K)

such that T'*(n,m)=h;h  forall mnel. In this par-
ticular case for F, we have

K=F/'~1"=v__ Ranh x

where Ranh, x denotes the range of the operators h, X
and VRanh x denotes the closed linear span of the sets
Ranh, x, xeH .Theoperators h,:H — K are:

; P
hm (X)( J) = Hk:lé‘mkjk X

with m=(m,--,m;),j=(j..j,)el.xeH and &

the Kronecker symbol. Also, from the construction of

K, we have K =FIl" =v

denotes the range of the operators h x and VRanh, X
denotes the closed linear span of the sets Ranh_x .
Let us consider the subsets

,oRanh, x, where Ranh, x

the subspaces in K, K, =V, Ranh x,
Ky =Via, Ranh, x and the operators A K > Ky
defined by the forrnula

A(Zm&]=2mwm
nely nely

forany 1<i<p with ¢ =(d,);_ the standard basis

k=1

in CP. From the definition of A, since h, are linear
for all mel,, the same is true for the operators A for
all 1<i< p.For an arbitrary

ye Kli’ y= Znelnhnxn’{xn}neln cH >

we have:
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<A1y’Aiy>r5 :<A Zhnxn’A thxm>

nelj; melj;

= < Z hn+ei Xn > z hm+ei Xm> = < Z h:]+ei hn+ei Xn > Xm>
rs rs

nelj; melj, n,melj;

:< Z 1—‘menﬂxm> :< Z h;han,Xm>

n,melj; rs n,mel; rs

(Zha T ) Iy
l-S

nelj; melj;

forall 1<i<p.Weextend A to K, preserving the
above definition and boundedness condition; the exten-
sions A : K, > K,,,1<i<p are denoted with the same
letter A In case that

I<j<r1<i< p}

are C-linear independent operators with respect to the
kernel I', and from above, the operators A are partial
isometries, defined on linear closed subspaces K; < K
with values in K;, « K, with equal deficiency indices.
In this case, A admit an unitary extension on the whole
space K forall 1<i< p. Letus denote the extensions
of these operators to K with the same letter A . The
adjoints of A are defined by

A* (Z"€|i2hnxn ) = znelizhn—ei X,

for all 1<i< p. Obviously, for the extended operators

A'A=AA =I1d,,1<i<p.

In the same time, AA;x=A;Ax forall xeK; K,
and all 1<, j < p; we preserve the commuting relations
for the extended operators. When H is a finite dimen-

sional Hilbert space with a basis {ej}rj_l’ the same is

true for the obtained Hilbert space K All the vectors
he,melcZPm arbitraryﬁxed,je{l,---,r}} are

m>jo
-linear independent in K with respect to the kernel
I'. Indeed, if

2 <rp-q (ahe +Ah.e;)(p).(ahe + Ahee, )(Q)>H
=0
equivalent with |05|2 +|,B|2 +2iR(a/_3<ei .8 >H ) =0, this

equality implies o = =0. We consider that all the

vectors {hme jmel,l< j< r} are C-linear independent

in K with respect to the kernel T". We have then,
dim. K =|I|-r:d .

Copyright © 2012 SciRes.

Abasisin K is

m>j>

Bz{h e meICZp,jel,_l’}.

Let A :K,; = K, be the defined isometries, with

K, :VRanmelmjel? h, X
and
K, =VRan,_, h.x;
for
E. =VRan h_x
i meICZp,mi:[Si?H] m
and

h_x.

1 'm
melczP,mj=- S
2

F,; =VRan

We have K=K;®E; andalso K=F,; ®K,. We
consider E;; the orthonormal algebraic complement of
the space K, in K, respectively F,; the orthonor-

mal complement of K,;. When

0= T a(sc+1)-r]
for p#1 and g=r when p=1;wehave
dim¢ E,, = dim¢ F,, =q.
Let {uli,---,u;} be an orthonormal basis in Ej,
respectively {v{,---,v;} an orthonormal basis in FN2I

We extend the partial isometries A : K; = K,
1<i<p tothe whole spaces K in the following way:

A (uij):ViJ,Vj em, i eﬁ.
Because

(Auh A}, = (i), =1= (),

and
<Auij’v‘i‘>}< =<Vij’v‘i‘>;< = O =<uij’A*V'i<>K =<U;,UL>K ’

it results that also the extensions are isometries and
A" =A"; thatis A :K — K are unitary operators for
all 1<i< p; ( the extended operators are denoted with
the same letters). The commuting relations AA; = A;A
are also preserved 1<i< p In the above conditions, the
commuting multioperator (Ai,---,A ) consisting of

P
unitary operators on K admits joint spectral measure,

whose joint spectrum o-(Al,---,Ap)chp. Considering
the construction of K, we obtain A'hy=h_ and by

induction A" =h, forall

s +1
nedl..| 2L i<i<p.
e{ { 2 }} P

Because on the finite dimensional space K, all the
operators A € L(K) are unitary and compact one, their

AM
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spectrum o (A )T, consists only of the A's princi-
pal values. The principal values are the roots of the char-
acteristic polynomials associated with the matrix of A
in suitable basis in K, for all 1<i<p. The charac-
teristic polynomials of A are all complex variable
polynomials of the same degree

=TT}, (s +1)-r | = dimK
with the roots {;L}}jefd ,|/1}|: LVI<i<p,]j el,d.
Let {Pji}j ﬁ,IS i<p, be the family of the spectral

projectors associated with the families of the principal

A" = A" °"'°A;1p :[ZL( i

|

values {4} _ that is P/ =E'({4]}) with E' the

spectral measures of A,1<i<p. From the definition
of PJ-i , we have P-i ° Pi =0, (Pji )2 = P'i for all

,}andA Zjl] I

we have also

i#9,j.9e{l, Because
A °Aj :Aj oA,
E'cE/=E'oE',I<i, j<p.

Consequently, for m= (ml,m,mp) e Z", we have ob-

tain:

oo 5 ) v

From Kolmogorov’s decomposition theorem for m,ne | = Z”, we have

I, =I*(n,m)=hh =h A™Ah,
* _1mI _mP 1

=h; z g,ll ..... 45 pil...pi:J

| (i Jeftoond}?

=h| X

(il,-n,ip)e{l,u-,d}p
— Iny-my 4 pNp=Mp=12:p
- o Z p/ll] ﬂ'lp F|||2 ip

=hA™ -

In— Np=Mp o1
ﬂ’llnl ml.../Lls P Ppil

with Fillij‘.'.‘.ipp =hyoR om0 R oh, positive operators. That is:

I = z j,li”l .

(il ,4-»,ip)e{l,~-,d}p

iy ?

(i.e. assertion (ii) )
(ii)= (iii). Let FF:Z(il,.z o)l }p|:|]1|2 i

positive, atomic operator-valued measure on T,". From
(ii)(3.2.) we have:

T; = [ ,2"dF(2), Vne ZP, with || <s,1<i< p
1

be a

(i.e. assertion (iii)).
(iii)=(i). If

:'[Tlpz”dFr(z), ¥neZ®, with|n|<s,1<i<p

and F. is a positive operator-valued measure, we have:

m%@"ﬁ X m> =n§ <J'T]pz"‘”‘dFr( )xn,xm>H
j <Zz sz ),szdFr;(z)>H

nel mel

2

422" '”()

nel

Copyright © 2012 SciRes.

F)I: h():- Z pl

AR n=

Alnl ~~~A;° h,
z ﬂvslln] .. .ﬂs‘:”p Psi PSE hO
(sl,---,sp)e{l,---,d}p
lllnl—ml .._ﬂis“p’mp h(:Pill Pll:)h0

NN, )eZP || <s,1<i<p (3.2)

that is (i).

Proposition 3.1, in case H a finite dimensional space,
statements (i) < (ii) implies also a similar, straight-
forward characterization, as in the scalar case [6]:

Proposition 3.2. When

m= H;):l(sj +1) and {rz}neZp,‘ni‘SSi ’

operators acting on a finite dimensional space H with
dim; =r, are as in Proposition 1, the Toeplitz matrix

(s _ TS
Tm - (Fn )n P Inlcc 1<i - 1—‘1
2P |njj<s; I<i<p
s s s
r().“() r()m_] e r—sl—sz“‘—sp
s
_ Foml
- b
s s
rslszmsp I,

is positive semidefinite if and only if it can be factorized
as T, =RDR" with
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1
p

S IER}

ReM (m,dp)(C),d :[HL(S] +1)r} and D the dia-

gonal matrix

Fl}fi"p 0 0
0 F» o0 :

12---p
0 Fl

0 . - |:d1 dZ_<_'_«dp
DeM(d®,d) with entries the positive operators

{ Fill'z'ii;p }il,--- ipefl,y-d}

p

on the principal diagonal.

4. A Riesz-Herglotz Formula for
Operator-Valued, Analytic Functions on
the Unit Disk

Remark 4.1. Let {I',} ., be a sequence of bounded
operators, acting on an arbitrary, separable, complex
Hilbert space H, such that I, =T, for all aeZ®
and T, =1d,. The following statements are equivalent:

@ 3., Lusb.ly20 for all neN® and all
sequences of complex numbers {&,}
finite nonzero terms.

(b) There exists a positive, operator-valued measure
F. on T," =cC” such that

r,=[,2%dR(z),Vaez’.
1

4oye  With only

(c) The operator kernel {I,} ., is positive
semidefinite on H , that is it satisfies
n
a)ﬂzzzn@a_ﬂxa,xﬂ% >0
for all ne NP, all sequences of vectors {xa}ae[_n,n] eH

andall neNP”.
Proof. (a) < (b) was solved in [9], Corollary 1.4.10.
(b) = (c) represents the sufficient condition in
Proposition 1, [10].
(¢) = (a). Let {fa}a cH, with f =¢& x for an

arbitrary X € H. From (C), it results

Copyright © 2012 SciRes.
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N

1
8

() (1)

zz,ﬂ:_n@“a_ﬂx, x>H fag >0;

that is the operator kernel satisfies

n P 2n P
L Tupfdy20= 3T p8,5 20
(that is statement ()).

Because the trigonometric polynomials are uniformly
dense in the space of the continuous functions on T,°, it
results that the representing measure of the operator
moment sequence is unique.

For the proof of the following Proposition 4.2, we re-
call some observations.

A bounded monotonic sequence of positive non-nega-
tive operators converges in the strong operator topology
to a non-negative operator (pp. 233, [11]). Due to this
remark, if f:lcR—->L(H),f(6)>0,v0el is a
continuous, positive operator-valued function on the
compact set | — R, we define the Riemann integral of
the function f with respect to the Lebesgue measure
df. The definition are the usual one in the class of posi-
tive operators. That is: the limits of the riemannian sums
associated to the function f , arbitrary divisions A of

| and arbitrary intermediar points {Zjn}n €A exists
(are limits of bounded monotonic sequence of non-nega-
tive operators), and from the continuity assumption of
f on the compact set |, are all the same. We denote

the common limits, as usual with Lf (6)d6. We apply

this natural construction in the proof of the following re-
sult.

Proposition 4.2. Let f:D — L(H) be an analytic,
vectorial function, with values in the set of bounded
operators on a complex, separable Hilbert space H .
The following statements are equivalent:

(@) Wf(z)=0,vzeDand Rf(0)=1d,.

(b) (Riesz-Herglotz formula) There exists a positive
operator-valued measure F, on [-m,m] with

["F(9)do=1d,
and an operator C e L(H ),C* =C such that:

i60
f(z):iC+I" ¢ +z

neil _7

dF, (0),vzeD.
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The proof follows quite the similar steps as the proof
of the Riesz-Herglotz formula for analytic, scalar func-
tions with real positive part ([11,12].)

Proof. (a) = (b) Let

f(2) = (0)+i3f (0)+ X7 I,z

be the Taylor expansion of f, Vze D with

®f (0)=1d,,,I, e L(H),¥ne N and lim. |, [ 1.

We define T'_, =T, forall n>1.
obtain forall zeD,

(z)=9f (0)-i3

In this case , we

5f(0)+ 2,07 "

1

lim—

r—1 2"

_hm—_[ |: ‘.Rf )+i(rkeikg)rk +kil(l’7keik9)rk
r—>1 oy ~

_1rlgll_j |:2fRf )+g(rkeikgrk)+k-2wl( Jwor ):|(

i [f (reig)+m}|§o +&0 et E e ’

1997

If we consider 0<r <1 arbitrary and
z=re'’,0 €[-n,n], the previous equality becomes

f (rei'g)—i- f (reig)
=2f (0)+ 37 Tre™ + 3" 'r re™.
As a consequence of the orthogonality of the system of

functions {eik"}k , with respect to the usual scalar pro-
€

duct defined on L2 ([

remark and f's uniform convergent expansions, for all

—n,n],de), from the the previous

sequences {&,} €C andall neN we obtain:

dé

2
dé

:||§0+§]ei€+“.+§nein9

5 (e o) ao

p.q=0

—[2%f (0 ]Z|§|+ i T, & & 20,

We normalize this relation by dividing it with 2 and

obtain, for T'n L I F ,ne N, the following ine-

2
qualities:

Z:) q:Ofp_qépgq 20

for all sequences {efk} cC and all arbitrary ne N,

fp—q = fp,q

For q=0 and peN wehave I'po :ITfdel(Z).
1
Let the homeomorphism y :[-m,n]—> T,y (0)=c"
and the positive operator-valued measure

F,=Fop,F,: Bor([—n,n])—> A(H).

Accordingly to this measure we obtain the representa-
tions:

=i3f (o)+ij "o, (6)+ S ["e 2R, (9) =i3f (0)+ " =
1 “ne'’ —

n=0

Copyright © 2012 SciRes.

=[,2°2°dF,(2).p.q N and | dF,(z

with
fn S L(H ),l:n :ffn
and T = Id,, =%f (0).

In the above conditions from Theorem 1.4.8, [9], there
exists a positive operator-valued measure F on T,
such that

)=To = Id,, = %f (0).

Ty = [ 7°dF (2)= "¢ ™dF,(0).¥peN

and
["dF, (6)=1d,, =% (0).
Assured by the integral representations of the opera-
tors T we have:

f(0)-%f (o)+%[i2fnz” +izfnz“}
n=0 n=1

i0
S dR ()

,Vz e D,with C =M.

2i
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2(1-I)

dF, (6) >0,
. (ei‘g—z)z ,(0)

f(0)=iC+[ dF,(6) and

f is analytic on D ,

R ( j dF, ()= 1d,,

For the operator-valued analytic functions on D we
can state the same characterization theorem as in the the
scalar case ( Theorem 3.3, [11],) that is:

Theorem 4.3. Let I'={I',} _ be a sequence of

bounded operators acting on an arbitrary, separable,
complex Hilbert space H , subject to the conditions
I'=r_, forall neN, I',=1d,,. The following sta-
tements are equivalent:

(a) There exists an unique, positive, operator-valued

p

Ep: TynéaéndF(2)= > 2'T"

n,m=0 n,m=0

=[d< Fr%
1

(a)=(c) As in above Proposition 4.2, there exists a

positive operator-valued measure F, :[-m,7]— L(H)

1 1
[T [l = sup [T, x]» = sup,, ,

thatis F isanalyticon D. Also from (a), we have:

F(z)=1d, +iC +[i1“nz” +i1“nz"l“nj , =iC +Zf e™"z"d
n=1

n z+e

=iC +j 5 dR(0).

From the above representation, it results:

ZmF(z):F(z)H:( )=21d, +In z+e"

(c) = (a) As the same proof in Proposition 4.2, we have

1

lim, ;5 Ef" [ F (re” ) +F (re‘g )}|§0 +e8 4o r E ™

=lim, 15— j [Zld +2 Z r,re™

n=—o0,n#0

n N
= 2zrqu§p ‘fq 20
P.q

Copyright © 2012 SciRes.

(z)zn:z"gn,FF;Zm:z j d|F

2
ITlanFr (Z) X”zn = Supquzl -[Tl |Zn|2 d<Fr (Z

T 4R (0)=21d, +["
- ,(0) ]|

measure F. on T, such that:

T, :.lez"dFr (z),vneZ.

(b) The Toeplitz matrix {I', .}~

meo 1S positive semi-
definite.
(c) There exists an analytic vectorial function

F:D—>L(H),%F(z)>0 forall zeD and
F(z)=1d, +iC +2i1“nz”
n=1

for some CeL(H) with C"=C.

(d) There exists a separable, Hilbert space K , an op-
erator h,:H — K and an unitary operator U e L(K),
suchthat ', =h)U"h,,vneZ and hyh, =1d,,.

Proof. (a)< (b) was solved in [9], Th.1.4.8., p.
188. We sketch the proof of implication (&) < (b).

>0, p € N, arbitrary.

ZZ

such that I', :J‘f ¢™dF,(6),vneN. In this case, for

the function F(z)=1Id, +iC+2) " I' z", we have

)X, x>ﬁ <1

(0)+[ e™2" 2 dF, (0)

en9

_nmdﬁ (9) >0,VzeD.

2
deo

}Ze P £ do = 22rpqe§ £.do

p.q=0 p.q=0
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for arbitrary ne N . From this inequality, it results that
there exist the representations I'; = J.lequl (2).vqeZ

with F, a positive operator valued measure on T, ([9],
Th. 1.3.2), this is (a).

The equivalence, (b)<(d). From remark 4.1.we
have (b)<(c) ((c) from Remark 4.1.). The equi-
valence (c)<(d) is the main result in [10], Proposi-
tion 1. p. 116. From [10], Proposition 1, (condition (C) in
Remark 4.1.) assured the existence of a Hilbert space K,
an operator h,:H — K and an unitary operator
U eL(K) such that T, =hU"h,,vneZ, that is (d);
(the Hilbert Space K , the unitary operator U are
obtained by applyng Kolmogorov’s decomposition theo-
rem on positive semidefinite kernels.) Conversely
(d)=1(a) is immediately.

5. Conclusion

We give a necessary and sufficient condition on a finite
sequence of bounded operators, acting on a finite dimen-
sional Hilbert space, to admit an integral representation
as complex moment sequence with respect to an atomic,
positive, operator-valued measure. We also established a
Riesz-Herglotz representation formula for operator-val-
ued, analytic functions on the unit disc, with real positive
part in the class of operators.
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