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ABSTRACT

In this paper, new sufficient optimality theorems for a solution of a differentiable bilevel multiobjective optimization
problem (BMOP) are established. We start with a discussion on solution concepts in bilevel multiobjective program-
ming; a theorem giving necessary and sufficient conditions for a decision vector to be called a solution of the BMOP
and a proposition giving the relations between four types of solutions of a BMOP are presented and proved. Then, under
the pseudoconvexity assumptions on the upper and lower level objective functions and the quasiconvexity assumptions
on the constraints functions, we establish and prove two new sufficient optimality theorems for a solution of a general
BMOP with coupled upper level constraints. Two corollary of these theorems, in the case where the upper and lower
level objectives and constraints functions are convex are presented.

Keywords: Bilevel Multiobjective Optimization; Multiobjective Optimization; Sufficient Optimality Condition; Strict

Convexity; Pseudoconvexity; Quasiconvexity

1. Introduction

The class of bilevel optimization (programming) prob-
lems (BOP) arises from the stackelberg games theory [1];
and many problem in such fields as economics, man-
agement, politics and behavioral sciences which used to
be successfully modeled using Stackelberg games theory,
can be modeled as bilevel optimization problem [2]. BOP
occurs also in diverse applications, such as transportation,
engineering, optimal control etc.

A bilevel optimization problem requires to solve a
parametric optimization problem at the lower level (the
follower problem) to get feasible solutions for the main
optimization problem called upper level or leader problem.

The general formulation of a BOP is given by:

G(xy)<0,H(x,y)=0
myinf(x,y)

y solves< s.t
g(x,y)<0,h(x,y)=0

minF(x,y) st

where:

f:R"™™ > R™
H:R"™ - R
h:R"™™ 5 R®

F:R™™ »R"
G:R"™"™ —» RP
g:R"™M™ 5 R
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Wwith n;,n,,m,m,, p,q,r e N"

For xeR™ fixed, the problem:

min{f (x,y):g(x y)<0,h(xy)=0} is called the
y

lower level or the follower problem parameterized by x.
F and f are respectively the leader (or higher level) and
the follower (or lower level) objective functions. G and H
(respectively g and h) are leader’s inequality and equality
constraints (respectively follower’s inequality and equal-
ity constraints) functions.

If m =m,=1 then, the functions F and f are scalar
valued; meaning that the higher and lower level decision
makers are optimizing each only one objective. This class
of problems is called bilevel single objective optimiza-
tion problems, or simply bilevel optimization problems.
Bilevel optimization is an important research area since
about three decades and there exists a huge quantity of
studies related to that class of problems (see for example
the book [3] and bibliography reviews [4-6]).

If m >1 and/or m, >1, then leader and/or follower
objective functions are vector valued. We obtain a more
general problem called bilevel multiobjective optimiza-
tion problem (BMOP). In this case, the upper level deci-
sion maker and/or the lower level one are optimizing
more than one (in general conflicting) objective simulta-
neously. This class of optimization problems has not yet
received a broad attention in the literature and there are
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only few studies in the literature dealing with it (see for
example [7-11]). According to Pieume et al. [12], this
issue can be explained by at least three reasons: The dif-
ficulty of searching and defining optimal solutions; the
lower level optimization problem has a number of trade-
off optimal solutions; and it is computationally more
complex than the conventional multiobjective program-
ming problem or a bilevel programming problem.

We are interested in this paper in establishing optimal-
ity conditions in bilevel multiobjective optimization, in
the general case were both the higher and the lower level
problems are multiobjectives. Inspired by optimality con-
ditions given by A. A. K. Majumdar in [13] and D. S. Kim
et al. [14] for (single level) multiobjective optimization
problems (MOP), we established new sufficient optimal-
ity conditions for a solution of a general BMOP with
coupled upper level constraints. To our knowledge, there
are very few studies in the literature dealing with opti-
mality conditions in bilevel multiobjective programming.
In [7], using the Kunh Tucker conditions for MOP, A.
Dell’ Aere stated a necessary condition for solution of a
BMOP in the case where lower level inequality constraints
are absent. Jane J. Ye presented in [15] for bilevel pro-
grams in which only the leader problem is vector valued,
necessary optimality conditions in the case where the
Karush-Kuhn-Tucker (KKT) condition is necessary and
sufficient for global optimality of all lower level prob-
lems near the optimal solution, by replacing the lower
level problem by its KKT conditions. In the case where
the KKT conditions are not necessary and sufficient for
global optimality, she derives necessary optimality con-
ditions by considering a combined problem where both
the value function and the KKT conditions of the lower
level problem are involved in the constraints. More re-
cently, S. Dempe et al. in [16] presented for the optimis-
tic formulation of a bilevel optimization problem with
multiobjective lower-level problem, necessary optimality
conditions by considering the scalarization approach for
the lower level multiobjective program and transforming
the problem into a scalar-objective optimization problem
with inequality constraints by means of the optimal value
reformulation.

The rest of the paper is organized as follows: In the
next section, definition of solution concepts and charac-
terization of bilevel multiobjective programming prob-
lems are presented. In Section 3, after presenting some
preliminary notions, we present sufficient optimality con-
ditions for a solution of BMOP; the paper is concluded in
Section 4.

2. Definition and Characterization of Bilevel
Multiobjective Programming Problems

Let x=(x,---,%,) and y=(y,,-,y,) be two vec-
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tors of R", neN". The following ordering relations (in
R") will be used:

X=y&ex =y,Vi=l--n
XSy X <y,vi=l--,n
X<y xSyandx=zy

X<y<ex <y, Vi=1--n

We consider the following problem:

minF (x,y)
G(xy)<O0,H(x,y)=0
min f (x,y)
st ! (BMOP1)
y solves- s.t
g(x,y)<0,h(x,y)=0
where:
F:R"M™ »R™ f:R™™ 5 R™
G:R"™™ 5 RP H:R"*M™ — R
g:R"™ »R" h:R"™ - R®

Wwith n,n,,m,m,, p,q,reN" and m,m, >2, since
m,,m, > 2, the problem is a Bilevel Multiobjective Op-
timization Problem (BMOP).

Let Z ={(x,y)eR"1*”z/G(x, y)<O,H(xy)=0,
g(x y)<0andh(x,y)=0}.

Forall xeR™, let:
M (x)={yeR”2/g(x, y)SO,h(x,y)zo}
Forall xeR", let:
P(x)= {y* e M (x)/there exists noy € M (x)
such that f (x,y) < f(x, y*)}.

Forall xeR", let:

R, (x)= {y* e M (x)/there exists noy e M (x)

w

such that f (x, y) < f (X’ y*)}

* P(x) is the set of the pareto optimal solutions of the
follower’s problem parameterized by x e R™.
* P, (x) is the set of weak pareto optimal solutions of
the follower’s problem parameterized by x e R™.
Definition 2.1. (x*,y* is said to be a solution of
BMOP1 if and only if x*,y*)eZ, y*eP(x*) and
there existsno (x,y)eZ, yeP(x) such that
F(xy)< F(x*,y* .
Definition 2.2. (X, y") is said to be a weak solution
of BMOP1 if and only if (x',y")eZ, y eR,(x)
and there exists no (x,y)eZ, yePR,(x) such that
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F(x,y)<F (x*, y*)
Let’s consider a BMOP with uncoupled upper level
inequality constraints and without equality constraints in

both levels:
minF(x,y)
G(x)<0

min f (x,y)
st ’ (BMOP2)
y solves< st

g(xy)<0

Then under the strict convexity of the upper and lower
level objective and constraints functions, the definition
2.1 of a solution of a Bilevel Multiobjective Optimization
problem is equivalent to the following conditions:

Theorem 2.1. Assume that F and G are strictly convex,
and thatx e R™, f(x,.) and g(x,.) are strictly convex.
Then, (x,y")eZ s a solution of (BMOP2) if and
only if there are no directions d, and d, such that:

)y +ud,eM (x*),
V,ue[o,;]
for some z > 0;
forallie{l,---,m,}, 3 >0
such that: f, (x*,y*+yid2)s f. (x*,y*)
for all e[OZ]
2) (X" +4dy,y"+4d,)eZ
vie[0,2]
for some 4 > 0;
forallie{l,---,m},34 >0
such that F, (X" + 4d,, y" + 4d, ) < F (X', y")
for all 4, e[O,ZJ.

Proof
=) Suppose that (X", y")eZ is a solution of (BMOP2).
We have to prove that d, andd, satisfying 1) and 2)
don’t exist.

To the contrary, suppose that d, and d, exist.

Let #>0. R

Define [ = min{y,ﬂl,yz,m,ymz} ; Take

1.
y=y += ud

Since %ﬁe[o,,u]i/e M (X") (according to 1).

By definition, e[o,Z],Vi e{l,---,m,} . Using the
strict convexity assumption on f, we have:
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= i(x*,y*+5yd j Vi=1--,m,

fi(x*,ly*—i—l(y*_i_/}dz)jvi :1’...7m2

; (x y) (x y +yd) -, m,
<%fi(x Ly )+%fi(x*,y*)Vi =1,---,m, (from 1))

That is f,(X",§)< (X, y")vi=1--,
plies that f (x", )< f(x",y").

Hence y ¢ P(x*); which contradicts the fact that
(x,y") isasolution of (BMOP2).

<:) Suppose that d, and d, don’t exist. Let’s prove

that (x",y") is a solution of (BMOP2).
To the contrary, suppose that (x",y") is not a solu-

tion of (BMOP2). Then y"¢P(x") or (y*eP(x*)
and 3(x,y)eZ, yeP /F (x,y <F(x y ))

* Suppose that y )
Then, EIyeM )/f X,V <f(x y)
Define d,=y-y .

is convex.
), we have

Since g (x is convex, M (x)
By the convexity of M (X’

y +ud, =y +,u(f/—y*) eM (X*) Vue[01].
[0,1] fixed.

m, ; this im-

Let ie{1,~--,
fi(x*,y*+,uid2)= fi(x*,y*+yi(9—y*))
:fi(X*’ﬂiy"'(l_ﬂi)y*)
<u (XL 9)+ @) (XY
<uf (Y )+ @=m) £ (X Y)
(by def of §)

m,} and 4 e

Hence there exist d, satisfying 1), which is a contra-
diction with the hypothesis.
* Suppose that (Y e P(x) and
3(%,9)eZ,9eP(R)/F( >2§/<F(x*,y*))
Let d, =X- xd_y y*

(X +2d,,y’ +/1d2)=(x +/1(>2—x*),y*+/1(9—y*))62

vAe[0,1] (by the convexity of Z).
Let ie{l---,m} and A4 €[0,1] arbitrary fixed.

Fi(x*+ﬂ,dl,y*+id )
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Hence there exist d, and d, satisfying 2); which con-
tradict the hypothesis.

The main difficulty when solving a BMOP comes
from the fact that for each feasible alternative x, the
leader must know exactly, in order to take his decision,
what will be the reaction of the lower level decision
maker. But since the lower level problem is a multiobjec-
tive one, for each leader’s alternative x, the follower has
many (sometimes infinite) possible responses, which are
represented by the entire follower pareto optimal set P
(X). To circumvent this difficulty, there are rational re-
formulations of the problem, which really speaking are
relaxations of the BMOP. They are: The optimistic or
risky formulation, the pessimistic or conservative for-
mulation, the mean formulation and the stochastic for-
mulation.

Definition 2.3.

1) Optimistic or risky formulation of a BMOP

An optimistic or risking leader always chooses for all
feasible alternative x, the follower Pareto optimal solu-
tion y e P(x) which satisfy his objective (in the sense
of minimization).

(X,y")eZ is said to be an optimistic optimal solu-
tion of a BMOP if and only if

y eP(x) and x" earg mm(yrgg(rl)F(x, y)j

2) Pessimistic or conservative formulation of a
BMOP

A conservative or pessimistic leader always prefer to
choose for all feasible alternatives x, the follower pareto
optimal solution y" e P(x) which is the worse for him
(in the sense of minimization).

(x*,y*)eZ said to be a pessimistic optimal solu-
tion of a BMOP if and only if

y e P(x ) and x™ earg mln(g%F(x,y))

3) Mean formulation of a BMOP

Suppose that P (x) = &, vx and that for all
Vi=1---,m,F(x,.) isintegrableon P(x),vx.

A mean leader always chooses the mean solution
among the follower pareto optimal solutions P(x), for
each feasible higher level decision x.

(x*, Yy )eZ is said to be a mean optimal solution of
a BMORP if and only if

[ F(xy)dy
y e P(X*) and X" e arg min 22" I ry

yeP(x)

where since F is a vector valued function, we define its
integral over P(x) by:
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J F(x y)dy

yeP(x)

= I F(x y)dy,-, I le(x,y)dyJ
yeP(x) yeP(x)

4) Stochastic formulation of BMOP

Suppose that for all leaders’ alternative x, there exists
a probability distribution with ¢, as density function
such that the leader always has the probability ¢, (y) to
choose y as the follower reaction among his pareto opti-
mal solution set P(x). Then, one can talk of a stochas-
tic formulation of the BMOP.

(x*, y )eZ is said to be a stochastic optimal solu-
tion of the BMOP if and only if

y eP(x")and X eargmin | o, (y)F(xy)dy

yeP(x)

where:

@, 1 P(x)—>[0,1]; j o (y)dy=1.

yeP(x)

f( K (Y)F(xy)dy { [ e (y)R(xy)dy,
yeP(x yeP(0

[ oY)y (xy)dy

yeP(x)

When there exists a unique solution to the lower level
problem for any x, the above mentioned solutions are not
different. But when there are multiple solutions to the
lower level problem, the four kinds of solutions are dif-
ferent.

There exists a relationship between the four types of
solutions. In [17], a theorem giving the relationship be-
tween the optimistic optimal value, pessimistic optimal
value and mean optimal value, in case where only the
lower level problem is multi-objective is presented and
proved.

The following proposition generalize the above men-
tion theorem (theorem 0.5 in [11]) to the general case
where both upper and lower level problems are multiob-
jective.

Proposition 2.1.

Denote V,,V,,V,,,V, as optimistic optimal value,
pessimistic optimal value, mean optimal value and sto-
chastic optimal value of BMOP1 respectively. Then, we
have: V, =V, =V, and V, =V, =V,.

Where “ = " is the partial order defined above.

Proof

V, =min min F(X,y);

X yeP(x)

Vv, = mxin Q;%F(X’ y)
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[ F(xy)dy
V _minL
m X .[ dy
yeP(x)

1) Let x be a feasible alternative of the leader. By defi-
nition,

J F(x y)dy
yeP(x)
=( J F (%, y)dy, J le(x,y)dy]
yeP(x) yeP(x)
Forall ie{l--,m},wehave
J' F(xy)dy< j mngF(x,y)dy
yeP( ye
= F (X, d
il VLLX) v
hence
I F(xy)dy
yeP(x)
= d F(x,y), -, F ,
]9l e o)
Let F(xy')= ygng( ) (1)
(1) =F(x y)<F(x,y )VyeP(x)
= F(x y)SF( ,y*)vie{l,---,ml}VyeP(x)
:>mpa(x)F,( Y)<SR(xy)Vie{l- m}
yeP(x
< *
[Qg}x)F( ), gy&gfm(xlv))—F(xyy)
Then VX,
j F(x y)dy
yeP(x)

Foy (%, v))

< E
) BT

<{ | dyJF(x,y*){ | dy]ynggx)F(X y)

yeP(x) yeP(x)
Hence
j F(x y)dy
Vv, = mxinyep(x)T< min yrgpa}x)F(x y)=V,
yeP(x)

2) By a similar reasoning as in 1), we obtain that
V, =V,
Hence V, =V, =V, by the transitivity of “ =

Copyright © 2012 SciRes.

The proof of the second relation is analogous while
using the fact that j (px y)dy=1.

ysP

3. Suffcient Optimality Conditions for a
Solution of BMOP

3.1. Preliminary Definitions

Definition 3.1. Quasiconvexity, strict quasiconvexity,
pseudoconvexity, strict pseudoconvexity ([18])
Let f:AcR">R",nmeN and x,€A.
1) fis said to be quasiconvex at x, € A (with respect
to A) if:
xeA

f(x)=f(x)
0<1<1
(1-2)x +AxeA

= F((1-2)% + %) = F (%)

if in addition f is differentiable, then we have the follow-
ing equivalent definition:
fis quasiconvex if for all x,X, € A,

F(x)= %)=V (x)(%-%)=0

2) fis said to be strictly quasiconvex at x, € A (with
respect to A) if:

XeA
f(x)=f(x)
0<4<1
(1-2)x, +Axe A

= f((1-2)% +24x) < f (%)

3) f is said to be pseudoconvex at x, € A (with re-
spect to A) if it is differentiable and

XeA
f(x)< f(xo)}:vf(xo)(x—xoko
i XxeA

f(x)>f(x
Vf(xo)(x—xo)zo}:> ()= 7 (%)
4) f is said to be strictly pseudoconvex at x, € A
(with respect to A) if it is differentiable and
XeA

f(x)< f(onij(Xo)(X—xoko

We have the following implications [18]:
strict convexity = convexity = strict pseudoconvex-
ity = pseudoconvexity = strict quasiconvexity —
quasiconvexity.
3.2. Sufficient Optimality Conditions

We consider the problem BMOP1.
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For neN’ fixed, let RI ={xeR"/x>0},
R;:{XGR”/X>O}

Let A:iRJeR 19 (x y

B=|jeR :G (x y')=0 be respectlvely the sets
of active inequallty constraints of the follower and leader
at (x',y") respectively.

Theorem 3.1.

Let (x',y")eZ.

Suppose the following:

1) vxeR™, f(x,.) is pseudoconvex at y ; F is
pseudoconvex at (x,y").

2) vxeR"™,g,(x.) and h(x,.) are quasiconvex
and differentiable at y* GB and H are quasiconvex
and differentiable at x Y

3) There exists (u® eRmz v e RA w e]RS) and
(u eRM WV e]R‘B‘ Wle]Rq) such that:

(Vyf(x LY )) u +(VygA(x*,y*)) v°

Jr(Vyh(x*,y*))t w’=0

(VF (X, y*))l u +(VGB (X, y*))t Ve
+(VH (x* y’“))t w =0

Then, (X',y") is a weak solution of BMOP1,

Proof

Let (x',y")eZ verifying 1), 2) and 3).

Suppose that (x",y") is not a weak solution of
BMOP1.

Then, y eP,(x)or (y eP,(x") and there exists
(x,y)eZ,yeP(x )suchthatF(x y)< F(x y ))

1) Suppose that y" ¢ P, gj

Then, JyeP,(x) suc fhat fF(X,y)<f(xy)
ie Jye Pw(x*) such that

f (X y)< £ (XY )Vie L m}
By the pseudoconvexity of f (
(Vyfi(x*,y*))t(y—y*)<0 Vie{l-,m,} (1)

Let u® eR be arbitrary fixed.
Then, it holds from (1) that:

B, pov)o @

a)

b)

x) , we have:

We have:
g, (x.y)-0,(x.y)=0 vieA
—_—
h, (x*, y)—

0
By the quasiconvexity and differentiability assumption
in assertion 2) of the theorem, we have:

hi(x*,y*)éo Vie{l,,s}

Copyright © 2012 SciRes.

(Vygi(x*, *))t(y—y*)éo Vie A 3)

y
(Vyhi (x*, y*))t (y—y*) =0 Vie{l--s} (4

Let V' eRY and w® e RS be arbitrary fixed.
Then it holds from (3) and (4) that:

(S lcy)|-v)zo B
Swenicy)-v)s0 @

From (2), (5) and (6), we have:

(é“?vy f, (x*, y*)+ PRAT (x*, y*)

jeA

t
+2 WV hy (X y)j (y-y7)<o0
=

with u®, v, w® arbitrary fixed.
i.e. we have:

[(Vy f (x*,y*))t u® +(VygA(X*,y*))t v°
Jr(Vyh(x*,y*))t W0:|t (y—y*)<0

with u®,v®,w® arbitrary fixed; which violates the as-
sumption 3) a) of the theorem.

2) Suppose that (y eP,(x") and there exists
(x,y)eZ,yeP(x) suchthat F(x,y)< F(x*, y*)). By
the same way of reasoning as in the first case, we obtain:

t
(%”?Vﬁ (Xy)J (x=x",y-y")<0vu' e R

t
(ZV}VG,- (XY)] (x=x"y-y)=0w' eRE

jeB
m t
(ZMVHj (x*, y*)J (x—x*, y— y*) =0vw eRY
j=1
It holds from the linearity of the scalar product that:
[(VF (x*, y*))t ut +(VGB (x*, y*))t vt
+(VH (x*, y*))t Wl}t (x—x*, y-— y*) <0

With u',v',w' arbitrary fixed.

This violates the assumption 3) b) of the theorem.

Conclusion: (x*, y') is aweak solution of BMOP1.

A suffcient optimality condition for a solution of
BMOP1 is obtained by replacing the pseudoconvexity of
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the upper and lower level objective function by the strict
pseudoconvexity.

Theorem 3.2.

Let (x,y")eZ.

Suppose the following:

1) vxeR™, f(x,.) is strictly pseudoconvex at y';
F is strictly pseudoconvex at (x",y"

2) vxeR"™,g,(x.) and h(x,.) are quasiconvex
and differentiable at y* G, and H are quasiconvex
and differentiable at x y)

3) There exists (u’ e R™,v° eRU,w e]RS) and

(u eRM WV e]R‘B‘ e]Rq:) such that:

) (Vyf(x*,y*)) u°+(VygA(x*,y*))tv°

Jr(Vyh(x*,y*))t w’=0
) (VF(X*,y*))t ul+(VGB(x*,y*))tv1

+(VH (x*,y*))twl =0

Then, (x',y") is a solution of BMOP1.

Proof

Let (x',y")eZ verifying 1), 2) and 3).

Suppose that (x”, y*) is not a solution of BMOP1.

Theny eP(x’) or (y eP x*) and there exists

(x,y)eZ,yeP(x) suchthat F(x,y)< F(x*, y*)
1) Suppose that y" e P(x"); then JyeP(x") such

that f$x*,y) < f(x",y"). By the strict pseudoconvex-
ity of f(x",.) we have:

(Vyfi(x*,y*))t(y—y*)<0 Vie{l-,m,}.

by a reasoning similar to that used in the proof of theo-
rem 3.1. we obtain:

[(Vy f(x, y*))t u® +(VygA(x*, y*))t VO
Jr(Vyh(x*,y*))t wo}t(y—y*)<0

wvu° eRD» VO eR‘ A we e R ; which contradicts the

assumption 3) a) of the theorem.

2) Suppose that (y" e P(x") and there exists
(x,y)eZ,ye P(x* such that F (x, y) < F(x*, y*)). By
the strict pseudo convexity of F, we have:

(VF(X*, y*))1 (x=X",y=y")<0 Vie{L- m}

Using a similar reasoning to that used in theorem 3.1,

we obtain:
+(VGB (x*, y*))t e

(vF ()
+(VH (x*, y*))t Wl}t (x—x*, y— y*) <0

Copyright © 2012 SciRes.

vul e R™ v e RP w! e RY ; which violates the as-
sumption 3) b) of the theorem.

Conclusion: (x",y") is asolution of BMOP1.

As corollaries of theorem 3.1 and theorem 3.2, we ob-
tain the following sufficient optimality theorems:

Corollary 3.1.

Let (x',y )eZ.

Suppose the following:

1) vxeR™, f(x.),9(x,.) and h(
and differentiable at y".

2) F, G and H are convex and differentiable at

X,y

(3) 'I}here exists (u’ e R™2,v° GRU,W e]R{S) and
(u eRM V' e R‘E‘,Wl eRY ) such that:

(Vyf(x*,y*)) u°+(VygA(x*,y*))tv°
+(Vyh(x*,y’k))t w’ =0
(VF (x*, y*))t ut +(VGB (x*, y*))t s

+(VH(X*,y*))th=0

Then, (x,y") is aweak solution of BMOP1,
Corollary 3.2.
Let (x,y")eZ.
Suppose the following:
1) vxeR™ f(x,.),9(x.) and h(
convex and differentiable at y".
2) F G and H are strictly convex and differentiable at
X y
( 3) There eX|stsW£u eR™,V° e R wl e RS ) and
(u eR™ V' e R e]R{q such that;

(Vyf(x Y )) u +(VygA(x*'y*))tVO
+(V,h(xy")) W =0
(. ) s )
H(VH(xy)) w=0

Then, (x,y") isaweak solution of BMOP1.

The corollaries 3.1 and 3.2 can be proved in two ways;
either analogously to the proofs of theorem 3.1 and 3.2 or
using the fact that: Strict convexity = convexity =
strict pseudoconvexity = pseudoconvexity = strict
quasiconvexity = quasiconvexity.

X,.) are convex

c)

d)

x,.) are strictly

a)

b)

4. Conclusion

In this paper, we have established new sufficient opti-
mality theorems for a solution of a differentiable bilevel
multiobjective programming problem. We have also
presented a result giving a relationship between the op-

AM
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timistic optimal value, the pessimistic optimal value and
the mean optimal value (respectively the stochastic opti-
mal value) of a BMOP. The latter result shows that the
mean formulation and the stochastic formulation can be
very useful in practice to compute good approximations
of the solution set of a BMOP in which the follower is
not supposed to always report worst cases (in the leader’s
point of view)' nor to react in a way which will lead to
the leader’s goal attainment’. Therefore, investigating
these two formulations of a BMOP might be interesting
for future research.
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