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ABSTRACT

In this paper, variational iteration method and He-Laplace method are used to solve the nonlinear ordinary and partial
differential equations. Laplace transformation with the homotopy perturbation method is called He-Laplace method. A
comparison is made among variational iteration method and He-Laplace. It is shown that, in He-Laplace method, the
nonlinear terms of differential equation can be easily handled by the use of He’s polynomials and provides better

results.
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1. Introduction

Nonlinearity exists everywhere and nature is nonlinear in
general. The search for a better and easy to use tool for
the solution of nonlinear equations that illuminate the
nonlinear phenomena of real life problems of science and
engineering has recently received a continuing interest.
Various methods, therefore, were proposed to find ap-
proximate solutions of nonlinear equations. Some of the
classical analytic methods are Lyapunov’s artificial small
parameter method [1], perturbation techniques [2,3],
0 -expansion method [4] and Hirota bilinear method
[5-6]. In recent years, many authors have paid attention
to study the solutions of nonlinear partial diffenential
equations by using various methods. Among these are the
Adomian decomposition method (ADM) [7], He’s Semi-
inverse method [8], the tanh method, homotopy perturba-
tion method(HPM), Sinh-Cosh method, the differential
transform method and the variational iteration method
(VIM) [9-17]. Several techniques including the Adomian
decomposition method, the variational iteration method,
the weighted finite difference techniques and the Laplace
decomposition method have been used to solve nonlinear
differential equations [18-26]. J. H. He developed the
homotopy perturbation method (HPM) [27-42] by merg-
ing the standard homotopy and perturbation for solving
various physical problems. The Laplace transform is to-
tally incapable of handling nonlinear equations because
of the difficulties that are caused by the nonlinear terms.
Various ways have been proposed recently to deal with
these nonlinearities such as the Adomian decomposition
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method [43] and the Laplace decomposition algorithm
[44-48]. Furthermore, the homotopy perturbation method
is also combined with the well-known Laplace transfor-
mation method [49] which is known as He-Laplace me-
thod.

In this paper, the main objective is to introduce a com-
parative study to nonlinear ordinary differential equation
and partial differential equations by using variational ite-
ration method and He-Laplace method.

It is worth mentioning that He-Laplace method is an
elegant combination of the Laplace transformation, the
homotopy perturbation method and He’s polynomials.
The use of He’s polynomials in the nonlinear term was
first introduced by Ghorbani [50]. The proposed algo-
rithm provides the solution in a rapid convergent series
which may lead to the solution in a closed form. This
paper contains basic idea of homotopy perturbation me-
thod in Section 2, variational iteration method in Section
3, Laplace homotopy perturbation method in Section 4
and conclusions in Section 5 respectively.

2. Basic Idea of Homotopy Perturbation
Method and He-Laplace Method

2.1. Homotopy Perturbation Method

Consider the following nonlinear differential equation

A(y)-f(r)=0, reQ (1)
with the boundary conditions of
B(y,ﬂjzo, rel’ 2
on
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where A, B, f(r) and T are a general differential
operator, a boundary operator, a known analytic function
and the boundary of the domain Q , respectively.

The operator A can generally be divided into a linear
part L and a nonlinear part N. Equation (1) may therefore
be written as:

L(y)+N(y)-f(r)=0 3)

By the homotopy technique, we construct a homotopy
v(r,p):Qx[0,1] > R which satisfies:
M=) L)tn]
+p[A(v)-f(r)]=0

H(v.p)= L(v)~L (%)
FpL()+ [N (W)~ T (1)]=0

where pe[0,1] is an embedding parameter, while Y,
is an initial approximation of Equation (1), which satis-
fies the boundary conditions. Obviously, from Equatons
(4) and (5), we will have:

H(v,0)=L(v)-L(y,)=0 (6)

H(v.1) = A(v)-f(r)=0 ™

&)

The changing process of p from zero to unity is just
that of v(r, p) from Yy, to y(r). In topology, this is called
deformation, while L(v)-L(y,) and A(v)—f(r) are
called homotopy. If the embedding parameter p is con-
sidered as a small parameter, applying the classical per-
turbation technique, we can assume that the solution of
Equations (4) and (5) can be written as a power series in

p:
V=V, + pY, + PV, + PV +--00 ®)

Setting p =1 in Equation (8), we have

y=1ipm1\/:Vo+V1+Vz+”' ©)
The combination of the perturbation method and the
homotopy method is called the HPM, which eliminates
the drawbacks of the traditional perturbation methods
while keeping all its advantages. The series (9) is con-
vergent for most cases. However, the convergent rate
depends on the nonlinear operator A(v) . Moreover, He
[51] made the following suggestions:
1) The second derivative of N (v) with respect to v
must be small because the parameter may be relatively
large,ie. p—1.

2) The norm of L (%} must be smaller than one

so that the series converges.
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2.2. He-Laplace Method

Consider the following nonlinear differential equation
(IVP):

y'+py +py+pf(y)=f(x) (10
y(O):a, y'(O):ﬁ’ (11)

where p,,p,,P;,a,f are constants. f(y) is a nonlinear
function and f(x) is the source term. Taking Laplace
transformation (denoted throughout this paper by L) on
both side of Equation (10), we have

LIy ]+ L[py]+Lpy]+ L] Py (y)]
~L[1(x)]

By using linearity of Laplace transformation, the result
is

(12)

L[y ]+ e Ly T+ P L[y]+ Py L ()]
L1 (]

Applying the formula on Laplace transform, we obtain
S’L[y]-sy(0)-y'(0) + p, {sL[y]-y(0)}
P L]+ p L[ (y)]=L[ ()]

Using initial conditions in Equation (14), we have

(13)

(14)

(52 + pls)L[y]zas+,B+apl -p, L[y]

(15)
—pLLF(Y)]+L[ T (x)]

or

L[ ]:(as+ﬂ+ap1) P,

- L
(52 + pls) ) Y]

(52+pls
P +Lf(x
(52+pls)L[f(y)] LLf(x)]

(16)

Taking inverse Laplace transform, we have

v =7 (-1 2y

s’ +p,s

et

s*+p,s

amn

where F (X) represents the term arising from the source
term and the prescribed initial conditions.
Now, we apply homotopy perturbation method [51],

y(x>=§p“yn(x) (18)

where the term Yy, are to recursively calculated and the
nonlinear term f (y) can be decomposed as

F(y)=3 p"H, (y) (19)

n=0
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for some He’s polynomial H, (see [50,52]) that are
given by

Hn(yO:ylayzv"':yn)

1 o" <
= n f plylji| n=0313293'”
(£

Substituting Equations (18) and (19) in (17), we get

> (1)=F ()
"‘{Ll{@f—l) [%p n(x)}} (20)

+L_1{(s +pys) @p ”(y)m

which is the coupling of the Laplace transformation and
the homotopy perturbation method using He’s polynomi-
als. Comparing the coefficient of like powers of p, the
following approximations are obtained:

P Yo (x)=F(x),
p': yl(x)=—[v{(s_f’—pls) [Yo(x )]}

-1 P
o {(s +ps L °(y)]}]

p’: yz(x):_ L {ml‘[yl ]} (21)

o)
p': ya(X)=—{ {(S+pls) [¥(x ]}
+L1{(sf—p,s) [H z(y)]}j

Example 2.1. Consider the following nonlinear PDE
[53]:

2 ouY 4
Vau+| — | =2y+X 22
(2 e

with the following conditions:
u(x,0)=ax, u(xl)=
u(0,y)=0, u(Ly)=y+a
Equation (22) can be written as

2 2 2
U O ) gy (24)
ox°- oy oy

x(x+a), 23
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By applying the Laplace transform to both sides of
Equation (24) subject to the initial condition, we have

L[u]:siz(L[zy]+ L[x“])—si2 L(u, +uZ) (25

The inverse of the Laplace transform implies that

6

X
u(x,y)=x’ y+£

(o, e S]]

Now, we apply the homotopy perturbation method, we
have

(26)

6

00 n X
> phu, (ny) =Xy

BTN

where H, (u) are He’s polynomials. The first few com-
ponents of He’s polynomials are given by

HO(U): ygy =
Hl(u)=2yoyyly =0 (28)
H,(u)= yfy +2Y¥,, ¥,y =0

Comparing the coefficient of like powers of p, we
have

27)

oy X
Uy (X, y)=x Y3

6
2
Uy (X, y) =X y+—30+ax

0

p:

but we consider

p': U (xy)
=L _i{l_[y ]+L[H (y)]} __x
|2 UL ’ 30
p*: U (xY)
1 (29)
=—L" S_Z{L[y]WJJrL[H,(y)]}]:O
P’ us(xy)
[ 1
- S_Z{L[yzyy}+L[H2(y)]}}=0
So that the solution u(X,y) is given by
U(X,y)=Uy+U, +U, +Uy +--
ey XX
=X y+30+ax 30+0+0+ (30)
=Xy +ax

which is the exact solution of the problem.
Example 2.2. Consider the following non-homogeneous
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nonlinear PDE [53]:
2
ou =x2 _1fou (31)
ot 4\ 0x
with the following condition:

u(x,0)=0 (32)

By applying the Laplace transform method subject to
the initial condition, we have

L 2
y(x,s):g—%L[uf] (33)

The inverse of the Laplace transform implies that
) a1 2
u(xt)=xt-L [EL[UXJ (34)

Now, we apply the homotopy perturbation method, we
have

3Py, (x.1)

n=0

e p[r] {ﬁHz 0" HM}HJ -

where H, (u) are He’s polynomials. The first few com-
ponents of He’s polynomials are given by

H, (u) =ug, =4x°t?

8xt*
H, (u)=2u,u, =—

(36)

4x%t° 16x°t°
—t
9 15

H, (u)=up, +2UyU,, =

Comparing the coefficient of like powers of p, we
have
p’r Uy (xt)=x7t
2t3

4] 1 X
p': ul(x,t):—L[E{L[Ho(u)]}}z— 3
L)1 2%°t°
p’: u2(x,t)=—|_I[E{L[Hl(u)]}} v
Proceeding in a similar manner, we have
17t
315

(37

P’ U (xt)=

So that the solution u(x,t) is given by
U(X,t) = Uy +U; +Uy +Uy +---
Xt 23 173 (%)
— + — +...
3 15 315

=x’t
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3. Variational Iteration Method (VIM)

To illustrate the basic concept of the technique, we con-
sider the following general differential equation

Lu+Nu=g(x)

where L is a linear operator, N is a nonlinear operator and
g(X) is the forcing term. According to VIM, we can con-
struct a correct functional as follows

A(Lu, (s)+Nd,(s)-g(s))ds

S ey <

Uy (X) = U, (X)+

where A is a Lagrange multiplier. The subscripts n
denote the nth approximation, 0, is considered as a
restricted variation i.e. §0, =0. In this method, it is
required first to determine the Lagrange multiplier A
optimally. The successive approximation Uu,,,,n>0 of
the solution u will be readily obtained upon using the
determined Lagrange multiplier and any selective func-
tion U,, consequently, the solution is given by
u=lim,,u,.

Now, we consider the following examples:

Example 3.1. Consider the following first order
nonlinear differential equation [53]:

Y+y =0, y=>0 (39)

y(0)=1 (40)

If y, is an initial approximation or trial-function then
we can write down following expression for correction:

yn+1(t)=yn(t)+jﬂn{ya(r)+y§(r)}dr (41)

where the last term of right is called “correction”, A, is
a general Lagrange multiplier. The above functional is
called correction functional, the Lagrange multiplier in
the functional should be such chosen that its correction
solution is superior to its initial approximation (trial-
function) and is the best within the flexibility of the trial-
function, accordingly we can identified the multiplier by
variational theory [54,55]. Making the above correction
functional stationary with y(0) = 1 so that, we can obtain

following stationary conditions:
A (7)+2y,(r)A(7)=0 (42)

1+2,(7)

=0 (43)

The Lagrange multiplier, therefore, can be identified
as follows:

A (7)= —exp[{f y, (<§)d§j (44)

To simplify the multiplier, we approximate Equation
(44) as follows:
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Ah(r)z-—exp[ijO(f)dfj 45)

Substituting Equation (45) in Equation (41) yields fol-
lowing variational iteration formula

You (1) =¥, (1)
—Iexp[z.:[ Yo (é)dg{y,: (T) + Y§ (Z‘)})dz‘

We start with by above iteration formula, we can ob-
tain following results,

(46)

t
y, (t)=1- e dr
0

(47)
=l—%(1—e‘2‘)=%(l+e‘2‘)
Y, (t)
1 l4+e teZ(r—t) o 2" 1 l4e 2 2 d
—5(+ )‘J - +z(+ ) (de
<1+e'2t Iez(”{l 1e‘2’+le“”}dr
4 2 4
(48)

(1+e2t

-
o)
(e o)
)

—21

1
8

(l+e2t +—te - (1 e"“)

1
2
if, suppose, Y, (t) is sufficient, the approximation at X
=041is y,(0.4)=0.6678, while its exact one is y(0.4) =
0.6667, the 0.17% accuracy is remarkably good in view
of the crudeness of its initial approximation. The process
can, in principle, be continued as far as desired, however,
the resulting integrals quickly become very cumbersome,
so some simplification in the process of identification of
Lagrange multiplier will be discussed at below:
We re-consider the correction functional Equation (41)
as follows:
t
Your ()= Yo () + [A{¥a () + Y2 (2)}dz (49)
0
Where the nonlinear term y> is considered as non-
variational variation or constrained variation [54], i.e
8y: =0. The Lagrange multiplier, therefore, can be
readily identified and the following variation iteration
formula can be obtained:
t
yn+1 I{ + yn }dT (50)
0
Putting n = 0, 1, in Equation (50), we can obtain fol-
lowing results.

Copyright © 2012 SciRes.

t
1f0+1drlt
0

t
1
)=1-t—[l-1+(1-7)ldr=1-t+t> -2t
(=1t [t 1) ettt

Similarly putting n =2, 3, ---, n — 1, the nth approxi-
mation can be obtained, which converges to its exact
solution, a little more slowly due to the approximate
identification of the Lagrange multiplier.

Remark

The variational iteration technique mentioned above
can be readily extended to partial differential equations
(PDEs). Here the author will illustrate its process.

Example 3.2. Consider the following equation [53]:

2
Vi +(%UJ =2y+x*

u(0,y)=0, u(Ly)=y+a (51)
u(x,0)=ax u(x,1)=x*+ax

which has the exact solution u=Xx(xy+a).
According to Adomian [56], an approximate solution
can be obtained [57].

u=x(xy+a)

1 X' y+1) xS (52)
A F )

It is obvious that the approximation does not satisfy its
boundary conditions. In 1995, Liu [57] proposes a modi-
fied Adomian’s method called weighted residual de-
composition method, with such method, he obtained fol-
lowing approximation:

1
u= x(xy+a)+z{xy(y—1)(1_
which satisfies all its boundary conditions and has more
higher accuracy than Adomian’s. In 1978, Inokuti et al.
[55] proposed a general Lagrange multiplier method to
solve nonlinear mathematical physics which was first
applied to quantum mechanics. In this method, a more
accurate solution, depending upon its trial-function can
be obtained for some special points, but not an approxi-
mate analytical one. J. H. He [53] tries to solve it by
variational iteration method as follows:

Supposing the initial approximation of Equation (51)
is U, , its correction variational functional in X-direction
and y-direction can be expressed respectively as follows:

X3 )} (53)

« |8, (&Y)
Uy (X, y)=U X’y)ﬂgﬂ{T
2’0, (&,y) (06, (&y)Y .
a
n > n > _2 _ 4 d
AM
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un+1(x,y)=un(x,y)+j/12 agz

a0, (%) (ad,(x¢)Y .
n n _2 _ d
+ e + oc c—X <

where U, is a nonvariational variation. Their stationary
conditions are written down respectively as follows

(35

40, o @) s
652 > /11(5) &=x > 85 o ( )

and

Fhls) o0, 1. 226 Ly sy
Pl ()] oy =0, % | (57)

The Lagrange multipliers can be easily identified:
A=E=X, Ah=¢-Yy (58)

The iteration formulae in X-direction and y-directions
can be, therefore, expressed respectively as follows

X 2un R
Upy (X,Y) = +£ { aij )
Pun(y) (ou(2) >
u (&) [ou, (S ’
“2y—&tld
L 4 6] o
Uy (X Y) = +'|y' [%
2 ° (60)
Lo, (i,g)Jr[&un(x,g)] —2g—x4]dg
OX Oc

To ensure the approximations satisfy the boundary
conditions at X = 1 and y = 1, we modify the variational
iteration formulae in X-direction and Yy-direction as fol-
lows:

X az ,
““*1(X’y):“n(Xay)ﬁ(é—X)[%
o%u, (&y) (0 (51 )Y 61)
U, Y u, (s, Y .
—_2y— d
+ ayz +[ ay j y 5] 5
oo {54
&' o | (62)
. aii 5), (a(f)J _2g_x4]dg

Now we start with an arbitrary initial approximation:
U, = A+ BxX, where A and B are constants to be deter-
mined, by the variational iteration formula in X-direction

Copyright © 2012 SciRes.

(59), we have

u (xy)= A+Bx+j [0+0 2y - .f] 4
(63)

=A+ Bx+x2y+ix
30

By imposing the boundary conditions at x = 0 and X =
1 yields A= 0 and B = a — 1/30, thus we have

1
u,(x,y)=x(xy+a)+%x(x5—1) (64)
By (61), we have
1
u,(xy)= x(xy+a)+%x(x5 —1)

+[(g-x)[2y+& +0+& -2y |dE (65)

=x(xy+a)

which is an exact solution. The approximation can also
be obtained by y-direction.
Example 3.3. Consider the following nonlinear PDE

[53]:
u_ e lfau)
EDl 4(8xj (66)
u(x,0)=0

Its t-direction correction functional can be constructed
as

L | ou, (X, 1( a0, (x,7)) (67)
+J'/1 —”( T)—x2+— —"( 7) dr
0 OX
In which U, is nonvariational variation. The multi-
plier can be identified and its variational iteration for-
mula t-direction can be obtained

Uy (X, 1) = U, (X,1)

_j[M_xz +l[8un (x,r)ﬂdT (68)
0 or 4 OX

We start with initial approximation u, =0, by above
iteration formula, we can obtain successively its ap-

proximation:
t

ul(x,t)=0—j(—

0

t
U, (x,t)= xzt—j[x2 —x? +%(2xr)2}dr
0

Xz)dz'= X,

2

=x’t— 243

1
=Xt
3
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2 1 243 ‘ 2 242 2 1 2 3 ’
=Xt ——x% —f X=Xt x> +—| 2xr—Zx | |dr
3 4 3

0

t
= x2t—lx2t3 —j _3X2T4 —lxzr" dr
3 3 9

0

1 2 1
=Xt ——x2t + =X —— Xt
3 15 63

which is the same as Adomian’s [56,58].

4. Comparision of Variational Iterational
Method and He-Laplace Method

Example 4.1. Consider the following first order nonlin-
ear differential equation [53]:

Y+y =0,y>0 (69)
with the following condition:
y(0)=1. (70)

By applying the aforesaid method subject to the initial
condition, we have

L[y(x)}:é—éL[sz (71)

The inverse of the Laplace transform implies that
1

y(x)zl—Ll[gL[yzﬂ (72)

Now, we apply the homotopy perturbation method, we
have

:ZOp”yn(X)=1—D(Ll[éL[gp"Hn(y)m (73)

where H, (y) are He’s polynomials. The first few com-
ponents of He’s polynomials are given by
Ho(y) =¥, =1
H, (Y)=2Y,Y, =—2x (74)
H, (Y) = Y7 +2y,y, =3’

Comparing the coefficient of like powers of p, we
have

p’: Yy, (x)=1

o ()=t | HLH)]) |-

(75)
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Table 1. Numerical results of Example 4.1.

) Relative
< H)é"_"l‘f lace Yerrr3 x) y(X) error of Relative
m ﬂ? d VIM exact He-Laplace error of VIM
etho Method

0.05 0.9523750 0.9524583 0.9523809 6.1950E-06 8.1270E—05
0.1 0.9090000 0.9096667 0.9090909 9.9990E-05 6.3338E—04
0.15 0.8691250 0.8713750 0.8695652 5.0623E—04 2.0812E—03
0.2 0.8320000 0.8373333 0.8333333 1.5999E—03 4.8000E—03
0.25 0.7968750 0.8072917 0.8000000 3.9062E—03 9.1146E—03
0.3 0.7630000 0.7810000 0.7692308 8.1000E—03 1.5299E—02
0.35 0.7296250 0.7582083 0.7407407 1.5006E—02 2.3581E—-02
0.4 0.6960000 0.7386667 0.7142857 2.5599E—02 3.4133E-02

So that the solution y(X) is given by
Y(X)=Yo+ Y+, + Y+

76
yappx,szl—X+X2—x3+... ( )

Lo . 1 . .
which is converging to | —— | 1.e. exact solution.
(1+x)
The computational results are presented in Table 1.

5. Conclusion

In this paper, variational iteration method is employed
for solving nonlinear ordinary and partial differential
equations. The same problems are solved by He-Laplace
method. It is worth mentioning that the He-Laplace me-
thod is capable of reducing the volume of the computa-
tional work as compared to the variational iteration me-
thods while still maintaining the high accuracy of the
numerical results.

REFERENCES

[11 A. M. Lyapunov, “The General Problem of the Stability
of Motion,” Taylor & Francis, London, 1992

[2] . Saberi-Nadjafi and A. Ghorbani, “He’s Homotopy Per-
turbation Method: An Effective Tool for Solving Nonlin-
ear Integral and Integro-Differential Equations,” Com-
puters and Mathematics with Applications, Vol. 58, No.
11-12, 2009, pp. 1345-1351.
doi:10.1016/j.camwa.2009.03.032

[3] N. H. Sweilam and M. M. Khadar, “Exact Solutions of
Some Coupled Nonlinear Partial Differential Equations
Using the Homotopy Perturbation Method,” Computers
and Mathematics with Applications, Vol. 58, No. 11-12,
2009, pp. 2134-2141. doi:10.1016/j.camwa.2009.03.059

[4] A. V. Karmishin, A. I. Zhukov and V. G. Kolosov,
“Methods of Dynamic Calculation and Testing for Thin-
Walled Structure,” Mashinostroyenie, Moscow, 1990.

[5] R. Hirota, “Exact Solutions of the Korteweg-deVries
Equation for Multiple Collisions of Solitons,” Physics Re-
view Letters, Vol. 27, No. 18, 1971, pp. 1192-1194.

AM



1200

[12]

[14]

[15]

[16]

(18]

H. K. MISHRA

doi:10.1103/PhysRevLett.27.1192

A. M. Wazwaz, “On Multiple Soliton Solution for Cou-
pled KdV-mkdV Equation,” Nonlinear Science Letter A,
Vol. 1, 2010, pp. 289-296.

G. Adomian, “Solving Frontier Problems of Physics: The
Decomposition Method,” Kluwer Academic Publication,
Boston, 1994.

G. C. Wu and J. H. He, “Fractional Calculus of Variations
in Fractal Space Time,” Nonlinear Science Letter A, Vol.
1, 2010, pp. 281-287.
doi:10.1515/IJNSNS.2010.11.S1.281

M. A. Abdou and A. A. Soliman, “New Application of
Variational Iteration Method,” Physica D: Nonlinear Phe-
nomena, Vol. 211, No. 1-2, 2005, pp. 1-8.
doi:10.1016/j.physd.2005.08.002

C. Chun, “Fourier-Series Based Variational Iteration-
method for a Reliable Treatment of Heat Equations with
Variable Coefficients,” International Journal of Nonlin-
ear Sciences and Numerical Simulation, Vol. 10, 2009,
pp. 1383-1388. doi:10.1515/IJNSNS.2009.10.11-12.1383

N. Faraz, Y. Khan and A. Yildirim, “Analytical Approach
to Two-Dimensional Viscous Flow with a Shrinking
Sheet via Variational Iteration Algorithm-II,” Journal of
King Saud University, Vol. 23, No. 1, 2010, pp. 1-120.
d0i:10.1016/j.jksus.2010.06.010.

J. H. He, “Variational Iteration Method—A Kind of
Nonlinear Analytical Technique: Some Examples,” In-
ternational Journal of Nonlinear Mechanics, Vol. 34, No.
4, 1999, pp. 699-708.
doi:10.1016/S0020-7462(98)00048-1

J. H. He and X. H. Wu, “Variational Iteration Method:
New Development and Applications,” Computers and
Mathematics with Applications, Vol. 54, 2007, pp. 881-
894. doi:10.1016/j.camwa.2006.12.083

J. H. He, G. C. Wu and F. Austin, “The Variational Itera-
tion Method Which Should Be Followed,” Nonlinear Sci-
ence Letter A, Vol. 1, No. 1, 2009, pp. 1-30.

E. Hesameddini and H. Latifizadeh, “Reconstruction of
Variational Iteration Algorithm Using the Laplace Trans-
form,” International Journal of Nonlinear Sciences and
Numerical Simulation, Vol. 10, 2009, pp. 1377-1382.
doi:10.1515/1JNSNS.2009.10.11-12.1377

L. A. Soltani and A. Shirzadi, “A New Modification of
the Variational Iteration Method,” Computers and Mathe-
matics with Applications, Vol. 59, No. 1, 2010, pp. 2528-
2535. doi:10.1016/j.camwa.2010.01.012

G. C. Wu and E. W. M. Lee, “Fractional Variational It-
eration Method, and Its Application,” Physics Letter A,
Vol. 374, No. 25, 2010, pp. 2506-2509.
d0i:10.1016/j.physleta.2010.04.034

G. Adomian, “Solution of Physical Problems by Decom-
position,” Computers and Mathematics with Applications,
Vol. 2, No. 9-10, 1994, pp. 145-154.
doi:10.1016/0898-1221(94)90132-5

D. Bahuguna, A. Ujlayan and D. N. Pandey, “Acompara-
tive Study of Numerical Methods for Solving an Integro-
Differential Equation,” Computers and Mathematics with
Applications, Vol. 57, 2009, pp. 1485-1493.

Copyright © 2012 SciRes.

(20]

(21]

(22]

(24]

[26]

(27]

(29]

(32]

doi:10.1016/j.camwa.2008.10.097

M. Dehghan, “Weighted Finite Difference Techniques for
the One Dimensional Advection-Diffusion Equation,”
Applied Mathematics and Computation, Vol. 147, No. 2,
2004, pp. 307-319. doi:10.1016/S0096-3003(02)00667-7

D. D. Ganji and A. Sadighi, “Application of He’s Homo-
topy Perturbation Method to Nonlinear Coupled Systems
of Reaction-Diffusion Equations,” International Journal
of Nonlinear Sciences and Numerical Simulation, Vol. 7,
20006, pp. 411-418. doi:10.1515/IJNSNS.2006.7.4.411

D. D. Ganji, “The Application of He’s Homotopy Pertur-
bation Method to Nonlinear Equation Arising in Heat
Transfer,” Physics Letter A, Vol. 335, No. 2, 2006, pp.
337-341. doi:10.1016/j.physleta.2006.02.056

H. K. Mishra and A. K. Nagar, “He-Laplace Method for
Linear and Nonlinear Partial Differential Equations,”
Journal of Applied Mathematics, Vol. 2012, 2012, pp.
1-16. doi:10.1155/2012/180315

S. T. Mohyud-Din, M. A. Noor and K. I. Noor, “Travel-
ling Wave Solutions of Seventh-Order Generalized KdV
Equation Using He’s Polynomials,” International Journal
of Nonlinear Sciences and Numerical Simulation, Vol. 10,
2009, pp. 227-233. doi:10.1515/IINSNS.2009.10.2.227

A. M. Wazwaz, “A Comparison between the Variational
Iteration Method and Adomian Decomposetion Method,”
Journal of Computational and Applied Mathematics, Vol.
207, No. 1, 2007, pp. 129-136.
d0i:10.1016/j.cam.2006.07.018

E. Yusufoglu, “Numerical Solution of Duffing Equation
by the Laplace Decomposition Algorithm,” Applied Ma-
thematics and Computation, Vol. 177, No. 1, 2006, pp.
572-580.

J. H. He, “Homotopy Perturbation Method: A New Non-
linear Analytical Technique,” Applied Mathematics and
Computation, Vol. 135, No. 1, 2003, pp. 73-79.
d0i:10.1016/S0096-3003(01)00312-5

J. H. He, “Homotopy, Comparion of Homotopy Perturba-
tion Method and Homotopy Analysis Method,” Applied
Mathematics and Computation, Vol. 156, 2004, pp. 527-
539. doi:10.1016/j.amc.2003.08.008

J. H. He, “Homotopy, the Homotopy Perturbation Method
for Nonlinear Oscillators with Discontinueties,” Applied
Mathematics and Computation, Vol. 151, 2004, pp. 287-
292. doi:10.1016/S0096-3003(03)00341-2

J. H. He, “Recent Developments of the Homotopy Per-
turbation Method,” Topological Methods in Nonlinear
Analysis, Vol. 31, 2008, pp. 205-209.

J. H. He, “New Interpretation of Homotopy Perturbation
Method,” International Journal of Modern Physics, Vol.
20, No. 18, 2006, pp. 2561-2568.
doi:10.1142/S0217979206034819

J. H. He, “A Coupling Method of Homotopy Technique
and a Perturbation Technique for Nonlinear Problems,”
International Journal of Nonlinear Mechanics, Vol. 35,
2000, pp. 37-43. doi:10.1016/S0020-7462(98)00085-7

J. H. He, “Variational Iteration Method for Autonomous
Ordinary Differential Systems,” Applied Mathematics and
Computation, Vol. 114, 2000, pp. 115-123.

AM



[34]

[33]

[37]

[41]

[43]

[44]

H. K. MISHRA

doi:10.1016/S0096-3003(99)00104-6

J. H. He, “Homotopy Perturbation Technique,” Computer
methods in Applied Mechanics and Engineering, Vol. 178,
No. 3-4, 1999, pp. 257-262.
doi:10.1016/S0045-7825(99)00018-3

J. H. He, “A Simple Perturbation Approach to Blasius
Equation,” Applied Mathematics and Computation, Vol.
140, No. 2-3, 2003, pp. 217-222.
doi:10.1016/S0096-3003(02)00189-3

J. H. He, “Application of Homotopy Perturbation Method
to Nonlinear Wave Equation,” Chaos, Solitons, Fractals,
Vol. 26, No. 3, 2005, pp. 295-300.
doi:10.1016/j.chaos.2005.03.006

J. H. He, “Homotopy Perturbation Method for Solving
Boundary Value Problem,” Physics Letter A, Vol. 350,
No. 1-2, 2006, pp. 87-88.
doi:10.1016/j.physleta.2005.10.005

E. Hesameddini and H. Latifizadeh, “An Optimal Choice
of Initial Solutions in the Homotopy Perturbation Me-
thod,” International Journal of Nonlinear Sciences and
Numerical Simulation, Vol. 10, 2009, pp. 1389-1398.
doi:10.1515/1JNSNS.2009.10.11-12.1389

E. Hesameddini and H. Latifizadeh, “A New Vision of
the He’s Homotopy Perturbation Method,” International
Journal of Nonlinear Sciences and Numerical Simulation,
Vol. 10, 2009, pp. 1415-1424.
doi:10.1515/IJNSNS.2009.10.11-12.1415

M. Rafei and D. D. Ganji, “Explicit Solutions of Helm-
hotz Equation and Fifth-Order KdV Equation Using Ho-
motopy Perturbation Method,” International Journal of
Nonlinear Sciences and Numerical Simulation, Vol. 7,
2006, pp. 321-328. doi:10.1515/IJNSNS.2006.7.3.321

A. M. Siddiqui, R. Mohmood and Q. K. Ghori, “Thin
Film Flow of a Third Grade Fluid on a Moving Belt by
He’s Homotopy Perturbation Method,” International Jour-
nal of Nonlinear Sciences and Numerical Simulation, Vol.
7, No. 1, 2006, pp. 7-14.

doi:10.1515/IINSNS.2006.7.1.7

L. Xu, “He’s Homotopy Perturbation Method for a Boun-
dary Layer Equation in Unbounded Domain,” Computers
and Mathematics with Applications, Vol. 54, No. 7-8,
2007, pp. 1067-1070. doi:10.1016/j.camwa.2006.12.052

J. Biazar, M. Gholamiporshokuhi and B. Ghanbari, “Ex-
tracting a General Iterative Method from an Adomian
Decomposition Method and Comparing It to the Varia-
tional Iteration Method,” Computers and Mathematics
with Applications, Vol. 59, No. 2, 2010, pp. 622-6238.
doi:10.1016/j.camwa.2009.11.001

S. Islam, Y. Khan, N. Faraz and F. Austin, “Numerical
Solution of Logistic Differential Equations by Using the
Laplace Decomposition Method,” World Applied Sci-
ences Journal, Vol. 8, 2010, pp. 1100-1105.

Copyright © 2012 SciRes.

[43]

[46]

[49]

[50]

[51]

[52]

(53]

1201

Y. Khan and F. Austin, “Application of the Laplace De-
composition Method to Nonlinear Homogeneous and
Non-Homogeneous Advection Equations,” Zeitschrift
fuer Naturforschung, Vol. 65, 2010, pp. 1-5.

Y. Khan and Q. B. Wu, “Homotopy Perturbation Trans-
form Method for Nonlinear Equations Using He’s Poly-
nomials,” Computers and Mathematics with Applications,
Vol. 61, No. 8, 2011, pp. 1963-1967.
doi:10.1016/j.camwa.2010.08.022

Y. Khan, “An Effective Modification of the Lap-Lace
Decomposition Method for Nonlinear Equations,” Inter-
national Journal of Nonlinear Sciences and Numerical
Simulation, Vol. 10, 2009, pp. 1373-1376.
doi:10.1515/IJNSNS.2009.10.11-12.1373

S. A. Khuri, “A Laplace Decomposition Algorithm Ap-
plied to a Class of Nonlinear Differential Equations,”
Journal of Applied Mathematics, Vol. 1, No. 4, 2001, pp.
141-155. doi:10.1155/S1110757X01000183

M. Madani and M. Fathizadeh, “Homotopy Perturbation
Algorithm Using Laplace Transformation,” Nonlinear
Science Letters A, Vol. 1, 2010, pp. 263-267.

A. Ghorbani, “Beyond Adomian’s Polynomials: He’s
Polynomials,” Chaos, Solitons, Fractals, Vol. 39, 2009,
pp. 1486-1492. doi:10.1016/j.chaos.2007.06.034

J. H. He, “Homotopy Perturbation Technique,” Computer
Methods in Applied Mechanics and Engineering, Vol.
178, No. 3-4, 1999, pp. 257-262.
doi:10.1016/S0045-7825(99)00018-3

S. T. Mohyud-Din and A. Yildirim, “Homotopy Perturb-
Bation Method for Advection Problems,” Nonlinear Sci-
ence Letter A, Vol. 1, No. 3, 2010, pp. 307-312.

J. H. He, “A New Approach to Nonlinear Partial Differ-
ential Equations,” Communications in Nonlinear Science
and Numerical Simulation, Vol. 2, 1997, pp. 230-235.
doi:10.1016/S1007-5704(97)90007-1

B. A. Finlayson, “The Method of Weighted Residuals and
Variational Principles,” Academic Press, London, 1972.

M. Inokuti, et al., “General Use of the Lagrange Multi-
plier in Nonlinear Mathematical Physics,” In: S. Nemat-
Nasser, Ed., Variational Method in the Mechanics of Sol-
ids Pergamon, 1978, pp. 156-162.

G. Adomian, “Stochastic System,” Academic Press, Lon-
don, 1983.

G. L. Liu, “Weighted Residual Decomposition Method in
Nonlinear Applied Mathematics,” Proceedings of 6th
Congress of Modern Mathematics and Mechanics, Su-
zhou, 1995, pp. 643-648.

G. Adomian, “A Review of the Decomposition Method in
Applied Mathematics,” Journal of Mathematical Analysis
and Application, Vol. 135, No. 2, 1988, pp. 501-544.

AM



