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ABSTRACT

In this paper, we propose a new infeasible interior-point algorithm with full NesterovTodd (NT) steps for semidefinite
programming (SDP). The main iteration consists of a feasibility step and several centrality steps. We used a specific
kernel function to induce the feasibility step. The analysis is more simplified. The iteration bound coincides with the

currently best known bound for infeasible interior-point methods.
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1. Introduction

In this paper we deal with SDP problems, whose primal
and dual forms are:

(P)min{Tr(CX):Tr(AX)=b,i=12,--,m, X =0},

and
(D) max {bTy:Zn:yi/-\+S =C,S 50},
i=1

where C,X,S,AeS", b,yeR"™. The matrices A,
i=12,---,m are assumed to be linearly independent.

The use of Interior-Point Methods (IPMs) based on the
kernel functions becomes more desirable because of the
efficiency from a computational point of view. Many
researchers have been attracted by the Primal-Dual IPMs
for SDP. For a comprehensive study, the reader is re-
ferred to Klerk [1], Roos [2] and Wolkowicz et al. [3].
Bai et al. [4] introduced a new class of so-called eligible
kernel functions for Linear Optimization (LO) which are
defined by some simple properties following the same
way of Peng et al. who have designed a class of IPMs
based on a so-called self-regular proximities [5]. These
methods use the new search directions which are differ-
ent than the classic Newton directions. Some extensions
were successfully made by Mansouri and Roos [6], Liu
and Sun [7]. In the current paper, we propose a new in-
feasible interior-point algorithm, whose feasibility step is
induced by a specific kernel function.

In the sequel, we denotes e as the all one vector and
A(X) the vector of eigenvalues of X eS". Two dif-
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ferent forms of norm will be used
], = max {4 (. X =[S ()

2. The Statement of the Algorithm

We start usually with assuming that the initial iterates
X% y® and S° are as follows

xozsozgly yOZO, ﬂ0:§2’

where | is the nxn identity matrix, #° is the initial
dual gapand ¢ >0 issuch that

[x"+s7, <¢,
for some optimal solution (X*,y*,S*) of (P) and
(D).
2.1. The Feasible SDP Problem
The perturbed KKT condition for (P) and (D) is
Tr(AX)=b, i=12-,m, X >0,

> yiA+S=C, =0
i=1
XS = pul.

Based on different symmetrization schemes, several
search directions have been proposed.

As in Mansouri and Roos [6], we use in this paper, the
so-called NT-direction determined by the following
system
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Tr(AAX)=0, i=12,---,m,
Zn:AyiA +AS =0, @

AX +PASP" = S - X.
where

1 1 1y2 1t o1 1y 1
P:XZ[XZSXZJ x2=52[szx32j32. @)

1
We also define the square root matrix D =P?2.
The matrix D can be used to rescale X and S to be the
same matrix V, defined by

V=— pixpt =L psp. (3)

T T

It is clear that D and V are symmetric and positive
definite. Let us further define

D, =——DAXD?,

Tz

D ——L pAsDand A -1 DAD,

T T

where i=1,2,---,m. Using the above notations, the third
equation of the system (1) is then formulated as follows

Dy +Dg =V -V, ()

)

It is clear that the first two equations imply that D,
and D are orthogonal, i.e. Tr(DyDs)=0, which
yields that D, and D, are both zero if and only if
V-V =0. In this case, X and S satisfy XS = ul , im-
plying that X and S are the u -centers. Hence, we can
use the norm "\/ - —V||F as a quantity to measure close-

ness to the u -centers. Let us define

5(X,S;y):=5(V):=%"\/_1—V||F (6)

2.2. The Perturbed Problem

For any v with O<v <1, we consider the perturbed
problem (P,), defined by

(PV)mXinTr((C—ng)X)
st:Tr(AX)=b, _V(rbo)i 1=12-m X =0,

and its dual problem (D,) given by

st: Yy,A+S=C-vR,S>=0
i=1

where
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(1) =b-Tr(AX°),

RI=C-3y?A S
i=1

Note that if v=1 then X =X° and
(v.8)=(y",8°), vielding that both (P,) and (D,)
are strictly feasible.

Lemma 1 ([6], Lemma 4.1) Let the original problems,
(P) and (D), be feasible. Then for each v such that
0<v<1 the perturbed problems (P,) and (D,) are
strictly feasible.

We assume that (P) and (D) are feasible. It fol-
lows from Lemma (1) that the problems (P,) and (D,)
are strictly feasible. Hence their central path exists. The
central path of (P,) and (D,) is defined by the solu-

tion sets {(X (), y(1),S (1)), > 0} of the following
system

Tr(AX)=b-v(r) ,i=12--,m X =0,
Zn:yiA +S=C-vR2,S>0
i=1

XS = pul.

If ve(O,l] and u=v¢?, we denote this unigue so-
lution as (X (v),y(v),S(v)). X(v) is the u-center
of (R,).and (y(v),S(v)) the u -centerof (D,). By
taking v =1, one has
(X (1),y(1),5(1))=(X",y%,8°)=(¢1,0,£1) . Initially,
one has X =S=¢1 and u=¢?, whence V=1 and
5(X,S;y):0. In what follows, we assume that at the
start of each iteration, 5(X,S;y) is smaller than a
threshold value z which is obviously true at the start of
the first iteration. The following system is used to define
the step (A'X,A"y,A'S)

Tr(AA'X)=6v(r) , X =0,
Zn:AfyiA+AfS:9ch°,S§0 )
i=1

A"X +PA'SPT =(1-0) uS™ - X.

where 6€(0,1) and i=12,--,m.
Inspired by [8], we used in the third equation for the
above system, a linearization X 'S’ =(1-8)ul , which

means that we target the *-center of (PW) and (DW).

After the feasibility step, the new iterates are given by
XP=X+A"X, y"=y+A'y and S"=S+A"S.The
algorithm begins with an infeasible interior point
(X,y,S) such that (X,y,S) is feasible for the per-
turbed problems, Tr(XS)=nu and &(X,S;u)<r7 .
First we find a new point (X ",y",S") which is feasi-
ble for the perturbed problems with v*:=(1-6)v. Then
u is decreased to u"=(1-6)u. A few centering
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steps are applied to produce new points (X*,y*,S")
such that §(X*,S%;4")<z. This process is repeated
until the algorithm terminates. Starting at the iterates
(X‘,yf,Sf and targeting the s -center, the centering
steps are obtained by solving the system (1).

2.3. Infeasible IPMs Based on a Specific Kernel
Function

Now we introduce the definition of a kernel function. We
call y:(0,00)—>[0,0) akernel function if y is twice
differentiable and the following conditions are satisfied
D) v (1)=y(@)=0
2) y"(t)>0 forall t>0;

3) lim w(t)=lim_, y(t)=c0.
We define

vV = Ds
and D, =——. 8
= ®
By using the scaled search directions D) and D
as defined in (4), the system (7) can be reduced to

Tr(AD;)zlav(rg’),,i:1,2,--.,m, X =0,
Y7 i
Zn:AfyiA+D;:ievDR§D,szo ©)
= Ju

Dy +DJ =1-0(V*-V),
According to (8), Equation (9) can be rewritten as
B! + B! =V V. (10)

It is clear that the right-hand side of the above equa-
tion is the negative gradient direction of the following

barrier function ‘I’(V):zTr(://(V)) whose kernel loga-

1

E(t2 ~1)-log(t).
Therefore, the aforementioned equation can be rewritten
as

rithmic barrier function is w(t)=

Dy +DJ =-V¥(V).

Inspired by the work of [4,7,9], and by making a slight
modification of the standard Newton direction, the new
feasibility step used in this paper, is defined by the
following different system:

Tr(RD;)ziev(rg))_ i=12,--,m, X =0,
,LI 1
SA'yA+D! =~ avDRD, S0 (11
N

Dy + D¢ =-v¥(V),

where the kernel function of ¥ is given by
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2 _ 1-p
t > 1+%, pe[0,1);
w(t)= - P (12)
——log(t), p=L1.
2
Since y'(t)=t—t"", the third equation in the system
(11) can be rewritten as

Dy +DJ =~1-0(V " -V). (13)

In the sequel, the feasibility step will be based on the
Equation (13).

3. Some Technical Results

We recall some interesting results from Klerk [1]. In the
sequel, we denote the iterates after a centrality step as
X", y", S".

Lemma 2 Let X, S satisfy the Slater’s regularity
condition and x>0. If §:=5(X,S;u)<1, then the full-
NT step is strictly feasible.

Corollary 3 Let X, S satisfy the Slater’s regularity
condition and x>0. If 5:=6(X,S;u)<1. One has
Tr(X*s*)=nu.

Lemma 4 After a feasible full-NT step the proximity

function satisfies

(x*.5%u) <=2

SIX*, S ) —m—.
g 2(1-67)

Lemma5 If 5::5(X,S;,u)<1/«/§,then
S(X*,875u)< 5%

The required number of centrality steps can easily be
computed. After the u -update, one has
0= 5(X S;u )<]/«/_ and hence after k centrality
steps the iterates (X,y,S) satisfy

1Y?
S(X,Sut)<| =1 .
()< )
From this, one deduces easily that 5(X,S;y*)$r
holds, after at most

Iogz(logzizj- (14)
T

We give below a more formal description of the algo-
rithm in Figure 1.

The following lemma stated without proof, will be
useful for our analysis.

Lemma 6 (See [10], Lemma 2.5) For any t>0, one
has
o Lp
t 2 -t?2

<1, pef0].
By applying Lemma (6), one can easily verify so that
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Primal - Dual Infeasible IPMs

Input:

a bound parameter ¢;

a threshole parameter 7 > 0;

an accuracy parameter ¢ > 0;

a barrier update parameter 8,0< 6 <1.
begin

X={ly=0;S =l v=1

R, } >gdo

begin

feasibility step( X, y,S)=(X, y,S)+(Af X,A' y,A’S);
u-update: z:=(1-6) ;

centrality step:

while 5(X,S,u)>rdo
(X,y,8):=(X,y,S)+(AX,Ay,AS)

end while

end

end

Figure 1. Primal-dual infeasible IPMs.

forany 6<(0,1), we have:

1-p 1-p

(1-6) & —(1-0) ¢

1-p 1-p

1Y\ 2 1\y2
:[a_ayj _(@_eyj (15)

! 6
1-6 2— 1-0)2|=—,
<|(2-0)z ~(1-0)|=——
and furthermore, according to (6), we obtain:
-p

5(V 2 ]§5(V). (16)

Lemma 7 According to the result of Corollary (3), for
any pe[0,1] onehas
<\n.

1-p
2
E

Proof. By applying Holder inequality and using

|[\/|| =n, we obtain
n 1- P
Sl
i-1

L

Savr (G| (81

i=1

and the result follows.

The following Lemma gives an upper bound for the
p
proximity-measure of the matrix V 2 .
Lemma 8 Let (X,S) be a primal-dual NT pair and
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>0 suchthat Tr(XS)=nu.Moreover let
§(V)=6(X,S;u) and V:=V/J1-6.Then

6°n

1-p -
452£\7 2 Js4(1—¢9)zp 52(v)+1 o

Proof. Since the (X,S) is a primal-dual pair and by
applying Lemma (7), and the two inequalities (15) and

(16), we can get:
_ ke e

(Nl-pj ‘Vl—p b
452NV 2 |=|V 2 -V 2
F
2

~la-0) ¢ ﬂ( lsz—(l—e)‘lf,i(vlsz

2 2

since the last term in the last equality is negative. This
completes the proof of the Lemma.

Lemma 9 (See [1], Lemma 6.1). If one has
det(X (a)S(a))>0, VO<a<a , then X(a)-0,
and S(a@)>0.

Let Q be an nxn real symmetric matrix and M be an
nxn real skew-symmetric matrix, we recall the follow-
ing result.

Lemma 10 (See [7], Lemma 3.8). If Q is positive

definite, then Tr((Q+ M )'l) <Tr(Q*).
Lemma 11 (See [1], Lemma 6.3). If Q is positive
definite, then det(Q+M)>0.

Lemma 12 (See [7], Lemma 3.10). Let A, BeS",
A+B>0 and A, (A)+ Ay, (B)>0.Then

>4 <A+B>=§( (A)+4(8)).
-3

i= ﬂf.(A‘f’B) i=1

A ( )M(B)

Lemma 13 (See [11], Lemma A.1) For i=1,---,m, let
f,:R, > R denote a convex functions. Then, for any
nonzero ze R, the following inequality
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i1 ez i

Siia)= 30 (e2) 200
holds.

4. Analysis of the Feasibility Step

4.1. The Feasibility Step

As established in Section 2, the feasibility step gener-
ates new iterates X', y' and S’ that satisfy the
Feasibility conditions for (Pw) and (Dw) (i.e., primal
feasible and dual feasible), except possibly the positive
semidefinite conditions. A crucial element in the analysis
is to show that after the feasibility step, the inequality

5(X ,Shut )<1/f holds, i.e., that the new iterates
are within the region where the Newton process targeting

at the u"-centers of (PW) and (D) is quadratically

convergent. Let X, y and S denote the iterates at the start
of an iteration and assume that &(X,S;u)<7. Recall
that at the start of the first iteration this is true since
§(X°,8%4°)=0. Defining Df and D{ as in (4)
and V' asin (3). We may write

(v)'=Lp*x's'p,

7,
X'=X+A'X =/uD(V+Dy)D
$'=s+A's=\/uD*(V+D])D™

Therefore X 'S"=uD(V+Dy)(V+D{)D™* which
implies that
X's"~u(V+Dg)(V+D]). (17)

According to (8), Equation (13) can be rewritten as

D, + D, =\/1—9((1—9)3vp —%}, (18)

and by multiplying both side from the left with V, we get
1+p
VD, +VDg =(1-6) 2 V" -V2. (19)
To simplify the notation in the sequel, we denote
D) :=3(DXf D{ +D{ Dy )
g . (20)
M :=(DgV —VD;)+E(D; D{ —D{ Dy )

Note that D, is symmetric and M is skew-symmet-
ric. Now we may write, using (19),

(V+Dg)(V+Dy)
=V?+VD, + DV + D, D{

=(1- 9) R -VD, + D,V + D} D{.

Copyright © 2012 SciRes.

By subtracting and adding %Dsf D), to the last ex-
pression we obtain
(V+Df)(V+Df)

=(1- 9) “VP VD + D}V

+%(D;Dsf +D{ D;)+%(D; D{ -D{Dy)
=(1-0)V*" + Dy + M.
Using (20) and (17), we get
X'S" ~ u((1-0)V"P+Dfs +M). (21)
Note that due to (8), V** is positive definite.

Lemma 14 Let X =0 and S>0. Then the iterates
(X",y",s") arestrictly feasible if
(1-0)V'P+ Dy 0.
Proof. We begin by introducing a step length « [0,1],
and we define
X =X+aA"X,y* =y+aA'y, S =S+aA'S.

X, X*=X" and similar rela-
>0. We
remains

We then have X°=
tions for y and S. It is clear that det(X°S°
want to show that the determinant of X“S
positive for all « <1.We may write
Q~(v +aDy )(V +aDy)
y

D V+VDf)+a D! D/

+a(
+a(VDy, +VD{ ) +a(DyV —VDy ) + &’ D4 D¢
+a((1-0)V"-V?)+a(DLV -VDy )+ 2D Dy

By subtracting and adding %2 DD, and
a”(1-0)V*™ to the right hand side of the above equal-
ity we obtain

X8
Y7

~V?+a((1-0)V-P-v?)

+a(DyV -VDy ) +a’Dyg +"‘72(Dxf D{ -D{ Dy )
=(1-a)V’+a(l-a)(1-0)V*+P
o’ ((1-0)V-P+DJs)
+a(DgV -VDy) +“72(D; D{ -D{Dy)
=(1-a)V’+a(l-a)(1-0)V*-P
o’ ((1-0)V"P+Djs )+N,
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where the matrix
2
o
N :=a(DgV -VD, )+7(D; D{ -D{ Dy )

is skew-symmetric for all «<[0,1]. Lemma (11) im-
plies that the determinant of X“S* will be positive if
the symmetric matrix

(1-a)Vi+a(l-a)(1-0)V*°
+a’ ((1-0)V'"P + D )

is positive definite which is true for all « [0,1]. This
means that X“S“ has positive determinant. By posi-
tiveness of X° and S° and continuity of both X*
and S“, we deduce that X' and S' are positive defi-
nite which completes the proof.

We continue this section by recalling the following
Lemma.

Lemma 15 (See [12], Lemma II. 60). Let 5=5(V)

be as given by (6) and p(5):=5++1+5> . Then

1
——< A4 (V)< p(9).
S EAW)=e()

The proof of Lemma (15), together with pe[O,l ,
makes clear that the elements of the vector /I(Vl‘p
satisfy

1

p(5)

Furthermore, by using (8) and (22), we obtain the
bounds of the elements of the vector (V')

<A (V)< p(8),i=1--n. (22)

m< jLp <L5) i=1---n
p(g)_,a,,(v )_m, =1--,n.  (23)

In the sequel we denote

o(V)=o=|(@0 )] =3Bl +[oiL
where
@::%\/AZ(D;)M,Z(D;), i=1,2,,n.
This implies

Tr(D3s) =Tr(DxD! ) <[ox], o]

1
<[pil, o2, <3 {1kl + ol =2

and

A[D;DyD;D;J
1
2

1% (0ss)|-

D¢ D{ + D! D}
2

<

F F
E
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Lemma 16 Assuming (1-8)V*" + Dy =0, one has
Lp o°n

45% (V") <4(1-0)2 &*(V)+—
(v)<a-0)7 5 ()0

p(1-0) . 20°

+ - .
(1-6)2 - 2pw’ 1-0

Proof. Using (6), we get

o(x" 8" )=o(v )= -(v')

X fsf

y7j
From (21), one has

l
E

where (V f )2 ~

VY~ (1-)VP 4D/ + M
£ ((1-0)

(1-0)V*? + Dy + M
1-6 '

Due to the fact that Tr(M)=0 since M is skew-
symmetric and Lemma (10), we may write

as(v'y =Tr((V f )2)+Tr((v f )’2)—2n

<1 (1-6)V*P + Dy
1-9

+Tr((1—0)((1—9)\71"’ +D/ )'l)—2n

n (1—9)/1,(\71“’)+ﬂ,,(D;S)
:le 1-0
+Zn: 1-0 n

h (1—9),1,(v1-p)+4(D;3)
=Zl 1-0
n 1-6
Ha oAV AL
0 (1-0)4 (V") + 200
SZ;‘ 1-6
+Zn: 1-0 -2n,

T (1-0)4 (V") -20

where we apply for the third equality, Lemma (12)
whose second condition is due to the requirement (24)
given below.

Foreach i=12,---,n, we define

f.(z):= (1-0)%(V*")+2

-0
A 1-6 j

1
C0AT ),
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Itis clear that f,(z) isconvexin gz, if
(1-0)4 (Vl‘p)—zi >0.Taking z, =2, we require

(1-0) 4 (V*?)-20 > 0.
By applying Lemma (15), the above inequality holds if
(1-9)
p(8)
By using Lemma (13), we may write

452(v')siznllfj(a)j)sﬁjznizwf(fj(2w2)+2fi(o)J

i)

3
2% < ’

(24)

1ol L[[@-0)4,(VP)+ 207
:W;{Z(z)]( 1-0
1-6
(1-0)4,(V*") 2w2_2J+Z;ﬂ(OJ}
where
@-04(V") -0
%f'“’):;{ = +<1—e>ﬂ».<”*’)_2J
%{ﬂ“(vl_p)%(\;“’)_z}

ﬂf.<v}1‘p>_2}

5

We deduce
p ng?
45° (V') <4(1-0)2 5(V) +—
(v')<4-0)7 o(v) +12
1 @ (1-0) 4 (V*?)+20°
o 220 J1—0

i1
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where

Hence
1-p ng> 2w?
45% (V") =4(1-0)2 5(V)
(V')=4(1-0)2 V) + 1541y
1

D, 20°
"2 ézwi 24, (V7P ((2-0)4, (V) -207)

2> nd* 20°

1-p
<4(1-6)2 S(V) +—

1-6 ((1—9)3 - Zpa)zj

P 2 né?* 20

; NI Gl
1-6 1-0 (

- .
1-0)2 - 2p’

The last equality is due to (24), which completes the
proof.

Because we need to have 5(V')S]/x/§, it follows
from this lemma that it suffices if

ng* 20’ p(1-6)

A5V )+ ——+2 . <2, (25)
1-6 1-6 (1_0)5_2pwz
Now we decide to choose
1 1
=B, 9 =g. (26)

Note that the left-hand side of (25) is monotonically
increasing with respect to ’. By some elementary
calculations, for n>1 and &(V )<z, we obtain

®<035=5(V')< (27)

1

7

4.2. Upper Bound for (V)

In this section we consider the linear space
L={2eS":Tr(AE)=0,i=12,m}.

It is clear that the affine space

{EES" :TI’(AE):%@V(rbU)i ,i=1,"',m}
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1

i

get from Mansouri and Roos [6], the following result.
Lemma 17 (See [6], Lemma 5.11) Let Q be the

(unique) matrix in the intersection of the affine spaces
Dy, +£ and D{ +L".Then

20(V) <y|QIE +(|Ql, +26(v))'-

Note that (27) implies that we must have @ <0.35 to
guarantee (V' s]/«/E. Due to the above lemma, this
will certainly hold if ||Q|_ satisfies

IQE +(IQl +26(V)) <4*(035)°.  (28)

Furthermore, according to Mansouri and Ross, we
have

equals Dy +£ and D; e——@vDRID+L". We can

[Ql <nép(5)(1+p(5))
Since & <7 =1/16, we may write

[Qll- <nép(8)(1+ p(5)" ) = 2270,

By using 6= 8i , the above inequality becomes
n

2.27
(Lo] <=5 =028 (29)
Because we are looking for the value that we do not

allow @ toexceed and in order to guarantee that
§'(V)<1/V2, (28) holds if |Q], satisfies

2
||Q||2F +(||Q||F +%) <4*(0.35)’, since 7 <1/16. This will
be certainly satisfied if |Q|. <0.43. Hence, combining
this with (29), we deduce that &§(V)<1/v2 holds.

4.3. Iteration Bound

In the previous sections, we have found that, if at the
start of an iteration the iterates satisfies &(X,S;u)<r,
with 7=1/16, then after the feasibility step, with 6 as

defined in (26), the iterates satisfies S(X,S;y*)s]/«/i.

According to (14), at most Iogz(|092256) centering
steps suffice to get iterates that satisfy (X, S; )<z
So each main iteration consists of at most 3 so-called
inner iterations. In each main iteration both the duality
gap and the norms of the residual vectors are reduced by
the factor 1-6. Hence, using Tr(X°s®)=n¢?, the
total number of main iterations is bounded above by

1o, MR R

R
—log

Since QZSL’ the total number of inner iterations is
n

0 &
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so bounded above by

2anlog max{ngz,"rbOH,"Rg”F}.
&

5. Concluding Remarks

In this paper we extended the full-Newton step infeasible
interior-point algorithm to SDP. We used a specific ker-
nel function to induce the feasibility step and we ana-
lyzed the algorithm based on this kernel function. The
iteration bound coincides with the currently best known
bound for IIPMs. Future research might focuses on
studying new kernel functions.
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