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ABSTRACT 

By using Leray-Schauder nonlinear alternative, Banach contraction theorem and Guo-Krasnosel’skii theorem, we dis-
cuss the existence, uniqueness and positivity of solution to the third-order multi-point nonhomogeneous boundary value 
problem (BVP1): 

      

       
1

, , 0, 0,1

0 0 0, 1
n

i i
i

u f t u t u t t

u u u u 


    



    



 

where   20,1 , ,f C R R  0,i   0 i 1;   for 1, , .i n 

u

 The interesting point lies in the fact that the nonlin-

ear term is allowed to depend on the first order derivative  . 
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1. Introduction 

It shows that problems related to nonlocal conditions 
have many applications in many problems such as in the 
theory of heat conduction, thermoelasticity, plasma phys-
ics, control theory, etc. The current analysis of these pro- 
blems has a great interest and many methods are used to 
solve such problems. Recently certain three point bound-
ary value problems for nonlinear ordinary differential 
equations have been studied by many authors [1-9]. The 
literature concerning these problems is extensive and 
application of theorems of functional analysis has at-
tracted more interest. Recently, the study of existence of 
positive solution to third-order boundary value problems 
has gained much attention and is a rapidly growing field 
see [1,2,6,8-11]. However the approaches used in the 
literature are usually topological degree theory and 
fixed-point theorems in cone. We are interested in the 
existence, uniqueness and positivity of solution to the 
third-order multi-point nonhomogeneous boundary value 
problem (BVP1):  
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  20,1 , ,f C R R  0,i   ;0 1i where  for 
1, , .i n    

The organization of this paper is as follows. In Section 
2, we present some preliminaries that will be used to 

r results. In Section  we disc ss the exist
and uniqu ss of solution for the BVP1 by using Le-
ra

 spaces, 

prove ou 3, u ence 
ene

y-Schauder nonlinear alternative and Banach contrac-
tion theorem. Finally, in Section 4 we study the positivity 
of solution by applying the Guo-Krasnosel’skii fixed 
point theorem. 

2. Preliminary Lemmas  

We first introduce some useful spaces. we will use the 
classical Banach  0,1 ,C   1 0,1 ,C   1 0,1L . We 
also use the Banach space 

      1 0,1 0,1 ,  X u C u C u    0,1C , equipped with  

the norm  max , ,
X

u u u
 
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t

u u t
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Firstly we state some preliminary resul
 1 Let 
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which achieves the proof of Lemma 1. 
We need some properties of functions 
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3. Existence Results 
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1.   this contradicts By applying Lemma 7, T has a 
fixed point u   and then the BVP1 has a nontrivial 
so

4. Positive Results 

In this section, we discuss the existence of positive solu-
tions for (BVP1). We make the following additional as-

lution .u X   
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negative. For any  0,1 ,  t

hat 
by (2.3) an as 2 and 

3, it follows t
d Lemm

        11
10

1

1 1, , d
1

n

ii
n

i ii

u

G s a s f u s u s s










 
  

  




 

, (2.4) a

.

(4.1) 

On the other hand nd Lemma 11 imply that, for 
any  1 2, ,t    we have 

d

From (4.1) it yields 

          
        

10

12
1 10

, ,

1, , d

u t G t s a s f u s u s s

G s a s f u s u s s








 

1

 

1

2

n




 

 


1

1

1

1
1

i
i

n

i i
i

u t u
 







 

  
 


       (4.2) 

Therefore, we have 

 
 

1

2 1
1

1

1
1

n

i
i

n

i i
i

u









1 2,
min

t
u t

  
 



 
 
 
  
 




 

Similarly, we get 

        112 1
1

ii
n




  

 



10
1

1, , d
n

i ii

u

G s a s f u s u s s







 


 


 

On the other hand, for 1 20 1t    
tain 

 and using 
Lemma 10 and (4.1) we ob

          1

10

1

1

1

2 1, , d

1
1

n

i
i

n

i i
i

u t G s a s f u s u s s

u















 

 
 
   
  
 







 (4.3) 

Therefore, 

 
 

1 2

1

1

,

1

min 1
1

n

i
i

nt

i i
i

u t u
 














 



   
  
 




 

Finally, regrouping (4.2) and (4.3) we have 

 
    

1 2,
min

t
u

 

1

1

1

1
1

n

i
i

n X

i i
i

t u t u











 
 
   
  
 




 

Definition 11 Let use introduce the following sets 

 

 
    

1 2

1

1

,

1i

, 0,K u X u t  


min 1
1

n

i
i

n Xt

i i

u t u t u
 
















 
      

      





 

K is a non-empty closed and convex subset of X. 
Lemma 12 (See [5]) The operator T is completely con-

tinuous and satisfies   .T K K
e existence 

  
To establish th of positive solutions of 

(BVP1), we will use the following Guo-Krasnosel’skii 
fixed point theorem [13]. 

Theorem 13 Let E be a Banach space and let ,K E  

Copyright © 2012 SciRes.                                                                                  AM 



A. GUEZANE-LAKOUD, L. ZENKOUFI 1012 

1 , 2  be a cone. Assume that are open subsets of E 
with 10 ,  1 2 ,   and let 

 2 1: \K K  A  

eratbe a letely continuous op or. In addition suppose 
either

1) 

 comp
  

,u uA  1,  au K  nd ,u uA   
 or2;u K 

2) 
  

,u uA  nd 1,  au K  ,u uA   
  2

holds. Then 
.u K 

A  has a fixed point in  \ .K      

) and ld, 
an

2 1

The main result of this section is the following 
Theorem 14 Let (Q ) ho1 2 1 i ii
d assume that 

(Q 0
n   1

 
 

 
 1 , ,

lim 1,   lim .0
0u v u v

f u v f u v
f  f   

 the case  
1)  and  or 

u v u v    

Then the problem (BVP1) has at least one positive solu-
tion in

0 0f   f     superlinear
2) 0f    and 0f    sublinear .   
Proof We prove the superlinear case. Since 0 0,f   

then for any 0,   1 0,   such that  
   1 , ,f u vv u   for 1u v    be

defined 
. Let 

by  
1  an 

open set in X 

 1 1/y X y      

then, for any 1,u K   it yields  

     111 1
n

ii
X

Tu t u G


 
 
   

0
1

, d
1

n

i ii

s a s s



  


  

Therefore 

     11

0
1 1, dii

nX
Tu t u G s a s s


 



 
  
 


   

1
1

n

i ii



 

So 

     11

01

n

ii
n

T u t G







 
  






If we choose   

1

2 1 1, d
X

i ii

u s a s s


 
 


 

 
0

3 1,G s


  
    

  
1

11

1

1 d ,
1

n

ii
n

i ii

a s s










  






  

then it yields 





1,  .
X X

Tu u u K     

Now from  we have  ,f   0,M  0,H   
such that    1 ,f u v M u v   for u v H . Let   

1 1max 2 , .
H

H 


 
  

 
 Denote by the open set   2  

 2 1 .y X y H      

If 2u K   then 

 
    

1 2
1

,
min , .

Xt
u t u t u H H

 
 


     

then 1 2.    Let 2u K   then 

     11

0
1

1 1, d .s
1

n

ii
nX

i ii

Tu t u M G s a s









 
  
  




 

And 

     11

0
1

1 1, d
n

ii

i

M G s s s


 



 
  

 
 


  

 

1
nX

i i

T u t u a


 


Choosing

   
1

1

n

n 





1

0
1 1, d ,

1

ii

i i

M G s a s s


 


1i

 
   
    




 

we get ,
X X

Tu u  2.u K    
has at least one fixed p

By the first part 
of Theorem13, T oint in  

 2 1\K     such that 1.H y H 
theor

 This completes 
perlinear case of the  Proceeding as 

above we proof the sublinear case. This achieves the 
proof of Theorem 14. 

Example 15 Consider the following boundary value 
pro

the su em 14.

blem 

 

       

2

3

1

2 1
4 sin 1 0,0

3 5

0 0 0,   1 .i i
i

t
u t u u t u t

u u u u 


   1       

     



 (E1) 

Set 1

1
,

3
   2

1
,

4
   3

1

5
   and 1

1
,

4
   2

1
,

3
   

3

1

2
 3

1

16
1

60i ii
u 


   where  and and   

   2 2 1
, , 4 sin 1

3 5

t
f t u v t u u t v     . One can c

 

hoose 

     

2

3
k t t
 
 ,   0,1t  

It is easy to prove that

1

5

t
h t

 

 ,k   1 0,1l L  are nonnega-
tive functions, and 

     

   

12
, , , , ,

3 5
.

tt
f t x y f t u v x u y v

k t x u h t y v


    

   
 

Hen oundary  ce, by Theorem 6, the b  value problem  
(E1) has a unique solution in X.  

2) Now if we estimate f  as  
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   

     

2, 4,

.

f t u t

h t

 
 

12
,

3 5

tt
v u v

k t u l t v


 

  

then one can choose    2 4, 0,1h t t t   . So , ,k l  
 1 0,1h L  

rem 8, the bo
nontrivial sol

Exam

are nonne , by 
undary val s at least one 
ution, 

ple 16 Consi ar
pro

gative functions. Hence
ue problem (E1)

.u X  
er the following bound

Theo-

y value 

 ha


d
blem  

 

       

2
22 2

3

1

0, 0 1
5

0 0 0,   1 i i
i

t

.

u u t

u u u u

u t

 


   


     




w


 

 (E2) 

here, 0 1,i   
3

1

0 1i
i




   and  

     2 2 21
1, , ,

7
f t u v t u v a t f u v   

 
 

Then   

 

    2 0,1 , ,a t t C R 
 , , . 1f u v C R R R    We put, cosu r   and  

sinv r  , when  u and wv 0 r    0 hen 
  .r     

Then  
u v

 
 1

0
0

lim 0
u v

f
u v 

 


 
,f u v

 
 1 ,

lim
u v

f u v
f

u v  
 


 

By theorem 13 1) the BVP (E2) has at least one 
tive solution. 
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