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ABSTRACT 

Almost estimators are designed for the white observation noise. In the estimation problems, rather than the white ob-
servation noise, there might be actual cases where the observation noise is modeled by the colored noise process. This 
paper examines to design a new estimation technique of recursive least-squares (RLS) Wiener fixed-point smoother and 
filter for colored observation noise in linear discrete-time wide-sense stationary stochastic systems. The observation 

 y k  is given as the sum of the signal    z k Hx k  and the colored observation noise . The RLS Wiener 

estimators explicitly require the following information: 1) the system matrix for the state vector 

 cv k

 x k ; 2) the observa-

tion matrix H; 3) the variance of the state vector  x k ; 4) the system matrix for the colored observation noise  cv k ; 

5) the variance of the colored observation noise; 6) the input noise variance in the state equation for the colored obser-
vation noise. 
 
Keywords: Discrete-Time Stochastic System; RLS Wiener Filte; RLS Wiener Fixed-Point Smoother; Colored  

Observation Noise; Covariance Information 

1. Introduction 

Like the Kalman estimators, the RLS Wiener estimation 
problems have been researched extensively. In [1], the 
RLS Wiener filter and fixed-point smoother are designed 
in linear discrete-time systems. The estimators require 
the information of the system matrix, the observation 
vector, the variance of the state vector in the state equa-
tion for the signal and the variance of white Gaussian 
observation noise. By appropriate choices of observation 
vector and state variables, the state-space model corre-
sponding to the autoregressive moving average (ARMA) 
model is introduced. Here, some elements of the system 
matrix consist of the AR parameters. Contrary to the 
Kalman estimators, the RLS Wiener estimators are ad-
vantageous in the point that the RLS Wiener estimators 
do not require the information of the input noise variance 
and the input matrix in the state equation for the state 
vector. The less information in the estimators might 
avoid the degradation in the estimation accuracy caused 
by the inaccurate information regarding the state-space 
model. Similarly, the Chandrasekhar-type RLS Wiener 
fixed-point smoother, filter and predictor [2], the square-  

root RLS Wiener fixed-point smoother and filter [3], the 
RLS Wiener fixed-lag smoother [4] and the RLS Wiener 
FIR filter [5] have been proposed in linear discrete-time 
stochastic systems. 

Almost estimators are designed for the white observa-
tion noise. In the estimation problems, rather than the 
white observation noise, there might be actual cases 
where the observation noise is modeled by the colored 
noise process. The estimation problem for the observa-
tion equation with additive colored observation noise has 
received much attention in the research areas of detection 
and estimation for communication systems. In [6-9], the 
estimation problem is considered in linear discrete-time 
stochastic systems. In [6], the speech signal is estimated 
by subtracting the noise bias calculated during nonspeech 
activity. The method can be applied as a preprocessor to 
narrow-band voice communication systems, speech rec-
ognition systems, or speaker authentication systems. In 
[7], the adaptive filtering of colored observation noise 
based on the Kalman filter, using the neural network, is 
proposed. The method is applied to restore the cepha-
lometric images of stomatology. In [8], in the case of 
colored observation noise, the new observation equation, 
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whose observation noise is white, is obtained by sub-
tracting the state equation, for the colored observation 
noise, from the observed value. Hence, the Kalman filter 
is applied to the new observation equation. In [9], an 
alternative method is proposed with regards to the tradi-
tional handling of the autoregressive colored observation 
noise in Kalman filter based speech enhancement algo-
rithm. A constrained sequential EM algorithm is pro-
posed in [10], in which Rao-Blackwellized particle filters 
(RBPFs) are used in the E-step and model parameters are 
updated in the M-step under positivity constraints for 
noise variance parameters.  

In [11], the estimation problem of the signal for the 
white observation noise is considered in linear continu-
ous systems. Also, the spectral factorization method is 
discussed on the system matrix, the input matrix and the 
observation matrix. The innovations state-space model 
for the colored observation model is developed. 

In [12], an improved least-squares based method is 
proposed for a noisy autoregressive (AR) signal using 
observations corrupted with colored noise. 

In spite of the fruitfulness as aforementioned above, in 
the area of the estimation problems for the colored ob-
servation noise, the studies on the RLS Wiener estima-
tion problems in discrete-time stochastic systems might 
not be seen hitherto in discrete-time stochastic systems. 
From this viewpoint, this paper, especially, examines to 
design a new estimation technique of recursive least- 
squares (RLS) Wiener fixed-point smoother and filter for 
the colored observation noise in linear discrete-time 
wide-sense stationary stochastic systems. The observa-
tion  y k
  Hx

 is given as the sum of the signal  
 and the colored observation noise  z k k  cv k . 

The RLS Wiener estimators explicitly require the fol-
lowing information: 1) the system matrix for the state 
vector  x k ; 2) the observation matrix H; 3) the vari-
ance of the state vector  x k ; 4) the system matrix for 
the colored observation noise ; 5) the variance of 
the colored observation noise; 6) the input noise variance 
in the state equation for the colored observation noise. 
Also, the filtering error variance function is proposed for 
the current RLS Wiener filter. 

 cv k

A numerical simulation example, in Section 4, shows 
the estimation characteristics of the current fixed-point 
smoother and filter for the colored observation noise. 

2. Least-Squares Fixed-Point Smoothing  
Problem  

Let an m-dimensional observation equation be given by 

         ,cy k z k v k z k Hx k          (1) 

in linear discrete-time stochastic systems. Here, H is an 

m n  observation matrix,  is a signal and  z k  cv k  
is a colored observation noise. It is assumed that the sig-
nal is uncorrelated with the colored observation noise as  

    0T
cE z k v s    , .        (2) 0 ,k s  

Let    ,x xK k s K k s   represent the auto-covari- 
ance function of the state vector  x k  in wide-sense 
stationary stochastic systems [13], and let  ,xK k s  be 
expressed in the form of  

     
   

, 0 ,
,

, 0 ,

T

x T

A k B s s k
K k s

B s A k k s

     
       (3) 

  kA k   ,    ,T s
xB s K s s   . 

Here,   is the transition matrix of  x k . 
Let the state-space model for  x k  be described as 

     
       
1 ,

,T
K

x k x k Gw k

E w k w s Q k k s

   

    
      (4) 

where G is an n l  input matrix and  is white 
input noise with the auto-covariance function of (4).  

 w k

Let  ,cK    denote the auto-covariance function of 
 cv k . The auto-covariance function  ,c K k s  is given 

by 

     
   

, 0 ,
,

, 0 ,

T
c c

c T
c c

A k B s s k
K k s

B s A t k s

     
       (5) 

  k
c cA k   , .    ,T s

c c cB s K s s 

Let the state equation for  be given by  cv k

     
       

1 ,

,

c c c

T
u K

v k v k u k

E u k u s R k k s

   

    
      (6) 

in terms of the white input noise  with the vari-
ance . It is found that for the expressions  

 u k

uR

    1, 1 1 1T
c c cK k k E v k v k        , 

    , T
c c c K k k E v k v k    , 

in the wide-sense stationary stochastic systems, the fol-
lowing relationships hold. 

     
     

1, 1 , ,

1, 1 , 0

T
u c c c

c c c

R k K k k K k k

K k k K k k K

c    

   
    (7) 

Let the fixed-point smoothing estimate  ˆ ,x k L  of 
 x k  at the fixed point k be expressed by 

    
1

ˆ , , ,
L

i

x k L h k i L y i


             (8) 

in terms of the observed values . In (8),   ,1y i i L 
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 , ,h k i L  is a time-varying impulse response function. is valid from the wide sense stationary properties for 
 ,cK i s ,  ,vuK i s  and  ,uvK i s . Substitution of (14) 

into (13) yields 
Let us consider the estimation problem, which mini-

mizes the mean-square value (MSV) 

    2
ˆ ,J E x k x k L 




            (9)      

   
     

1

, , , ,

, ,

, .

L
T T

x x
i

T
c c c c vu

T
uv c u K

K k s H h k i L HK i s H

K i s K i s

K i s R i i s





  

   



 (15) of the fixed-point smoothing error. From an orthogonal 
projection lemma [13], 

     
1

, ,
L

i

 k h k i L y i y


 s 1, s L  ,    (10) x
Consequently, the optimal impulse response function 
 , ,h k s L  satisfies the impulse response function satisfies the Wiener-Hopf 

equation 

E x

 

        
1

, , .
L

T T

i

k y s h k i L E y i y s


     






,T
c

   (11) 

     

     

    
1

, , ,

, , , ,

, , .

T
u x

L
T T

x c c c
i

T
c vu uv c

h k s L R s K k s H

h k i L HK i s H K i s

K i s K i s





  

  

    (16) 

Here “ ” denotes the notation of the orthogonality. 
Also, from (3) and (5),  is rewritten as 


   TE y i y s

   

         
   , , .

T

T

c c

T
x c

E y i y s

E Hx i v i Hx s v s

HK i s H K i s

  
  

 

    (12) 

3. RLS Wiener Estimation Algorithms 

Substituting (12) into (11), we obtain 

     
1

, , , ,
L

T
x x

i

.

Under the linear least-squares estimation problem of the 
signal  z k  in Section 2, Theorem 1 shows the RLS 
Wiener fixed-point smoothing and filtering algorithms, 
which use the covariance information of the signal and 
observation noise. 

K k s

 ,vu

H h k i L HK i s H K i s


     

(13) 

Theorem 1  
Let the auto-covariance function  ,x

In terms of the expressions of  

   T
cE v i u s    ,      , T

uv cK i s E u i v s    , K i s

it is shown that 

 ,

c c

K i s

K i

R i

 

 

   

        
     
   

1 1 1 1

, , ,

T
c c c

T

c c c c

T
c c vu uv c

u K

E v i v s

E v i u i v s u s

s K i s K i s

i s

   
       

   

 


T


   

(14) 

K k s  of the 
state vector  x k  be expressed by (3), let the variance 
of the colored observation noise cv  be  k  ,cK k k  
and let the variance of  u k  in the state equation (6) for 

 1cv k   be  kuR . Then, the RLS Wiener algorithms 
for the fixed-point smoothing estimate at the fixed point 
k and the filtering estimate of the signal  consist of 
(17)-(38) in linear discrete-time stochastic systems with 
the wide-sense stationarities. 

 z k

Fixed-point smoothing estimate of the signal  z k : 
 ˆ ,z k L  

  ˆˆ ,z k L Hx k L ,              (17) 

Fixed-point smoothing estimate of  x k :  ˆ ,x k L  
 

               2
2 3ˆ ˆ ˆ ˆ, , 1 , , 1, 1 1, 1 1, 1c cx k L x k L h k L L y L H x L L v L L v L L            ˆ

T T

T

     (18) 

Smoother gain:   , ,h k L L

           

             
           

           

2

1 2 3

2

11 21 31

2

12 22 32

2

13 23 33

, , , , 1 , 1 , 1

, 1 1 1

, 1 1 1

1 1 1

L kT T T T T T
x c c

T T
u x c c

T T T
c c c c c c c c

T T T
u c c c c c

h k L L K k k H q k L H q k L q k L

R L HK L L H S L S L S L H

K L L H S L S L S L

R L H S L S L S L

             
            

             

           
1



   (19) 



Design of RLS Wiener Smoother and Filter for Colored Observation  
Noise in Linear Discrete-Time Stochastic Systems 

319

                 
   

2

1 1 11 21 31

1 11

, , 1 , , , 1 1 1

,

T T T
x c cq k L q k L h k L L HK L L H S L S L S L

q k k S k

              



,T

 (20) 

                 
   

2

2 2 12 22 32

2 12

, , 1 , , , 1 1 1

,

T T T
c c c c c c cq k L q k L h k L L K L L H S L S L S L

q k k S k

               



,T

(21) 

                 
   

2

3 3 13 23 33

3 13

, , 1 , , 1 1 1

,

T T T
c u c c c cq k L q k L h k L L R L H S L S L S L

q k k S k

              



,T
c

    (22) 

Filtering estimate of the signal :   z L  ˆ ,z L L

   ˆˆ ,z L L Hx L L ,                                       (23) 

Filtering estimate of  x L :  ˆ ,x L L  

                 
 

2

1 2ˆ ˆ ˆ ˆ ˆ, 1, 1 1, 1 1, 1 1, 1

ˆ 0,0 0

c cx L L x L L G L y L H x L L v L L v L L

x

               



3 ,
      (24) 

Filtering estimate of  cv L :    2 3ˆ ˆ, ,cv L L v L L   

                 
 

2

2 2 2 2 3

2

ˆ ˆ ˆ ˆ ˆ, 1, 1 1, 1 1, 1 1, 1

ˆ 0,0 0

c c cv L L v L L G L y L H x L L v L L v L L

v

               



,
    (25) 

                 
 

2

3 3 3 2 3

3

ˆ ˆ ˆ ˆ ˆ, 1, 1 1, 1 1, 1 1, 1

ˆ 0,0 0

c c cv L L v L L G L y L H x L L v L L v L L

v

               



,
    (26) 

Filtering variance function of  ˆ ,x L L :   11S L      11 ˆ ˆ, ,S L E x L L x L LT     

                 
 

11 11 1 11 21 31

11

1 , 1 1

0 0

T T T
x c cS L S L G L HK L L H S L S L S L

S

               



2
1 ,T



    (27) 

Cross-variance function of ˆ ,x L L  with  2ˆ ,v L L :      12 2ˆ ˆ, ,TS L E x L L v L L     

                 
 

12 12 1 12 22 32

12

1 , 1 1

0 0

T T T
c c c c c c cS L S L G L K L L H S L S L S L

S

                



2
1 ,T

c



  (28) 

Cross-variance function of ˆ ,x L L  with  3ˆ ,v L L :      13 3ˆ ˆ, ,TS L E x L L v L L   
2

 

                 
 

13 13 1 13 23 33

13

1 1 1

0 0

T T T
c u c c c cS L S L G L R L H S L S L S L

S

               



1 ,T
c

       (29) 

                 
     

2

21 21 2 11 21 31

21 21 12

1 , 1 1

0 0,

T T T
c x c c

T

S L S L G L HK L L H S L S L S L

S S L S L

               

 

1 ,T

  (30) 

Filtering variance function of :  2ˆ ,v L L  22S L  

                 
 

2

22 22 2 12 22 32

22

1 , 1 1

0 0

T T T
c c c c c c c cS L S L G L K L L H S L S L S L

S

                



1 ,T
c



 (31) 

Cross-variance function of  with 2ˆ ,v L L  3ˆ ,v L L :      23 2 3ˆ ˆ, ,TS L E v L L v L L     
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2

23 23 2 13 23 33

23

1 1 1

0 0

T T T
c c u c c c cS L S L G L R L H S L S L S L

S

               



1 ,T
c

    (32) 

                 
     

2

31 31 3 11 21 31

31 31 13

1 , 1 1

0 0,

T T T
c x c c

T

S L S L G L HK L L H S L S L S L

S S L S L

               

 

1 ,T

 (33) 

                 
     

2

32 32 3 12 22 32

32 32 23

1 , 1 1

0 0,

T T T
c c c c c c c c

T

S L S L G L K L L H S L S L S L

S S L S L

                

 

1 ,T
c

(34) 

Filtering variance function of :  3ˆ ,v L L      33 3 3ˆ ˆ, ,S L E v L L v L LT     

                 
 

33 33 3 13 23 33

33

1 1 1

0 0

T T T
c c u c c c cS L S L G L R L H S L S L S L

S

               



2
1 ,T

c
    (35) 

Filter gain for  ˆ ,x L L :  1G L  

          

             
           

           

2

1 11 12 13

2

11 21 31

2

12 22 32

1
2

13 23 33

, 1 1 1

, 1 1 1

, 1 1 1

1 1 1

T T T T T
x c

T T
u x c c

T T T
c c c c c c c c

T T T
u c c c c c

G L K L L H S L H S L S L

R L HK L L H S L S L S L H

K L L H S L S L S L

R L H S L S L S L


            
            

             

            

c

T T

T

T T

T

    (36) 

Filter gain for :   2ˆ ,v L L  2G L

          

             
           

           

2

2 21 22 23

2

11 21 31

2

12 22 32

1
2

13 23 33

, 1 1 1

, 1 1 1

, 1 1 1

1 1 1

T T T T T
c c c c c c c

T T
u x c c

T T T
c c c c c c c c

T T T
u c c c c c

G L K L L S L H S L S L

R L HK L L H S L S L S L H

K L L H S L S L S L

R L H S L S L S L


             
            

             

            

    (37) 

Filter gain for  3ˆ ,v L L :  3G L  

          

             
           

           

2

3 31 32 33

2

11 21 31

2

12 22 32

1
2

13 23 33

1 1 1

, 1 1 1

, 1 1 1

1 1 1

T T T T
u c c c c c

T T
u x c c

T T T
c c c c c c c c

T T T
u c c c c c

G L R L S L H S L S L

R L HK L L H S L S L S L H

K L L H S L S L S L

R L H S L S L S L


            
            

             

            

T T

T
    (38) 

 
Proof of Theorem 1 is deferred to the Appendix. 
Figure 1 illustrates the flowchart for the filtering and 

fixed-point smoothing algorithms of Theorem 1. The 
calculating steps are divided into two parts corresponding 
to the filter and the fixed-point smoother.  

From Theorem 1, it is found that the filtering error 

variance function  zP L  of the signal  is given 
by 

 z L

     11, 1 T T
z zP L K L L H S L H     ,    (39) 

where  ,zK L L  represents the variance function of 
 z L . 
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Notations: 
zhat(k,k+j): ),(ˆ jkkz   

xhat(k,k+j): ),(ˆ jkkx   

zhat(k,L): ),(ˆ Lkz  

Compute filter gains　G1(i), G2(i), G3(i) by (36)-(38).
Update filtering estimates of x(j) by (24).
Update S11(i),S12(i),S13(i),S21(i),S22(i),S(23(i),
S31(i),S32(i),S33(i) by (27)-(35).

Compute smoother gain 
h(k,k+j,k+j) by  (19). 
Update q1(k,k+j),q2(k,k+j),
q3(k,k+j) by (20)-(22).
Update fixed-point smoothing 
estimate xhat(k,k+j) of x(k) by 
(18). 
Compute fixed-point smoothing 
estimate zhat(k,k+j)of the signal 
z(k) by (17).

Initial conditions:
filtering estimate of x(k) at k=0 is 0,

S11(0)=0, S12(0)=0,S13(0)=0,S21(0)=0,S22(0)=0,
S23(0)=0,S31(0)=0,S32(0)=0,S33(0)=0.

Set i=1.

         i:k
<

=

i=i+1

Compute filtering estimate of z(k) by (23). 
Compute q1(k,k)=S11(k), q2(k,k)=S12(k),
q3(k,k)=S13(k).
Initial value of the fixed-point smoothing 
estimate of x(k): filtering estimate of x(k).
Set  j=1.

       k+j:L

Fixed-point 
smoothing estimate 
of z(k): zhat(k,L)

<

=

j=j+1

Update S11(k+j-1),S12(k+j-1),
S13(k+j-1),S21(k+j-1),S22(k+j-1),
S(23(k+j-1),S31(k+j-1),S32(k+j-1),
S33(k+j-1) by (27)-(35).
Update xhat(k+j-1,k+j-1) by (24).
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Figure 1. Flowchart for the filtering and fixed-point 
smoothing algorithm of Theorem 1.  

4. A Numerical Simulation Example  

In this section, to show the estimation characteristics of 
the proposed RLS Wiener fixed-point smoother and filter, 
a numerical example is presented. 

Let a scalar observation equation be given by 

     
   

,

.

cy k z k v k

z k Hx k

 


            (40) 

Here,  is zero-mean colored observation noise. 
Let the signal  be generated by the second-order 
AR model. 

 cv k
 z k

      
     

1 2

2

1 2

1 1

,

0.1, 0.8, 0.5.

K

z k a z k a z k w k

E w k w s k s

a a

 



     

   
    

 ,
    (41) 

Hence, the state-space model for  z k  is given by 

           
 

 
 

 
   

1
1

2

1 1

2 22 1

, 1 0 ,

1 0 1 0
.

1 1

,
x k

z k Hx k x k H x k
x k

x k x k
w k

x k x ka a

 
     


      

               


(42) 

The auto-covariance function of the signal  z k  is 
given by [11] 

 
      

     
 

2

2 2
1 2 1 2 1 2 1

2
2 1 2 2 1 1 2

2
1 2 1 1 2

0 ,

1 1

1 1

0 , , 4 2.

m

m

K

K m

m a a a



       

      

 



    

    ,



  

    

 (43) 

From (43) and (44), it is seen that 

     
   

   
2 1

0 1 0 1
, ,

1 0

0 0.25, 1 0.125.

x

K K
K k k ,

K K a

K K

   
      

 

a 
    (44) 

Let the state equation for  cv k  be given by 

     
       

1 ,

,

0.91.

c c c

T
u K

c

v k v k u k

E u k u s R k k s

   

   
 

      (45) 

 u k  is white Gaussin input noise in the state equation 
for the colored observation noise process. The auto- 
variance function of the colored observation noise  cv   
satisfies the relationships  

    1, 1 , 0c cK k k K k k K    c  and   2
0

1
u

c

R
K

a



  

in wide-sense stationary stochastic systems. 
Substituting H,  ,   ,x xK L L K 0 , c ,  
   , 0cK L L K c  and u  into the RLS Wiener esti-

mation algorithms of Theorem 1, the filtering and fixed- 
point smoothing estimates are calculated recursively. 

R

Figure 2 illustrates the colored observation noise 
process  cv k  vs. k, 1 25k 0  , for the variance  

0.01uR   in (45). Figure 3 illustrates the fixed-point 
smoothing estimate  , 5k ẑ k

01
 vs. k, , for 

the variance u

1 25k  0
0.R  . Figure 4 illustrates the MSVs of 

the filtering errors    ˆ ,z k k
0.0225

z k
R

 and the fixed-point 
smoothing errors and u   . As 

u  becomes large, the variance  of the colored 
observation noise becomes large. For , the MSV  

  0 0.1309


0Lag 

cK
0R cK
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Figure 2. Colored observation noise process vc(k) vs. k, 1 ≤ k 
≤ 250, for the variance Ru = 0.01 in (41). 
 

 

Figure 3. Fixed-point smoothing estimate (k, k + 5) vs. k, 
1 ≤ k ≤ 250, for the variance Ru = 0.01. 

ẑ

 

 

Figure 4. MSVs of the filtering errors z(k) − (k, k) and the 
fixed-point smoothing errors z(k) − (k, k + Lag) vs. Lag. 

ẑ
ẑ

of the filtering errors    ˆ ,z k z k k
3

 is shown. As Lag 
increases, 1 Lag  , the MSVs gradually decrease for 

0.01uR   and u 0.0225R  . Hence, the estimation ac-
curacy of the fixed-point smoother is superior to that of 
the filter. For the colored observation noise with the lar-
ger variances u  of the input noise and R  0cK  of the 
colored observation noise, the MSVs of the filtering er-
rors and the fixed-point smoothing errors increase and 
the estimation accuracy is degraded. Here, the MSVs of 
the fixed-point smoothing and filtering errors are evalu-
ated by  

    
2000 2

1

ˆ , 2000
k

z k z k k Lag


  , , and 1 1Lag  0

    
2000 2

1

ˆ , 2000
k

z k z k k




3

. 

5. Conclusions 

In this paper, the RLS Wiener fixed-point smoother and 
filter have been designed for the colored observation 
noise. 

A numerical simulation example shows that the pro-
posed estimation algorithms for the RLS Wiener fixed- 
point smoothing and filtering estimates, in the case of the 
colored observation noise, is feasible. From Figure 4, as 
Lag increases, 1 Lag 

0.01
, the MSVs gradually de-

crease for uR   and . Hence, the es-
timation accuracy of the fixed-point smoother is superior 
to that of the filter. 

0.0225u R

The RLS Wiener estimators do not use the information 
of the variance  Q k , for the input noise  w k , and 
the input matrix G in the state Equation (4), in compari-
son with the Kalman estimation technique [8]. In the 
RLS Wiener estimators, it is not necessary to take ac-
count of the degraded estimation accuracy caused by the 
modeling errors for  Q k  and G. 
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Appendix Proof of Theorem 1 

If we subtract the equation obtained by putting  in (16) from (16), we have 1L L 

               
             

1

1

, , , , 1 , , , , ,

, , , , 1 , , , , ,

T T
u x c c v c

L
T T

x c c c c vu uv c
i

h k s L h k s L R s h k L L HK L s H K L s K L s

h k i L h k i L HK i s H K i s K i s K i s
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T

.
0

      (A-1) 

for   , 0uvK L s 
From (6) and , it is shown that  ,vuK s s   ,vuK L s  satisfies 

       1 1, ,L s L s L s
vu c vu c u c uK L s K s s R s R s         .                     (A-2) 

Let us introduce the following auxiliary functions  1 , 1J s L  ,  2 , 1J s L   and  3 , 1J s L   as follows. 
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               (A-5) 

From (A-1), (A-3), (A-4) and (A-5), we obtain 

            1
1 2 3, , , , 1 , , , 1 , 1 , 1 .L L L

c ch k s L h k s L h k L L H J s L J s L J s L               (A-6) 

If we subtract   1 , 1 u J s L R s  from    1 , uJ s L R s , we have 
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From (A-3)-(A-5) and (A-7), we obtain 

            1
1 1 1 1 2 3, , 1 , , 1 , 1 , 1L L L

c cJ s L J s L J L L H J s L J s L J s L         .        (A-8) 

If we subtract    2 , 1J s L R s  from    2 ,J s L R s , we have 
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From (A-3)-(A-5) and (A-9), we obtain 

            1
2 2 2 1 2 3, , 1 , , 1 , 1 , 1L L L

c cJ s L J s L J L L H J s L J s L J s L         .



      (A-10) 

If we subtract   3 , 1 uJ s L R s  from    3 , uJ s L R s , we have 
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From (A-3)-(A-5) and (A-11), we obtain 

            1
3 3 3 1 2 3, , 1 , , 1 , 1 , 1L L L

c cJ s L J s L J L L H J s L J s L J s L         .       (A-12) 

By putting 1s L   in (A-3), we have 
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Here, from (6), the relationships  , 1 0vuK i L   , 1 1i L ,   and ,  

 are taken into accounts. 
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(A-13) can be written as 
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By putting 1s L   in (A-4), we have 
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By introducing the functions 
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(A-18) can be written as 
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By putting 1s L   in (A-5), we have 
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By introducing the functions 
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(A-23) can be written as 
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If we subtract  from  and use (A-8), (A-14), (A-19) and (A-24), we obtain 11 2r L  11 1r L 
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If we subtract  from  and use (A-8), (A-15), (A-20) and (A-25), we obtain 12 2r L   
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If we subtract  from  and use (A-8), (A-16), (A-21) and (A-26), we obtain 13 2r L  13 1r L 
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If we subtract  21 2r L   from  21 1r L   and use (A-10), (A-14), (A-19) and (A-24), we obtain 
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If we subtract  from  and use (A-10), (A-15), (A-20) and (A-25), we obtain 22 2r L  22 1r L 
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If we subtract  from  and use (A-10), (A-16), (A-21) and (A-26), we obtain 23 2r L  23 1r L 
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        (A-33) 

If we subtract  31 2r L   from  31 1r L   and use (A-12), (A-14), (A-19) and (A-24), we obtain 
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If we subtract  from  and use (A-12), (A-15), (A-20) and (A-25), we obtain 32 2r L  32 1r L 
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If we subtract  33 2r L   from  33 1r L   and use (A-12), (A-16), (A-21) and (A-26), we obtain 
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Here, the initial values of , ,  11r k  12r k  13r k ,  21r k ,  22r k ,  23r k ,  31r k ,  and , at  32r k  33r k 0k   
are , , , 21 11 0 0r   12 0 0r   13r 0 0 r  0 0 ,  22r 0 0 ,  0 023r  ,  31 0 0r  ,  and  0 32r 0  0 033r   
from (A-14)-(A-16), (A-19)-(A-21) and (A-24)-(A-26). 
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Substituting (A-28)-(A-36) into (A-37) and introducing    1 1 , ,LG L J L L     2 2 ,L
cG L J L L    and  3G L   

3 ,L
c J L L , we obtain the recursive Equations (27)-(35) for  11S L ,  12S L ,  13S L  21S L 22S, , ,  L  23S L , 

,  and .  31S L 32S  L  33S L
From (A-17), (A-22) and (A-27), ,  1G L  2G L  and  G L3  are formulated as 
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Substituting (27)-(29) into (A-38), after some manipu-

lations, we obtain (36). Similarly, from (30)-(32) and 
(A-39), (37) is obtained. Also, by substituting (33)-(35) 
into (A-40), (38) is obtained. 
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Subtracting  from  and using (A-6), (A-14), (A-19) and (A-24), we obtain 1 , 1P k L  1 ,P k L
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Subtracting  from  and using (A-6), (A-15), (A-20) and (A-25), we obtain 2 , 1P k L  2 ,P k L
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Subtracting  3 , 1P k L   from  3 ,P k L and using (A-6), (A-16), (A-21) and (A-26), we obtain 
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Putting 

    1 1, ,
LTq k L P k L  ,        (A-48) 

and using (A-37), we obtain (20). 
Putting 
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and using (A-37), we obtain (22). 
From (16) and (A-3), we obtain 
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From (A-14), (A-37), (A-41) and (A-48),  1 ,q k k  is 
derived as 

    
      

    

1 1

1
1

12 11

, ,

, ,

.

kT

k ik T
x

i

kk T
c

q k k P k k

J i k HK i i

r k S k





 

   

   



From (A-15), (A-37), (A-42) and (A-49),  2 ,q k k  is 
derived as 

    
       

    

2 2

1
1

12 12

, ,

, ,

.

kT
c

k ik T
c c c c

i

kk T
c

q k k P k k

J i k K i i

r k S k





 

    

   


kT  (A-53) 

Similarly, from (A-16), (A-37), (A-43) and (A-50), 
 3 ,q k k  is derived as 

    
      

    

3 3

1
1

13 12

, ,

,

.

kT
c

k ik T
u c c

i

kk T
c

q k k P k k

J i k R i

r k S k





 

   

   


kT

, .

 (A-54) 

From (A-44), (A-48), (A-49) and (A-50), we obtain 

kT  (A-52) 
      

      1 2 3

, , ,

, ,

L kT T
u x

T T
c

h k L L R L K k k H

q k L H q k L q k L


 

   
   (A55) 

Substituting (20), (21) and (22) into (A-55), we obtain 
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(19) for the smoother gain .  , ,h k L L
From (8) and (A-51), the filtering estimate  ˆ ,x L L  

of  x L  becomes 

         1
1 1

ˆ , , , ,
L L

L

i i

x L L h L i L y i J i L y i
 

    . (A-56) 

Introducing 

     1 1
1

,
L

i

O L J i L y i


  ,         (A-57) 

we have 

  1ˆ , L x L L O L  .          (A-58) 

Subtracting  1 1O L   from  and using (A-8), 
we have 

 1O L

 

              

              

             

1

1 1 1 1 1
1

1
1

1 1 1 2 3
1

2

1 2 3

1 , , , 1

, , , 1 , 1 , 1

ˆ ˆ ˆ, 1, 1 1 1 .

L

i

L
L L L

c c
i

c c

O L O L J L L y L J i L J i L y i

J L L y L J L L H J i L J i L J i L y i

J L L y L H x L L v L v L










     

       

         



    (A-59) 

 
Here, the functions , ,  2ˆ ,v L L  3ˆ ,v L L  2O L

L

 and 
 are introduced as follows.  3O L

       2 2 3ˆ ˆ, , ,Vv L L O L v L L O L   
L

3c
L     (A-60) 

     

     

2 2
1

3 3
1

, ,

, .

i

L

i

O L J i L y i

O L J i L y i












          (A-61) 

From (A-58) and (A-59) with  

  1 1 ,LG L J L L   , 

we obtain (24) updating the filtering estimate  ˆ ,x L L  
from  ˆ 1, 1x L L  . The initial condition of (24) for 
 ˆ ,x L L at L = 0 is  0,0 0x̂   from (A-57) and (A-58). 
Subtracting  12O L   from  and using (A-10), 

(A-57), (A-58), (A-60) and (A-61), we have 
 2O L

 

              

           
             

2 2 2 2 2
1

1
2 1 2 3

2

2 2

1 , , , 1

, 1 1 1

ˆ ˆ ˆ, 1, 1 1, 1

L

i

L L L
c c

c c

O L O L J L L y L J i L J i L y i

J L L y L H O L O L O L

J L L y L H x L L v L L v L L





     

       

           



3 1, 1 .



3 1, 1 .

   (A-62) 

Subtracting  from  and using (A-12), (A-57), (A-58), (A-60) and (A-61), we have 3 1O L   3O L

              

           
             

3 3 3 3 3
1

1
3 1 2 3

2

3 2

1 , , , 1

, 1 1 1

ˆ ˆ ˆ, 1, 1 1, 1

L

i

L L L
c c

c c

O L O L J L L y L J i L J i L y i

J L L y L H O L O L O L

J L L y L H x L L v L L v L L





     

       

           



   (A-63) 

 
From (A-60) and (A-62) with    2 2 ,L

cG L J L L 
 2ˆ ,v L L

   3 3 ,L
cG L J L L 

, 
we obtain (25) for the filtering estimate . Also, 
from (A-60) and (A-63) with , we 

obtain (26) for the filtering estimate .  3ˆ ,v L L

 ˆ ,
From (8), (A-6), (A-57), (A-58), (A-60) and (A-61), 

the fixed-point smoothing estimate x k L  is updated as 
 

              

            
            
            

1

1

2

2 3

1
1 2 3

2

2 3

ˆ ˆ, , 1 , , , , , , 1

ˆ ˆ ˆ, , 1, 1 1, 1 1, 1

, , , , 1 1 1

ˆ ˆ ˆ, , 1, 1 1, 1 1, 1 .

L

i

c c

L L L
c c

c c

x k L x k L h k L L y L h k i L h k i L y i

h k L L y L H x L L v L L v L L

h k L L y L h k L L H O L O L O L

h k L L y L H x L L v L L v L L







     

          

       

          











   (A-64)  

(Q.E.D.)   
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