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ABSTRACT

Our paper focuses on the relationship between market concentration and collusion sustainability in a framework of mul-
timarket contacts. We consider two independent and symmetric markets in which a subset of firms are active in both
markets. When firms are able to transfer market power from one market to another, firms have strong incentives to col-
lude even in a highly competitive market. This result is relevant for competition policy since assessing market concen-
tration using HHI index could be misleading in some situations.
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1. Introduction

Competition policy traditionally distinguishes between
market structures and market behaviors. Concerning the
control of market structures, competition authorities fo-
cus on the degree of market concentration. For this rea-
son, many concentration indexes have been built as HHI
or concentration ratio as CR1, CR3 and so on. Among
them, the Hirschmann Herfindhal Index (HHI) is cer-
tainly the most used on market reports. Concerning the
control of market behaviors, an academic literature fo-
cuses on the distortive behaviors.'

However, a few works have study the link between
both kinds of market control although it seems that they
show strong interactions. It is nevertheless essential to
underline these links between market structures and mar-
ket behaviors in the implementation of competition po-
licy.

In a simple model of price competition repeated game,
it can be shown that a decrease in the number of firms
facilitates collusion. This standard result states that little
concentrated market structures entails weaker incentives
to collude. Consequently, using concentration indexes
seems not to be in contradiction with the control of be-
haviors in markets.

Nevertheless, some works have moderated this result.
In some cases, highly concentrated market structures can
give strong collusion incentives. For example, it is shown
in [2] that mergers reduce incentives to collude among
firms in the industry. In a similar setting of dynamic

'See for example the survey on collusive behaviors in [1].
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price competition with capacity constraints, [3] show that
collusion incentives are low when the market is highly
concentrated or in the contrary when the number of firms
is very important. Last, [4] show that collusion is more
difficult to sustain when concentration creates asymme-
tries in production capacities. In that case, increasing
HHI index induces sometimes strong incentives to col-
lude.

Our paper studies the relationship between market
concentration and collusion sustainability in the frame-
work of multimarket contacts literature (in [5]). In this
setting, one can show that collusion transfers can be
made from a market to another when some firms are ac-
tive in both considered markets: i.e. they are in “multi-
market contacts”. In this case, even in a highly compete-
tive market, firms could get incentives to collude if they
are also supplying customers in less competitive mar-
kets. This result is relevant for competition policy since
measuring concentration with HHI index could be mis-
leading. It may not encompass the behavioral dimension
of competition, especially when multimarket contacts are
a key feature of the industry.”

Our paper is organized as follows. In Section 2, we
present the model and the benchmark case without multi-
market contact. In Sections 3 and 4 multimarket contacts
among firms are introduced; in this framework, we ana-
lyze if tacit collusion could be transferred from a market
to another. Section 5 concludes and gives some implica-

?An interesting empirical paper [6] focuses on this relationship between
European electricity market concentration and collusive behaviors
using multimarket contacts framework.
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tions of results in terms of competition policy. Proofs of
Lemma and Propositions are given in an Appendix.

2. Model
2.1. Basic Assumptions

We model two independents markets (A and B) with an
identical demand. Goods supplied on these markets are
supposed to be homogeneous. Supply is provided by
n>1 symmetric firms in market A, and m>1 in B.
Without loss of generality, we assume market B to be
always less concentrated than market A thatis m>n.In
this industry, it exists a subset of k firms (0<k <n)
which are active on both markets: we refer to them as
multimarket contacts firms. This configuration means
that these firms supply the good in both markets A and B.

As it is standard in the analysis of tacit collusion (see
[7]), we consider an infinitely repeated Bertrand price
competition game. The punishment strategy for a given
firm corresponds to trigger strategy consisting in a rever-
sion to a static competitive equilibrium. We denote
nf =0, Vvh=AB, the individual profit gained from a
punishment strategy for all active firms in market h. We
denote 7} individual collusion profit. The determina-
tion of = generally depends on the way the collusive
agreement is reached as well as on various factors. Last,
nﬁ represents the individual profit gained from deviat-
ing from the collusive agreement and corresponds here to
the monopolist outcome in market h, we denote II, .
One can thus determine a threshold for the discount fac-
tor denoted " such as:

d c

h_ Ty — T
0 =—— )

Ty — Ty,

Whenever’ & > &, , collusion is sustainable in market h.

Hereafter, we will consider that market conditions (de-
mand, costs and so on) in markets A and B are identical,
one can write IT, =TT =1I.

2.2. Collusion Incentives without Multimarket
Contact

As a benchmark, we study collusion incentives in the
case where multimarket contacts are not possible i.e.
k=0. Because of symmetry among firms, individual
collusive profits are just given by an equal sharing of the
monopolistic outcome that is =n, =I1,/n=II/n and
ng =I1/m. Then using Equation (1), the critical discount
factors in both markets are given by:
A 1 B 1
0"=1-—and 6" =1-— 2)
n m

*Here &€[0,1] represents the common discount factor in both mar-
kets.
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One can easily link up the incentives to collude (i.e.
5") to the market concentration degree traditionally
measured by the Hirschman-Herfindhal Index (HHI)*. In
this benchmark case, this index for each market is:

2 2
w5} ol -
—An n n

d HH® =Y S
nd HHE=20\ ) “m

Then we can write thresholds for the discount factor as
simple linear functions of the respective HHI in each
market that is:

6" =1-HHI* and &® =1-HHI®

It does appear an inverse relationship between the
value of these thresholds and HHI’s. Clearly on a given
market, the lower HHI is, the less sustainable collusion
is.

Collusion is then sustainable in both markets if and
only if the discount factor & in the industry is such that
o=26" = max{&AﬁB} . We call the maximum value for
these discount factors as the critical discount factor. In
that case, with m > n, the sustainability condition in both
markets boils downto §>6" =6°

Remark 1. Without multimarket contact among firms,
the HHI test is not conflicting with the analysis of tacit
collusion.

A competitive market structure (i.e. a weak HHI level)
is linked with pro-competitive behaviors (J5° is high).
This is the conventional wisdom in the field of compete-
tion policy.

In the following, we study market structures with mul-
timarket contacts and we analyze how such contacts
could increase incentives for firms to collude.

3. Multimarket Contacts and “Business as
Usual”

In this section, we analyze collusion incentives in the
industry in the case where some firms (k > 0) are active
in both markets A and B. Here, we consider that coordi-
nation to a given collusive agreement allows firms to
keep their customers with respect to the competitive
(Bertrand) equilibrium. As a result in case of collusion,
market shares are assumed to be “frozen”: firms “in con-
tact” in both markets does not modify the market sharing.
In short, a “business as usual” principle applies.

Now we have to distinguish three thresholds for the
discount factor according to the type of firm. The factor
5" corresponds to active firms in the single-market A
and 8® corresponds to those active in the single-market

B. Last & represents the discount factor for k active

“HHI is calculated by squaring the market share of each firm competing
in the market and summing.
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firms in both markets. Using again relation (1), we obtain
easily thresholds for the discount factor for firms without

multimarket contact 5* = 1—l and &% =1 —i .
n

m

To determine this threshold for each firm in contact in
both markets A and B, the “business as usual” assump-
tion leads to define each firm’s collusive profit as the
sum of collusive profits on each market. This is due to
the fact that market shares remain at their egalitarian
competitive levels (1/n or 1/m). The total collusive
profits are then given by

Im, II n+m
mh+my =—2+—2=1I . Furthermore,
n m nm

each firm’s deviation profit equals twice the monopoly
profit that is 2I1. Hence:

2H_H(n+mj
nm _m+n

S= =1
2(nm)

211-0
As seen in the Section 2, it is easy to write this factor
as a function of HHI’s in both markets A and B:

A B
5. HHI erHHI

We find also the same kind of inverse relation that was
previously established between the discount factor and
the HHI calculated in each market. One can directly find
that’ & <4® assoonas m>n. In that case, the critical
discount factor (i.e. max{SA,SB,S} ) is clearly &°.
Therefore, collusion is sustainable in both markets A and
Biff 624°.

Remark 2. When “business as usual” applies, multi-
market contacts do not constitute a structural factor
making easier collusive agreements.

This remark is directly linked to the “business as usu-
al” assumption. Indeed since no direct link exists be-
tween markets7, collusion transfers from market A to-
wards B can only occur if active firms in both markets
give incentives for “single-market firms” to collude.
Such incentives could be developed if market sharing in
case of collusive agreements is modified. In that case, we
have to enlarge the framework of our paper relaxing the
“business as usual” assumption.

4. Multimarket Contacts and Collusion
Transfers

We eliminate now the assumption of market shares
freeze in order to allow active firms in both markets to

m-n
>
2(nm)
°It is important to underline that collusion sustainability in all markets

SIndeed 6° -6 =

does only depend on the degree of concentration in the market B.
"Demands in markets A and B are totally independents.
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transfer their collusive power from a market to another.
Firstly, this leads us to define new collusive market
shares; secondly, this allows calculating the critical dis-
count factor in that case.

4.1. Sustainable Market Shares and Critical
Discount Factors

We denote now s, and s; collusive market shares
(resp. in market A and B) for a firm in contact in both
markets. These shares are then defined by:

S, = min {JA,l} and S; =min {JB,l} 3)
n m

where 4, €[0,1] with h=AB. This definition of
market shares simply explains that a given firm which is
in contact on several markets can be encouraged to re-
duce his market share (from 1/n to 1, and/or from
1/m to Ag) in order to increase collusion incentives for
other firms. For instance in market A, the gap between
1/n and A, represents the opportunity cost that an
active firm in both markets has to bear in order to in-
crease the incentives for other firms to collude.

The individual collusive market share o, for a sin-
gle-market firm in market A (without contact), is defined
by the linear equation (n - k)crA +ks, =1. Solving it in

: 1—ks . .
o, yields o, = A . Symmetrically, we obtain
1—-ksg . .
Og = o for a single-market firm in B.

As in Section 3, we obtain the threshold for the dis-
count factor for active firms in each single market
h=A,B. (denoted 5") as well as for active firms in
both markets (& ). The new definition of market shares,
in Equation (3), modifies these thresholds: they do not
only depend on market structures (N and m) but also on
the number of active firms in both markets (K). Using
relation (1), the threshold for the discount factor for ac-
tive firms in the single-market A is then given by:

5A:H_O-AH :1_l_kSA
IT n—k

The expression of this threshold depends on the value
of s,. Using Equation (3) one can rewrite it as a func-
tion of the market A structure (n):

I_M n</1—
GA = n—k T A 4)
1 1
1-— n>—
n An

The threshold for the discount factor for active firms in
the single-market B is defined in the same way but is a
function of the market B structure (m):
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1=Ky m<%
o=l Mmky 5)
1 1
-—  m>—
m Ag

Finally, for firms with multimarket contacts, the thre-
shold for the discount factor writes:

20T — (5,11 +s511)
211

It takes different values according to the definition in
Equation (3) of market shares S, and Sg. Indeed, we
have to differentiate between situations where the market
shares are “frozen” on a given single market (A or B) and
situations where they are simultaneously “frozen” in both
markets. More precisely, this threshold rewrites:

5‘:

ot n<—l andm<-L
2 An Ag

1
1_& nZ/IL andm</1L

5= /12+1 i X 6)

]-—A_m n<— andm=—
2 n e
SELL AL n= ! and m> !
2(nm) R A

4.2. Critical Discount Factors

In order to determine the sustainability conditions in both
markets, it is sufficient to analyze the corresponding
critical discount factor denoted &° and defined by
max{S,S hS B} . Without loss of generality, we proceed
the analysis assuming 1, < 4, .

Lemma 1. With multimarket contacts, collusion is sus-

tainable in both markets if & >35" where & is defined
as:

- 5 X (A, A,k
5] iplnmeX(Zdk) ™)
6% (n,m)eY (A, 4g,k)
where
X (Aps 2g,K)

2
= (n,m)e}k,%{ |n<m<max{m0,ml} ,
B

Y (Mg, Ag,k) = {(n,m) ek, |m > max{mo,ml,n}}

2+k(Ay—45)
Ap+ 5
For each type of firms (with and without contacts), we

_2n+k(1-n/g)

with m, = and m, = Y
B

80n the same way, one can obtain the same type of results in the case
where A, <A, and m<n.
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have defined thresholds &, 5" and &° for the dis-
count factor. They allow studying incentives to collude
for each type of firms that depend on the values of pa-
rameters (n,m,k,A,,4; ).

Intuitively, active firms in the single-market A have
more incentives to collude. They are active in the most
concentrated market, so the gain derived from a deviation
strategy is relatively lower than for firms supplying single-
market B (less concentrated): the deviation profit is the
same (I1) whereas collusion profits are decreasing with
the number of firms.

On the other hand, for active firms in the single-mar-
ket B and for firms with multimarket contacts, the analy-
sis of the incentives to collude is not so obvious. Figure
1 summarizes this analysis in the plane (n,m). More
precisely, it represents critical discount factors in the
plane (n,m) as defined in Lemma 1. In this figure, one
can see the values of parameters for which active firms in
both markets—respectively without contact in market
B—have stronger incentives to deviate (area X(-)) re-
spectively area Y (-).

Within area X , market B is relatively weakly com-
petitive (m <m, <1/4; ). In that case, the market B share
which is supplied by active firms in both markets does
not depend directly on the number of active firms in this
market since Sz =z <1/m. Incentives to collude for
these firms (i.e. é ) are therefore independent of the
intensity of competition in this market. However, incen-
tives for firms without contact in market B does depend
1-kA,

K
For a given k, the incentives to collude are higher for
active firms in the single-market B and increase with the
concentration of market (low value of m). Consequently,
for a low level of concentration in market B (m<m,),
the active firms in both markets have strongest incentives
to deviate. Within area X, collusion is then sustainable as
5>46" =65 . However, as soon as market A is very com-
petitive (n>1/4; ), this area vanishes.

on m through their market share given by o, =

n

Figure 1. Analysis of collusion transfers.
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In area Y, two situations have to be distinguished. First,
when market B remains concentrated (i.e.

m, <m<1/4;), the incentives to deviate for active firms
in both markets are independent from the corresponding
market structure (i.e. Sy =4y ). Second, as market B
becomes more competitive (m>1/4; ), the share of
market B supplied by firms with contacts in both markets
corresponds to the situation where sz =1/m i.e. a
freeze of market shares. In that case, their incentive to
collude is now linked to the structure of market B. Within
this area Y, collusion is sustainable as soon as

5>8"=5".

A simple comparative statics with respect to the num-
ber of firms with multimarket contacts (k) allows to state
the following result.

Proposition 1. The number of firms with multimarket
contacts is a structural factor facilitating collusion in
both markets.

When the number of firms with multimarket contacts
(k) is increasing, the area X is expanding but the area Y is
reducing since the frontier m; is moving upward. In this
case, the share of firms that are supplying in both mar-
kets is very high and the number of (m-—k) active
firms in the single market B is very low; in that case,
their benefit from a deviation is diminishing since their
collusion profit is growing. One can also underline that
the critical discount factor decreases with the number of
active firms in both markets. Parameter k can be consid-
ered therefore as a structural factor facilitating collusion
in markets’. This critical threshold decreases as a func-
tion of K. As the number of firms with contacts in both
markets is relatively high, it becomes constant with re-
spect to k since it is equal to & .

4.3. Collusion Transfers

Now we make the comparison between both critical dis-
count factors in two previous frameworks: the situation
where some firms are active in both markets (i.e. 5")
and the benchmark case without multimarket contact (5"
defined in Section 2).

Figure 2 synthesizes the analysis of the critical dis-
count factors and shows the area (depending on the pa-
rameter values) in which the existence of multimarket
contacts is a structural factor facilitating collusion trans-
fers from the less concentrated market (i.e. market A ) to
the more concentrated market (B).

In this figure, one can distinguish three areas denoted
R, R, and R; according to the values of parameters.
Within locus R, and R;, multimarket contacts do not
increase the incentives for firms to collude. In both re-
gions, the critical discount factor threshold does not de-
crease with the number of active firms in both markets:

°In a sense this result strengthens the classical result stating that multi-
market contacts facilitate collusion. See for example [1].
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m

No transfelz' R3

i |
3B
Transfers Ry
my
2
Aa+AB
No transfer

n

Figure 2. Regions for the critical discount factor.

5" >6". Inthe area R,, presence of firms with contacts
in both markets entails more incentives for firms to col-
Iude in market A and also in market B. One can precise
these results when market B becomes more competitive
(m increases with n being fixed).
2
Ay g "
we have 8" >8" (in area R ): no collusion transfer
occurs. Indeed initially, without multimarket contact, the
critical discount factor is already very low. Active firms
in market B have thus strong incentives to collude since
collusion profits are shared between few firms. In that
case, transferring collusion is too costly for active firms
in both markets since they should give up a too large
market share in market A but also in market B. In this
situation, active firms in both markets make collusion
less sustainable since & > 8"
When market B is less concentrated

( 2

Ap+ 5
contacts in both markets are able to transfer collusion on
this market: " <5* (area R,). We distinguish be-
tween two situations according to values of m: 1) when-

2

A+
m, <m<1/4,

As market B is relatively concentrated (m <

<m<1/4g ), our results show that firms with

ever <m<m, and 2) whenever

_2
Ay + g
less concentrated. Individual collusion profits for active
firms in this market are relatively low. In that case, the
critical discount factor is defined using the incentive con-
straint for firms with multimarket contacts. These firms
are then able to transfer collusion at a lower cost giving
up a relatively small part of their market share. On the
other side, if 2) m;<m<1/4,, the critical discount
factor in the multimarket contacts framework is defined
using the incentive constraint for active firms in the sin-
gle-market B (6" = 5°).

In the case 1) <m<m,, market B becomes
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Within the area R,, market B is very competitive
(m>1/4; ); active firms in this market have then initially
a low market share that is s; =1/m< A, . It is then im-
possible to transfer collusion since de facto firms with
contacts cannot concede an additional part of their mar-
ket share.

One can summarize the previous discussion using Fig-
ure 3 which represents the variation of the critical dis-
count factor as a function of m when market A is weakly
competitive (n<1/4, ).

In this figure, the thick line represents the critical
threshold §° for which a collusion transfer is made.
More precisely, for n and A, given, the figure shows
the market B structure for which firms with multimarket
contacts are able to transfer collusion.

We can now state the following proposition concern-
ing the impact of market-B concentration on the incen-
tives to collude for firms in market A.

Proposition 2. When market A is weakly competitive
(n<1/4, ), more concentration in market B can reduce
incentives to collude for firms in market A.

This proposition states a relevant result for competi-
tion policy. Usually, more market concentration leads to
more incentives to collude. Here we show that a reverse
result may hold: with multimarket contacts, a weakly
competitive adjacent market (A here) relax incentives to
collude for firms competing in others markets (as B).

The intuition of this result is simple. In order to trans-
fer collusion, firms with multimarket contacts have to
give up a significant part of their respective market share
for firms without contact. Then firms with multimarket
contacts may give up a small market share as collusion
profits for single-market firms are low'’. In that case,
firms with contacts are able to transfer collusion easily.
For example, to transfer collusion towards market B (i.e.
Ag high), collusion profits for active firms in single
market B must be weak; this is the case when these firms
are numerous (M—K high). The idea is obvious: ability
for firms to transfer collusion depends on their ability to
give up market shares that depends on the value of A
or on the number of firms (m—k) without contact in
market B.

Moreover, one can note that within the “transfer area”
R, , the difference between both critical factors denoted
A(m,k)=8" -5 is not a monotonic function of m.
When the market B structure is not very competitive
( 2

Ap+ g
In that case, incentives to transfer collusion increase
when market B becomes more competitive. On the other
hand, as market B is sufficiently competitive
(m, <m<1/4;), incentives to transfers collusion reverse:
they decrease with the number of active firms in market

<m<m,), the gap A(m,k) is increasing in m.

""This collusion profit decreases with the number of these firms.
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Critical factors

Ry

Figure 3. Collusion transfers as a function of m.

B. Hence, it exists a degree of market concentration in
market B for which incentives to transfer collusion reach
a maximum level, i.e. when m=m,. Last, one can see
that this value m, is increasing in the number of firms
with contacts in both markets (i.e. k). Figure 4 illustrates
how the gap A(m,k) varies with m and k.

We see in Figure 4 that when k is growing (K, >k, ),
incentives to transfer collusion are higher for more com-
petitive market B: m, is increasing with k. Moreover,
one can note that maximum incentives (corresponding to
a market structure m =m, ) are increasing in k.

So far, we have just considered low level of competi-
tion in market A (low level of n). When market A is more
competitive (n>1/4, ) and market B is weakly con-

2 om< L ), concentration of market A
Ap+ 5 Ag

entails more collusive behaviors for firms in market B.

centrated (

4.4, HHI Test and Collusion with Multimarket
Contacts

In order to analyze the link between incentives to collude
and the degree of market concentration in the situation
where k firms are active in both markets, we first calcu-
late the concentration indexes HHI for each area R,
R, and R, depicted in Figure 3.

Hence in those areas, HHI for each market writes:

(1-k2,)’

(1-k2g )’

HHI* =(n-k)o} +ks, = +kA,

HHI® =(m—-k)oj +ks; = +kA;

On the one hand, on can see clearly that HHI",h= A,B

are decreasing functions'' of each 4, . On the other hand,
using relation (7) in Lemma 1, we can see that 6® isan
increasing function of A; whereas & is a decreasing
function of A, ,h=A,B. Hence, it follows that 6% isa

Hindeed GHHI® __2(1=n2,)K

OHHI®
n-k ’

o,

<0 and analogically for

A
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A(m, k)

Ry

A(m, ko)

R

h
I
|
|
I
|
|
I
|
|
J”
-0
I
|

LOA(m, R

ﬁ’/\_tﬁ mo(k1) mo(ks) i

Figure 4. Collusion transfers: sensitivity analysis.

decreasing function of HHI® but & is an increasing
function of HHI in markets A and B.

In the configuration where market A is weakly com-
petitive (n<1/4, ), we just have proved the following
proposition.

Proposition 3. When market B is few concentrated

[L< m <Lj, a low HHI level in market A or B
Ap+ 5 Ag

corresponds to a market structure which facilitates col-
lusion.

This result reverses the established link between collu-
sion sustainability and index of market concentration (see
remarks 1 and 2). In the Proposition 3, we show that the
analysis of the market structure (HHI test) could generate
results in contradiction with results of the analysis of
firm’s behaviors (collusion test). In particular, when-
ever m < m,, the critical discount factor (which would be
the correct but unobservable collusion test) increases
whereas HHI decreases. This reflects the situation where
more competitive markets A or B could strengthen in-
centives to collude for some firms in these markets.

5. Conclusions

In this paper, we show how the relationship between
market concentration and collusive behaviors can be
modified when firms are active on several independent
markets (firms with multimarket contacts). It turns out
that in particular market configurations, the well-known
HHI test can generate results opposite to those obtained
with the analysis of market behaviors, particularly the
control of collusion.

Concerning the competition policy, three interesting
results are underlined. First, the presence of active firms
in both markets can increase incentives to collude. In that
case, the concentration index HHI would be calculated
on larger relevant markets. It is therefore necessary to
analyze other geographical markets on which firms are
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active in order to control there is no collusion transfers
from a geographic market to another. Second, the en-
trance of a firm in a market allows to improve concentra-
tion index and to decrease the HHI value. This entrance
is therefore very favorable from a structural point of view.
However, if this new firm is also active in a more con-
centrated market, her entrance in the more competitive
market would increase incentives for other firms to col-
lude. Indeed, this active firm in both markets could give
up market shares on her new market in order to incite
other firms to collude. In that case, the entrance of a firm
(decrease of HHI) could give more incentives to collude
and could be therefore harmful. Third, the process of
concentration on a market can question previous collu-
sive agreements and therefore can be favorable in terms
of competition policy. More precisely, if the HHI value is
increasing on the more competitive market, active firms
in both markets can have more difficulties to incite other
firms to collude. In this context, for a coherent compete-
tion policy, it is better to analyze the relative levels of
market concentration on which firms are active and not
only absolute HHI level on each independent relevant
market. Such a coherent analysis would allow controlling
the structure of market linked to the control of collusive
behaviors of firms.
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Appendix

Proof of Lemma 1. From relation (7) in the text we know
that & = max {5 , 01,68 } Let us define three difference

A =6-6";A,=6-6% and

5% —6" and study them according to
m,K, A, g ) -
Flrst, suppose that m>1/4,

A [>l
Il

and n>1/4, then we

turn back in the situations of Sections 2 and 3 where

S"=6" for h=AB then A =-MM=N .0 and
2(nm)

>0 . This implies 6 <5® and 6° <5*,

A —Mm-n
7 nm
so we have & =65%=6%. Second,
>m>n>1/2, then from Equations
1-kA,
m-—k

hence & =6°
suppose that 1/,

(4) to (6) in the text, we have 1) 53 = %— which

is bounded below by %—% >0.Thus A, >0

and the sign of A, is of no relevance here.
1 2—ZB(m+k)_l <~
2)A, = 2{—m—k | » moreover A, =0
2n+k(1-ng)
1+n4,

an increasing concave function of n which takes values

_2+k(/1A_/15)_
A

when

m=m, where m = . This value m, is

if n=1/2, and m =1/4,

1/25 . Last as oA, :—l_—ldE’z
om — (m—k)

monotonic and decreasing inm, so A, >0 when

if n= <0, A, is

me]n,m] and when me}ml,L} then A, <0. To

Ag

sumup 8" =620°>5" if me]n,m] and

5" =5 >max{5,6%} if me]n,m]. Thirdif
m>1/4; >1/2, >n then again using Equations (4)-(6):

~  1-k4
) A= — kA —% is again bounded below by
% % >0, so A >0 and studying A1 is useless but 2)
A, =%[%—AA}<O. Hence & =4°.
Lastif 1/4; >m and 1/2, >n then 1)
~ 1=k
A = TI}(LA_M is decreasing in n and is zero for
2-Kk(A, -
n= 27k =) n,. Moreover n, >-L since
A+ Ag A

Copyright © 2012 SciRes.

1 _ (l_kﬁ’A)(lA _ﬂ’B)
An (A + 25 ) A
1= kg

> 0. Consequently Al >0

AA+/IB

thatis & >5%;2) A, = is decreasing

m—k 2
in m and is zero for m=m;, but m,<1/4, since
1-k4,
mo—Lz—( ) =) o fence §26° ir
g (/IA+/18)/1A

me]n,m,] and 5< 8% if me}mo,%}:’»)
B

= (Aa=2)K*+(n2g -mA, )k+m-n
A, = m=K)n=K) is monotone
increasing in m and is zero for

= i:tji n—k? f‘i;;}j =m, where m, is increas-
ing in n and take the values m, =n if n=k<1/4, and

1-k
m, =k + ﬂB<m0 if n=-L_ Hence
A A

m, <m,,vn<1/2, and thus &*>3° if me]nm,[

and 6% >4" if me[ Z,L{. In summary 1) if

A

me{mo,%{ then 8" =6°>46>6";2)if
B

me[m,,m[ then &5 =5>6%>46" and 3) if
meln,m,[ then & =5>46">4°.
As a result of these developments: & =48° if

(n,m) €Y (A,,45.k) where

Y (Aars-K) ={(n,
and 5" =4 if
(n,m) e X (A, 4g.k) =

[ ed]

Proof of Proposition 2. We just have to show that the
low boundary of the subset Y (4,,45,K) that is
max {m,,m,,n} is an increasing function of k. We see
Ap— Ay 1-ni,

om, _ om _
that b =255, >0 and ak T+,

respective definition domains (see above).

Collusion Transfers. We have to give the sign of the
difference A" =46"-6"=6"-6° .

1) Assume that (n, m)e X (Ap,Ag.k) and 8" =45

(a) If —>m >m and L >n then
B A’A

m) e]k,oo[2|m > max {m,, ml,n}}

n<m<max{m0,ml}}

>0 in their

is decreasing in m and is equal to zero
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2

for m= T i% =m,. Moreover, we have m, <m,
since m, —m, =-k A ts 0. In that case,
Ap + Ag
5 > (8% ifm<)m, . (b) If %z m >m and
B

. A . L
r1>/11—A then A :%_%_TB is decreasing in m and

is equal to zero when m = n_ _ m,

i . We have there-

1-nig

<0. More-
1+ni, ore

since

fore m, <m, m, —m, =-k

over, if n=-L then m,=m, and if n=

1
—— th
i 2 en

m, =m, :/%' In that case, 5" >(<)8® if m<(>)m,.
B

One can define the area R, as a subset
R, © X (A4, 4g,k) such that

R (A 2g.K)

:{(n,m) E}k’ir

2) Assume that (n,m)eY (4,,45,k) and " =6°.
(@) If1/4g >m>m, and 1/2, >n then

k(1-mig)
 (m=k)m
1/2g >m=>=m and n>1/2, . We can define area R,
as a subset of X (A, 45,k)UY (A4, 45,k) such that

R, (Ans 25,K)

:{(n,m)e}k,t[2

(b) If m>max{%,n} then 5% =6% and A" =0.
B

n<m3max{m3,m4}}'

A" = <0 inthatcase 3" <% . Idem if

max{m3,m4} <m SL}
ﬂ’B
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This allows to define the area R, , subset of

Y (ApsAg,k) so that
m > max 1 nee.
A’

R, (AA,AB,k)z{(n,m)

Study of A(m,k) inlocus R,.We denote in the text
AMk)=8"=3" =-A". If (n,m)eR,(1,,45.k) and
if n<1/4, then, we shown above that:

e For my<m<m,, A(mK)=-A" isincreasing in m.

OA(m.K) __oA" _
However K K =0.
k(1-m4y)
1 CEA
- 1 _fEmmAs ) -
e For m, _m</15 , A(m,k) m—lom is decrea
sing in M since
m(l-mA; )+ m—k
6A(m,k):_k ( 3)2 <0 . Moreover
om (m-k) m?
OA(m, k) _ l_m/1‘32 >0 and we show that
ok (m-k)
om,
K >0.

Proof of Proposition 3. According to the text, if
(n,m)eR,

SHHI*  2(1-n4, )k

<0
0 n—k
B 2(1-mAg )k
and CHHI =— ( B) <0
0Ag m—k
Moreover, if n< % then &° is an increasing func-
A
25° __k

tion of A, since > 0. On the other side,

0dy M-k
5 is a decreasing function of A, and A, since
0

26 _ 1 -
o, 2<O for h=AB.
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