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ABSTRACT

In this paper, we consider the giving up smoking model. First, we present the giving up smoking model in fractional
order. Then the homotopy analysis method (HAM) is employed to compute an approximate and analytical solution of
the model in fractional order. The obtained results are compared with those obtained by forth order Runge-Kutta
method and nonstandard numerical method in the integer case. Finally, we present some numerical results.
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1. Introduction

The common Calculus has been studied well and its ap-
plications can be encountered in several areas of science
and engineering. Relating to fractional Calculus, it is not
familiar to several researchers. Indeed, fractional Calcu-
lus is a three centuries old mathematical tools. But the
searching of the theory of differential Equations of frac-
tional order has just been began quite recently [1-3]. An
expanding of fractional notions in Biomathematics has
also been improved. Fairly, no field of standard analysis
has been left unconcerned by fractional Calculus. Smok-
ing is one of the most important health problems in the
world and it infentend different organ of human body
which cover many death in all over the world. Smoking
is dangerous to people health even only for a short term
period. The effects of short smoking are bad breath,
stained teeth, smell of smoke in the fingers and hair.
Other effects on a temporary basis are also coughing,
rapid heart rate, high blood pressure and sore throat. The
long term effects of smoking are considered more threa-
tening and these are lung cancer, throat cancer, mouth
cancer and gum disease, heart disease, stomach ulcers,
emphysema and other smoke related conditions. In fact,
because of the nature of the long term effects, millions of

people around the world have already died from smoking.

All of these matters can be stopped if they are treated.
Another way is merely to abdicate cigarettes. The aim of
this paper is to enhance two numerical schemes for solv-
ing a mathematical model describing a giving up smok-
ing model and shows the dynamical interaction.

There has been some efforts made in the mathematical
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modeling of giving up smoking since the 2000s. In [4],
Zaman proposed a modified model that describes giving
up smoking model. In his paper he studied the qualitative
behavier of smoking and represented numerical simula-
tion by using numerical methods. The homotopy analysis
method (HAM) is proposed first by Liao [5,6] for solving
linear and nonlinear differential and integral equations.
Different from perturbation techniques; the (HAM) doesn’t
depend upon any small or large parameter. This method
has been successfully applied to solve many types of
nonlinear [5-10] differential equations. In this paper,
(HAM) is applied to solve nonlinear fractional initial-
value problem of the non-fatal epidemic model to obtain
symbolic approximate solutions for linear and nonlinear
differential Equations of fractional order. (HAM) is dif-
ferent from all analytical methods; it provides us with a
simple way to adjust and control the convergence region
of the series solution by introducing the auxiliary para-
meter h and the auxiliary function. In fact, it is the
auxiliary parameter h that provides us, for the first time, a
simple way to ensure the convergence of the series solu-
tion. Due to this reason, it seems reasonable to rename h
the convergence-control parameter. It should be empha-
sized that, without the use of the convergence-parameter,
one had to assume that the homotopy series is convergent.
However, with the use of the convergence-parameter h,
such an assumption is unnecessary; because it seems that
one can always choose a proper value of h to obtain
convergent homotopy-series solution. So, the use of the
convergence-parameter h in the zeroth-order deformation
equation greatly modifies the early homotopy analysis
method. Since then, the homotopy analysis method has
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been developing greatly and more generalized zeroth-
order deformation Equations are suggested by Liao [5,6].
The adomain decomposition method (ADM), the homo-
topy perturbation method (HPM), the variational iteration
method (VIM) some other numerical methods have been
used to provide analytical approximation to linear and
nonlinear problems. In this paper we apply the HAM to
compute the approximate solution of the proposed model.

This paper is organised as: In Section 2, we present
formulation of the model with some basic definitions and
notations related to this work. In Section 3, the homotopy
analysis method (HAM) is applied to the model. In Sec-
tion 4, the numerical simulations are presented graphically.
In Section 5, we give conclusion. Finally, we give ac-
knowledgment.

2. Preliminaries and Formulation of Model

In this section we present some basic definitions which
are necessary for the subsequent sections. A function
f(x)(x>0) is said to be in the space C,(aeR)if it
can be written as f(x)=xPf(x) for some p>«a
where f,(x) is continuous in [O,oo), and it is said to

be in the space C™ if f™eC,,meN.

The Riemann-Liouville integral operator of order
a >0 with a>0 isdefined as

O
(35F)(x)=f(x), 0]

We only need here the following:

f(t)dt, x>a,

D oy X

For feC,,0,>0,a20,ceR and y>-1 we
have
(32928 )(x)=(3L32F)(x) = (37 F)(x),
J“xy:ﬁB_ (a,7+1). (i)
o T(e) T

where B_(a,y+1) is the incomplete beta function
which is defined as

Br(a,y+1):jt“‘1 (1-t) dt, (iii)

- [c(x—a)]k

Jiet = (x-a)’ ol (a+k+1)

(vi)

The Riemann-Liouville derivative has certain disad-
vantages when trying to model real-world phenomena
with fractional differential equations.

The Caputo fractional derivative of f(x) of order
a>0 with a>0 isdefined as
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m

(D F) ()= (31 ™)(x)
) )

X (m)
- L _[ f a(fl)—mdt’
r(m-a) 2 (x—1)
for m-l<a<mmeN,x>a, f(x)eC.
The Caputo fractional derivative was investigated by
many authors, for m-1<a<m, f(x)eC; and
a >-1, we have

(35Df £)(x)=3"D"f(x)
x-a)" (iv)

=1 0= 1) @

k=0

The definition of fractional derivative involves an in-
tegration which is non-local operator (as it is defined on
an interval) so fractional derivative is a non-local opera-
tor. In other word, calculating time-fractional derivative
of a function f(t) atsome t=t, time requires all the
previous history, i.e.all f(t) from t=0 to t=t .

Now we introduce fractional order into the giving up
smoking model presented by Zaman by replacing the
first time derivative term by a fractional derivative of
order «,, @,, a;, a;, ;>0 . The new system is de-
scribed by the following system of fractional order dif-
ferential equations:

DR (1) =bN (1) 4,(1)L()P(1) o
=(d;+ ) P(t)+7Q(1),

THY=ALOPOAOLSY
( +u)L(t),

DS (t)=B,L(t)S(t)—(y+d;+u)S(t), 3)

DQ(t)=yS(t)—(r+d, +1)Q(t), 4)

By adding (1)-(4), we have
DN (t)=(b—x)N(t)
—(d,P(t)+d,L(t)+d;S (t)+d,Q(t)).
where N (t)=P(t)+L(t)+S(t)+Q(t).
Under the initial conditions:
P(0)=c,, L(0)=c,, S(0)=c;,
Q(0)=c,, N(0)=cs,
where P(t), L(t),S(t),Q(t) and N(t) denote the
numbers of potential smokers, occasional smokers, smok-
ers, quit smokers and total smokers at time t, respectively.
Here b is the birth rate, 4 is the natural death rate, » is
the recover rate from smoking, g, and g, are trans-

mission coefficients, d,, d,, d, and d, represent the
death rate of potential smoker, occasional smoker, smoker
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and quit smokers, respectively. Additionally, z repre-
sents the rate at which the quit smoker in the population
becomes potential smoker again.

For o, =a,=a,=0a,=a,=a where 0<a<1 this
system is reduced to the model presented by Shaher et al.
[11] as

DIP(t)=bN(t)- A (t)L()P(t)
—(d,+u)P(t)+7Q(t),
() (H)-A LS
( +u)L(t),
(S (t)=AL(1)S(8)=(r+dy +p)(1),
DfQ(t):yS( )—(z+d, +1)Q(t),
DIN (t)=(b—u)N(t)
—(d,P(t)+d,L(t)+d,S(t)+d,Q(t)),
where Dy is fractional derivative in the Caputo sense
and o is a parameter describing the order of the frac-

tional time-derivative with 0 <« <1, subject to the same
initial conditions

P(0)=c;, L(0)=c,, S(0)=c¢5, Q(0)=c4, N(0)=cs.

3. Homotopy Analysis Method (HAM)

We apply the homotopy analysis method to find an ap-
proximate solution of Equations (1)-(5), which gives an
accurate solution over a longer time frame as compared
to the standard homotopy analysis method (HAM). For
this purpose, we consider the following system of frac-
tional differential Equations (FDE)

DIL(t)=A

D7 (u;(t))=F (t,u,+-,u,), t>0,0< g <1, (6)
subject to the initial condition
u(0)=c¢,i=12--m )
where F(t),i=12,---,m, are known analytical func-
tions.

Now the zeroth-order deformation equation of (6) is
given by

(1=p)L{wi(t:p)-uo(1)]

= piH, ()N, [w; ()],
i=12,---,m

®)

Here pe[0,1] is an embedding parameter, L are
auxiliary linear operators satisfying L, (0)=0, #,#0
is an auxiliary parameter, Hi(t);to is an auxiliary
function, u,,(t) is initial guess satisfy the initial con-
dition (7) and w,(t; p) are unknown functions. Obvi-
ously, when p=0, we have

wi(t,0)=up(t),i=12,---,m 9
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when p=1, we have
Vi (t’l):uio(t)'i =12,-m

Expanding y;(t;p),i=12,---,m, j=12,---,n in
Taylor’s series with respect to p, we get

(10)

l//i (t’ p)=Ui0 (t)+nz=lum (t) pn7 (11)
i=12,---,m
where
_13(tp)
uin (t)_ n! apn (12)

p=0

If the initial guesses u,(t), the auxiliary linear op-
erator L and the nonzero auxiliary parameter 7; may
properly choose so that the power series (11) converges
at p=1,onehas

U (t)=u, (t)+ nﬂuin (t). (13)
Define the vector
u; (t):{uio (1)t (£) U (t)}’ (14)

=12, j.

Differentiating the zero-order deformation equation (8)
n times with respect to p, then setting p=0 and divid-
ing them by n! and using (12), we have the so-called
high-order deformation equations

L [uin (t)- 7 Ui(na) (t)}

(15)
= 1R (w04 (1)) =22,
Subject to the initial conditions
U, (0)=0,i=12,---,m (16)
where
1 an_lNi I:'//i (t: p):“
9{in ( ui(ﬂfl) (t)) = (n _1)| apnfl ' (17)
p=0
i=12,--,m, j=1,2,---,n,
and
0, n<1
= 18
Zn {1’ N >1} (18)

Called the nth-order deformation equation.

Select the auxiliary linear operator L, =D/, then the
nth-order deformation Equation (15) can be written in the
form

Jap® |:uin (t) = 2oy (t)]
=1,3% | H (R, (1 (1) |

(19)
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As fractional optimal differential equation has at least
one solution, so for convergent homotopy series solution
we can construct a kind of zeroth-order deformation
equation as

Un (1) = Zolhoy (1)

5,3 [Hi (6) % (0 (t))} (20)
And

U (t) = Uy (1) +uy (1) + Uy (1) (21)

In view of the homotopy analysis method presented
above, if we select the auxiliary functions H,=H, =
H;=H,=Hg=1, we can construct the homotopy for
presented model in fractional order as

n-1
ER1n ( I:zn—l) (t)) =D Pn—l —bN + ﬁlz(; Pl Ln-l—i
—(d;+4)

n-1
Ran (L(”*l) (t)) =D"L, - ﬁ1§ Bl i

Pn—l + TQn—l'

n-1
+ /322 LS, i +(d1 + ,“) Lo
i-0

n-1
iRan (S(n—l) (t)) = Da3sn—l - ﬁZZ(; I-iSnflfi
+(y+dy+u)S,,
ER4n (Q(n—l) (t)) = D%Qn—l _7Sn—1
+(y+d,+1)Q. .

Re, (N(n-l) (t)) =D*N,, —(b—y) N
+d1Nn—l + d2 Ln—l + dSSn—l + d4Qn—l

Consequently we have

Py = ZPs + 13 | i (B (1) ]
Ly = Zoboa #1123 [ B, (L (1) ]
S, =4S, +h,)% [% (Sy (1)
Q, = 7,Qu +11,3% [mm(g t))}
Ny = 2Ny +55% | 9, (N (

4. Numerical Method and Simulation

The system of Equations (1)-(5) with initial conditions
were solved analytically by using homotopy analysis
method and numerically using the classical Runge Kutta
method in the case of integer derivative. For numerical
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results of the system of Equations (1)-(5) we use the fol-
lowing values of parameters,

b =0.0045, g, =0.014, 5, =0.014,
y =0.0165, 1£=0.0021,7 =0, d, =0.034,
d, =0.045, d; =0.054, d, =0.061
and initial conditions
¢, =153, ¢, =55,¢; =79, ¢, =68, c; =355.

Figures 1-5 show the approximate solutions obtained
using the HAM and the classical Runge-Kutta method of
P(t), L(t),S(t),Q(t) and N(t) for a=1.From the
graphical result of these figures, it can be seen that the
results obtained using the HAM match the results of the
classical Runge-Kutta method very well. Figures 6-10
show the approximate solutions for P(t), L(t),S(t),
Q(t) and N(t) obtained for different values of o us-
ing the homotopy analysis method. From the numerical

160 The population of potential smoker

~ NSFD
150 - ——RK4
“ . HPM
140 d

130 . J
120+ . 1

Potential smoker
=
v
>
1

60, 0.2 0.4 0.6 0.8 1

Time(day)

Figure 1. The plot shows the potential smokers individual.
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Figure 2. The plot shows the occasional smokers individual.
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Figure 3. The plot shows the smokers individual.
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Figure 4. The plot shows the quit smokers individual.
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Figure 6. P(¢) versus ¢ (solid line) a = 1.0, (dashed line) &
0.95, (dot-dashed line) @ = 0.85.
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Figure 7. L(¢) versus ¢ (solid line) a = 1.0, (dashed line) a =
0.95, (dot-dashed line) a = 0.85.
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Figure 5. The plot shows the total population.
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Figure 8. S(#) versus ¢: (solid line) a = 1.0, (dashed line) a =

0.95, (dot-dashed line) & = 0.85.

results in these figures, it is clear that the approximate
solutions depend continuously on the time-fractional de-

rivative o .

AM



A.ZEB ET AL 919

70
60F NI
50 h \\\\-\
N \\
540 - \ -
4 N ~ ~
e} N =~
g 30 o ~. ~—
‘g ~ N S~ ~
<20 S DTN
10 - T
0 1 1 1 1 1 o
0 5 10 15 20 25 30
Time(day)

Figure 9. Q(¢) versus ¢: (solid line) @ = 1.0, (dashed line) a =
0.95, (dot-dashed line) & = 0.85.
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Figure 10. V(#) versus ¢: (solid line) & = 1.0, (dashed line) a =
0.95, (dot-dashed line) & = 0.85.

5. Conclusion

In this paper, we considered the giving up smoking mo-
del in fractional order. The homotopy analysis method
(HAM) employed to compute an approximate and analy-
tical solution of the model in fractional order. The ob-
tained results are compaired with those obtained by forth
order Runge-Kutta method and nonstandard numerical
method in the integer case. Finally, we shown some nu-
merical results.
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