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ABSTRACT 

In this paper, by using the sine-cosine method, the extended tanh-method, and the rational hyperbolic functions method, 
we study a class of nonlinear equations which derived from a fourth order analogue of generalized Camassa-Holm 
equation. It is shown that this class gives compactons, solitary wave solutions, solitons, and periodic wave solutions. 
The change of the physical structure of the solutions is caused by variation of the exponents and the coefficients of the 
derivatives. 
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1. Introduction 

Recently, S. Tang [1] studied the nonlinear dispersive 
variants the CH(n,n,m) of the generalized Camassa-Holm 
equation in (1 + 1), (2 + 1) and (3 + 1) dimensions re-
spectively by using sine-cosine method, it is shown that 
this class gives compactons, conventional solitons, soli-
tary patterns and periodic solutions. 

It is the objective of this work to further complement 
our studies in [1] on the CH(n,n,m) equation. Our first 
interest in the present work being in implementing the 
tanh method [2,3] to stress its power in handling nonlin-
ear equations so that one can apply it to models of vari-
ous types of nonlinearity. The next interest is the deter-
mination of exact travelling wave solutions with distinct 
physical structures to the CH(n,2n – 1,2n,–n) given by 
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in (3 + 1) dimensions. Our approach depends mainly on 
the sine-cosine method [4], the tanh method [2,3], and 
the rational hyperbolic functions method [5] that have the 
advantage of reducing the nonlinear problem to a system 
of algebraic equations that can be solved by using Maple 
or Mathematica. As stated before, our approach depends 
mainly on the sine-cosine method, the extended tanh 

method, and the rational hyperbolic functions method. In 
what follows, we highlight the main steps of the pro-
posed methods. 

2. Analysis of the Methods 

For the three methods, we first use the wave variable 
x ct  to carry a PDE in two independent variables  

 , , , , , 0,t x xx xxxP u u u u u          (2.1) 

into an ODE 

 , , , 0 ,Q u u u   

   

             (2.2) 

Equation (2.2) is then integrated as long as all terms 
contain derivatives where integration constants are con-
sidered zeros. 

2.1. The Sine-Cosine Method 

The sine-cosine algorithm admits the use of the ansätz 
π

, cos , ,
2

u x t   


 

   

         (2.3) 

or the ansätz 
π

, sin , ,u x t   


 

, ,

         (2.4) 

where    are parameters that will be determined. 

2.2. The Tanh Method 

The standard tanh method introduced in [2,3] where the 
tanh is used as a new variable, since all derivatives of a *Corresponding author. 
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tanh are represented by a tanh itself. We use a new inde-
pendent variable 

 tanh ,Y                (2.5) 

that leads to the change of derivatives: 
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We then apply the following finite expansion: 
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and 

   u S Y        (2.8) 

where M is a positive integer that will be determined to 
derive a closed form analytic solution. 

2.3. The Rational Sinh Functions Method 

It is appropriate to introduce rational hyperbolic func-
tions methods where we set 
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where A  and  are parameters that will be deter-
mined, and 
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The rational hyperbolic functions methods can be ap-
plied directly in a straightforward manner. We then col-
lect the coefficients of the resulting hyperbolic functions 
and setting it equal to zero, and solving the resulting 
equations to determine A , , B   and . This as-
sumption will be used for the determination of solitons 
structures the CH(n, 2n – 1, 2n, –n) equations. 

c

+ +

3. Using the Sine-Cosine Method 

For the CH(n, 2n – 1, 2n, –n) equation given by (1.1), 
using the wave variable x y z ct  

 1 2 2 ,n n
j u u 

 carries (1.1) 
into the ODE, respectively 
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Integrating (3.1) twice, respectively, using the con-

stants of integration to be zero we find 

      (3.3) 

Substituting (2.3) into (3.3) gives 
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Equation (3.4) is satisfied only if the following system 
of algebraic equations holds: 

         (3.5) 

  

Solving the system (3.5) gives 
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The results (3.6) can be easily obtained if we also use 
the sine method (2.4). Combining (3.6) with (2.3) and 
(2.4), the following compactons solutions 
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and 
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are readily obtained, where 
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However, for j j j  we obtain the 
following solitary wave solutions 
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and 
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4. Using the Extended Tanh Method 

Using the assumptions of the tanh method (2.5)-(2.7) 
gives 
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To determine the parameter M we usually balance the 
linear terms of highest order in the resulting Equation 
(4.1) with the highest order nonlinear terms. This in turn 
gives 

M M n          (4.2) 

so that 
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To get a closed form analytic solution, the parameter 
M  should be an integer. A transformation formula 
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should be used to achieve our goal. This in turn trans-
forms (3.6) to 
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Balancing  and  gives M 
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. The extended 
tanh method allows us to use the substitution 

    0 1 2v x t S Y A AY A Y     (4.6) 

Substituting (4.6) into (4.5), collecting the coefficients 
of each power of  and using Mapple to solve the re-

sulting system of algebraic equations we obtain the fol-
lowing three sets: 
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Noting that 
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we obtain the solitary wave solutions 
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where 1    ,  
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0, 0j jb d  
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or 

, 

we obtain the periodic solutions 
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5. Using the Rational Sinh and Cosh 
Functions Methods 

We now substitute the rational cosh 
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into (4.5), where 
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Collecting the coefficients of the like hyperbolic func-
tions, and proceeding as before we find 

  4
,

7 1ja
n

 


 
 

2 1 , 1,a n B c        

 

 

2 1

6
1 .

7j j

n
k n

d b n



 

 

  

1
,

7 1 4
j

j j

b n

a n



 

 

   

 
 

         (5.3) 

The results (5.2) can be easily obtained if we also use 
the rational sinh method. This gives the solitons solutions 
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and the complex solution 
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6. Conclusion 

The basic goal of this work has been to extend our work 
on the CH(n,n,m) equation in [1]. The sine-cosine 
method, the tanh method, and the rational hyperbolic 
functions method were used to investigate variants of 
the CH(n,2n – 1,2n,–n) equations. The study revealed 
compactons solutions, solitary wave solutions, solitons, 
and periodic wave solutions for all examined variants. 
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