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ABSTRACT

Let G=(V,E) be a graph and A(G) is the collection of al minimal equitable dominating set of G. The middle
equitable dominating graph of G is the graph denoted by Mgy(G) with vertex set the disjoint union of V U A(G) and
(u, v) is an edge if and only if unv=¢ whenever u,ve A(G) or uev whenever uev and ve A(G). In this

paper, characterizations are given for graphs whose middle equitable dominating graph is connected and
K, € M (G) . Other properties of middle equitable dominating graphs are al'so obtained.
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1. Introduction

All the graphs considered here are finite and undirected
with no loops and multiple edges. Asusual p=|Jv| and
g=|E| denote the number of vertices and edges of a
graph G, respectively. In general, we use (X) to
denote the subgraph induced by the set of vertices X

and N(v) and NJ[y] denote the open and closed
neighbourhoods of a vertex v, respectively. A set D of
vertices in agraph G is a dominating set if every vertex
in V-D is adjacent to some vertex in D. The do-
mination number y(G) isthe minimum cardinality of a
dominating set of G . For terminology and notations not
specifically defined here we refer reader to [1]. For more
details about parameters of domination number, we refer
to[2], and [3].

A subset D of V(G) is caled an equitable domina-
ting set of a graph G if for every ue(V -D), there
existsavertex ve D suchthat uve E(G) and
|deg(u) —deg(v)| <1. The minimum cardinality of such a
dominating set is denoted by »,(G) and is caled
equitable domination number of G. D is minimal if
for any vertex ue D, D—{u} is not a equitable do-
minating set of G. A subset S of V iscaled aequi-
table independent set, if for any ue S, ve N.(u), for
al veS—{u}.Ifavertex ueV besuch that
|deg(u) —deg(v)|>2 for al veN(u) then u is in
each equitable dominating set. Such vertices are called
equitable isolates. The equitable neighbourhood of u
denoted by N,(u) isdefined as
N (u) ={veV /ve N(u),|deg(u) - deg(v)| <1} and
uel, & N,(u)=9. The cardinaity of N,(u) is
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denoted by deg, (u) . The maximum and minimum equi-
table degree of a point in G are denoted respectively by
A,(G) and 5,(G). Thatis A,(G)=maxa,. g |N.(U)|,
5,(G) =min, ., |N.(U)|. An edge e=uv caled equi-
table edge if |deg(u)—deg(v)|<1} , for more details
about equitable domination number see [4]. Let S bea
finitesetandlet F={S,S,,---,S,} beapartitionof S.
Then the intersection graph Q(F) of F is the graph
whose vertices are the subsets in F and in which two
vertices § and S; areadjacentif and only if

§nS; #¢, i#j.Kulliand Janakiram introduced new
classes of intersection graphs in the field of domination
theory see[5-8].

The purpose of this paper isto introduce a new class of
intersection graphs in the field of domination theory as
follows:

Let G=(V,E) be agraph and S be the collection
of minimal equitable dominating set of G. The middle
equitable dominating graph of G is the graph denoted
by M (G) with vertex set the disoint union
V(G)uUS and uv isan edgeif and only if unv=¢
whenever u,veS or uev whenever ueV(G) and
veS.

Example. Let G be agraph asin Figure 1(a), then the
equitable dominating sets are {1,4,5},{2,4,5},{3,4,5}
and the The middle equitable dominating graph shown in
Figure 1(b).

2. Main Results

Theorem 2.1. Agraph G with p>3 verticesiswith-
out equitable edge (equitable edge-free graph) if and only

OJDM



94 A. ALWARDI

@ (b)
Figure 1. Example.

if Mu(G)=K, ;-

Proof. Suppose tha M (G)=K,,, and if its
possible that G has equitable edge uv. Then G has
at least two minimal equitable dominating set (p>3), a
contradiction.

Conversely, assume that G is equitable edge-free
graph with p vertices. Then clear al the vertices are
equitable isolated vertices, that is there is only one
minimal equitable dominating set contains all the vertices
and according the definition of M, (G), we get
M (G) =K, ;.

Corallary 2.2.1f My (G)=K,, ifandonlyif
G=K,.

Corollary 2.3. If M4(G)=K
then 7. (M4 (G))=p+1.

Corollary 2.4. Let G be complete multi bipartite graph

Kom..n » Where |n—n >2, where i,j=1,2,---t, then

My (G) = Ky, Y n .

Proposition 2.5. M4 (G) = pK, if and only if
G=K,.

Proof. Suppose that G=K,. Then clearly each
vertex in G will form a minimal equitable dominating
set. Hence M, (G) = pK, .

Conversely, suppose M (G)=pK, and G=K, .
Then there exists at least one minimal equitable domi-
nating set S containing two vertices of G. Then S
will form p, in M4(G).

Proposition 2.6. If G=K, then
7(Med(G)):7e(Med(G)): p.

Proof. The proof coming directly from Proposition
25.

Theorem 2.7. Let G be a graph with p vertices and
q edges. M, (G) isagraph with 2P vertices and p
edgesifandonly if G=K.

Proof. If G=K,, then that isclear the M (G) isa
graph with 2P vertices and p edges.

Conversely, let M (G) be (2p,p) -graph. Since
only the graph pK, is of 2p vertices and p edges, then
by Proposition 2.5 G=K,.

Theorem 2.8. Let G be a graph with p vertices and

where |r—-m/>2,

r,m?
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g edges. M (G) isa graph with P+1 vertices and
p edgesifandonlyif G isequitable edge-freegraph.

Proof. Let G be equitable edge-free graph. Then by
Theorem 2.1 M (G) is a graph with P+1 vertices
and p edges.

Conversdly, let M_(G) be a greph with P+1
vertices and p edges that means M, (G) = K and
by Theorem 2.1 G isequitable edge-free graph.

Theorem 2.9. [1] Let G be a graph, if D is maximal
equitable independent set of G, then D also minimal
equitable set.

Theorem 2.10. For any graph G with at least two
vertices M, (G) isconnected if and only if
A (G) < p-1.

Proof. Let A, (G)<p-1 and u,v be any two
vertices if there is minimal equitable dominating set D
containing u and v, the u,v are connected by the path
ubDv, and if there is no minimal equitable dominating
containing both u and v. Then there existsavertex w in
V(G) suchthat w isneither adjacent to u nor v. Let D
and D, be two maxima equitable independent set con-
taining u, w and v, w respectively since every maximal
equitable independent set is minimal equitable dominat-
ing set by Theorem 2.9, u and v are connected by the
path uDD'v. Thus M (G) isconnected. Hence
My (G) isconnected.

Conversely, suppose M, (G) is connected. let
A,(G)=p-1 and let u be a vertex such that d,(u) =
p-1. Then {u} is minima equitable dominating set
and G has at least two vertices, it isclear that G has
no equitable isolated vertices, then V —D containing
minimal equitable dominating set say D'. Since
DND'=¢ in M4(G) thereis no path joining U to
any vertex of V —D, this implies that M (G) is dis-
connected, a contradiction. Hence A, (G) < p-1.

Corollary 2.11. Let G=(V,E) beagraphand u,v
any two vertices in V(G). Then d(u,v)Med(G) <3,

Lp’

where d(u,v)y_, ) Is the distance between the vertex

u and v inthegraph M (G).

Theorem 2.12. For any graph G, K, c M4 (G) if
and only if G contains one equitable isolated vertex,
where t isthe number of minimal equitable dominating
setin G.

Proof. If G has equitable isolated vertex then the
subgraph of M, (G) which induced by the set of all
minimal equitable dominating sets of G is complete
graph K,.Hence K, c M4(G).

Conversely, Suppose K, = M (G), then it is clear
that the vertices of K, are the minimal equitable do-
minating sets of G. Therefor there exists at least one
equitable isolated vertex in G.

Theorem 2.13. For any graph G, M (G) iseither
connected or it has at least one component whichis K, .
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Proof. If A (G) < p-1, then by Theorem 2.10 M,
is connected, and By Proposition 2.5, if G is complete
My = pK, which is connected. Hence we must prove
thecase 6,(G) <A.(G)=p-1.

Let {u---u,} be the set of verticesin G such that
d.(u)=p-1, where i=1,--t, then it is clear {u}
is minimal equitable dominating set. Then each vertex
4 with the minimal equitable dominating set {u}
i=1,---s form component isomorphic to K, . Hence it
has at |east one component whichis K, .

Theorem 2.14. For any graph G withA_(G) < p-1,
diam(M4(G))<5.

Proof. Let G beany graphand A, (G) < p-1. Then
by Theorem 2.10, M4 (G) is connected, suppose u,v
be any two vertices in M (G), then we have the
following cases:

Casel: Let u,v beany two verticesin V(G). Then
by corollary 2.11, d(u,V)y_, ) <3.

Case 2: Suppose ueV(G) and v=D be a mini-
mal equitable dominating set in G, If ueD then

d(u,v)=1 and if ug D then there exists a vertex
we D adjacentto u.Hence

d(U,V)Med(G) = d(uiW)Med(G) + d(er)Med(G)

corollary 2.11 we have d(u,w)y_, ) <3.Hence

and from

d(U.V)y @) <4

Case 3: Suppose that bothuand v arenotin V(G),
andu=D, v=D' aretwo minimal equitable dominat-
ingsetsif Dand D’ areadjacent, then d(u,v)y ) =1,

suppose that D and D' are not adjacent then every
vertex we D is adjacent to some vertex xe D' and
vice versa. Hence

d(u,v) =d(u,w)+d(w,x)+d(x,v) <5 Hence
diam(M4(G))<5.

Theorem 2.15. Let G beagraph. Then .
d,(My(G))=2 if and only if G=K_, or G=K,,
where d, (M ed(G)) is the equitable domatic number of
thegraph M (G). o

Proof. If G=K, or G=K,, then M (G)=pK,
or G = Ky, by Proposition 2.5. Hence d, (M (G))=2.
The converseis obvious.

Theorem 2.16. For any graph G with at least one
equitableisolated vertex,
ﬂe(Med (G)) :/B(Med(G)) =p.

Proof. Let G be a graph of p vertices, and has at
least one equitable isolated vertex w. Then from the
definition of M4 (G) if u and v any verticesin G
then u and v can not be adjacent in M4 (G), that is
there is equitable independent set containing w and of
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size p, and this equitable independent will be the maxi-
mum equitable independent because w is adjacent for
all the equitable independent sets. Therefore
B.(G)=p(G)=p.

Corollary 2.17. For any graph G with at least one
equitableisolated vertex,

(Mg (G))=a(My(G)) =g, where |g is the num-
ber of minimal equitable dominating setin G

Proof. We have for any graph G with p vertices
a2, (G)+ B, (G) =a(G)+ S(G) = p, and from [1]. The-
orem 3.8.4 corollary is proved.

Theorem 2.18. For any graph G,

d.(G) :,Be(Med(G)) , if and only if G is complete
graph.

Proof. Let G be complete graph K. Then from
Theorem2.16 B.(M4(G)) = p, and we have
de(G) =p. Hence de(G) = ﬂe(Med (G)) .

Conversely, suppose d,(G)=/A,(M(G)) .
Theorem2.16 B.(My4(G))=p impliesthat
d.(G)=p.Hence G=K,.
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