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ABSTRACT

In this paper, a new method of construction of robust second order slope rotatable designs (RSOSRD) using pairwise
balanced designs (PBD) is suggested and also obtained the variance of the estimated derivatives for the factors 6 < v <
15. It is shown that the new method sometimes leads to designs with less number of design points compared to designs
constructed with the help of balanced incomplete block designs (BIBD).
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1. Introduction

In response surface methodology, rotatability is a natural
and highly desirable property. This was introduced and
developed by Box and Hunter [1] assuming the errors to
be uncorrelated and homoscedastic. Das and Narasim-
ham [2] constructed second order rotatable designs (SORD)
through balanced incomplete block designs (BIBD). Tyagi
[3] constructed SORD using pairwise balanced designs
(PBD). Panda and Das [4] studied first order rotatable
designs with correlated errors. In order to study the na-
ture of robust rotatable designs, rotatability conditions
for second order regression designs have been derived,
assuming the errors to be correlated. These conditions
have been further studied under different variance co-
variance structures of errors. Das [5,6] introduced robust
second order rotatable designs (RSORD). Rajyalakshmi
and Victorbabu [7] constructed robust rotatable central
composite designs (RRCCD) for factors 2 < v < 17. Vic-
torbabu and Rajyalakshmi [8] constructed a new method
of construction of robust second order rotatable designs
using BIBD. Victorbabu and Rajyalakshmi [9] studied a
new method of construction of robust second order ro-
tatable designs using PBD.

In response surface methodology, good estimators of
the derivatives of the response function may be as im-
portant or perhaps more important than estimation of
mean response.

Estimation of differences in responses at two different
points in the factor space will often be of great impor-
tance. If a difference in responses at two points close
together is of interest then estimation of local slope (rate
of change) of the response is required. Estimation of
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slopes occurs frequently in practical situations. For in-
stance, there are cases in which we want to estimate rate
of reaction in chemical experiment, rate of change in the
yield of a crop to various fertilizer doses, rate of disinte-
gration of radioactive material in animal etc. [9].

Murty and Studden [10] suggested optimal designs for
estimating the slope of a polynomial regression. Hader
and Park [11] introduced slope rotatable central compos-
ite designs assuming errors are uncorrelated and homo-
scedastic. Park [9] studied a class of multifactor designs
for estimating the slope of response surfaces. Victorbabu
and Narasimham [12] constructed second order slope
rotatable designs (SOSRD) using BIBD assuming errors
are uncorrelated and homoscedastic. Victorbabu and Na-
rasimham [13] constructed SOSRD using PBD. Several
authors have studied slope rotatable designs assuming
errors to be uncorrelated and homoscedastic. However it
is not uncommon to come across some practical situa-
tions when the errors are correlated, violating the usual
assumptions. Specifically Das [14] introduced the con-
cept of slope rotatability with correlated errors, which
requires that the variance of the estimated derivative to
be constant, independent of correlation parameter in-
volved in the variance-covariance structure of errors.
They have studied slope rotatability conditions for a
second order design with correlated errors. Victorbabu
and Rajyalakshmi [15] studied robust slope rotatable
central composite designs (RSRCCD) for the factors 2 <
v < 8. Further, Victorbabu and Rajyalakshmi [16] studied
robust slope rotatable designs (RSOSRD) using BIBD
for the factors 3 <v <8.

In this paper, an attempt is made to construct RSO-
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SRD using PBD and also obtained the variance of the
estimated derivatives for factors 6 <v < 15.

2. Second Order Response Surface Designs
with Correlated Errors

Assuming that the response surface is of second order,
we adopt the model:

Y =5, +Zﬂlxm + Zﬂ”xm +> Z Bx,x;, +e, (2.1)
i<j=1
where x;, denotes the level of the i factor (i=12,-,v)
in the 4™ run (u = 1,2, -, N) of the experiment, e,’s are
correlated errors. Here /30, B, B, B; are the parameters
of the model and Y, is the observed response at the u™
design point.

Second Order Slope Rotatable Designs with
Correlated Errors

Following Hader and Park [11], Victorbabu and Nara-
simham [12], Das [14], the necessary and sufficient con-
ditions for slope rotatability in second order model with
correlated errors are as follows:
Conditions for Second Order Slope Rotatable Designs
with Correlated Errors.

The estimated response at x is given by

ﬂo +Zﬂ1xl +Zﬁ’lx, +> Z ﬂl]xlx] 2.2

i<j=1
For the second order model as in (2.2), we have
6y—ﬂ+2ﬂxx+Z:ﬁx 2.3)
Ox. i [/} .
i J=Lj#l

The variance of D is given by,
X

() -+1a)siv()osscn( )

v

+ sz.V(Bl.j)+ Z ZV: x‘/xscov(ﬁg/néis)

J=lj#i J=ls=1; j#s#i

+2 2 ijOV(ﬁAi,,éﬂ)

J=hj#

+4 i xl.x,COV(ﬁin/?f/)

J=hj#

vV D ="+ AV dx
ox,

1

+ Z x2 i 4 Z Zxxv””

J=lj#i J=ls=1 j#s#i
v P v YTy
+2 3 x4 Y xxpt
J=lj#i J=lj#i

24

Copyright © 2012 SciRes.

The variance of estimated first order derivative with
respect to each independent variable x; as in (2.4) to be a

function of d* =) 7, ifand only if,

i=1
1) v =0;1<i<v v’ =0;
1<i,j<v,i#j

2) VI =01<iz j£ <,
VT =01<i, j<v,i# |

3) v =constant;1<i<v,

4) V" =constant; 1 <i<v,

5) /¥ =constant1<i< j<v,and

6) it :%v[/'”;1£i<j£v. (2.5)

The following are the equivalent conditions of (1)
through (5) in (2.5) for slope rotatability in secondorre-
lated errors model (2.1).

D*ra) vy, =v; =0;1<j<v;

b) v, =05 1S4, j<v,i#];
©):i) v, =0;1<ij<v;
i) v, =0;1<i,j<I<v,
i) v, , =0;1<i,j<I<v, (j,1)#(i.i);
iv) v, ;=05 1<il<j,0<v,(i,j)=(Lt);

2)*: a) V,; = constant= a,, say; 1<j<v;

1
b) v,, =constant= —
e

i

,say; 1 <i<v;

2
¢) v,; =constant= 77[—+fj, say; 1 <i<v;
g

3)*:1a) v,

= oonstant =/, 1 <i#j<v;

b) v,, = constant= l; 1<i<j<w. (2.6)

Following (2.6), the necessary and sufficient condi-
tions for second order slope rotatability under the intra-
class structure after some simplifications turn out to be

4
Zx x2xBx™ =0; for any ¢; odd and Y o, <

i ipu iU igu
i=1

N
2)*: a) ZX; =constant, 1 <i<v;

u=1

N
b) > x =constant,1<i<v;

u=1

3)* Z X, Xy, = constant, 1 <4, j <v,i# j; 2.7

u=1

N
Using Y x; =NA,,1<i<v and me 2 =N,

u=l1 u=1
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1<i,j<v,i# j, the second order slope rotatable design
parameters under the intra-class structure are as follows:

1) q, - Ny

2 f_{1+(N—1)p}Nﬂ4—pN2/?22.
S (1-p)1+(N-1)p}
N4,
2 e o'(1-p)
1 Ni
4) —= A
" -0)
5) Vy N

2, _n{l+(N-1)p}3N2, - pN° %}
6) n(g fj— o (1=p) 1+ (N 1)) . (2.8

Note that if p = 0, the conditions (2.7) and (2.8) re-
duces to

N 4
1): D xix2xBx™ =0; for any o; odd and ) @, <
u=1

hu T iu T iU igu
i=1

4,
N
2):a) Y. x; =constant=NA,,1<i<v;

iu
u=l1

N
b) Y x; =constant=cNA,,1<i<v;

iu
u=l1

" ju

N
3) D xix) =constant=NA,, 1<i,j<v,i#j (2.9)
u=l1

where ¢ =35, and 4,, A,,# are constants.

The variances and covariances of the estimated pa-
rameters of the model (2.1) under the slope rotatability
are as follows:

77(2+f]+(v—1)f
DRAVAE £ A<i<v;
2) V(B

')

3) V(ﬂy)zg;lﬁi<j£v;

A

e;1<i<y;

5y ;7(£+fj{4voo—evoon(§+fj—gvoof(v—l)+gva§ +v00fg}+v00f{4(v—2)+(v—1)fg}

g
-a; {4(v—1)+vfg} =0.

Using (2.8), the condition (2.14) simplifies to
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1<i<y;
5) Cov( AO,,@”)=_T%,1<1<V,
. a; — v,
6) Cov(,.5,)= (°2 i) J1<iz j<v
o3 es )1}
(2.10)
where

T:{voo {n(§+f]+(v—l)f}—va§}

and other covariance’s are zero.

An inspection of the variance of /}0 shows that a
necessary condition for the existence of a non-singular
second order designis 7> 0 i.e.,

4)*: Loo{q[£+fj+(v—l)f}—va§}>0 (2.11)
g

Using (2.8), the expression

{voo{n[§+fJ+(v—l)f}—va§}

simplified to
N

[0 {1+ (N -1)p}]

~{n+(-D}pN>2; =wNA; |

Hence the non-singularity condition is
[{c+(v=1)} NA{1+(N-1) p}
—{n+(v-D} pN*2;} —vNﬂzz]>O

For any general second order slope rotatable designs
(c.f. Hader and Park [11]), we have

V(B)=1v(B,) ie, v =L
On simplification of (2.13), using (2.10), we get

X[ {e+ (=D} N {1+ (N -1)p}

2.12)

(2.13)

(2.14)
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(77{1+(N—1)p}3N/14—pN2/122]
(1-p)

{ n{1+(N-1)p}3NA,— pN*2; NA; (1-
4N — +v
A {1+(N -

A {1+ (N =1) p}

p) —(v—2)

lp}

{1+(N—1)p}N/14—pN2222}
A {1+(N=1) p} 015)

+[N{1+(N—1)p}N/14 _'DNZ;LZZj{4(v—z)+(v—1){H(N_l)p}Nl“ —pNzﬂf}

(1-p)

-N*A;) {4(v—1)+v

N {1+(N-1)p}

For p = 0, Equation (2.15) reduces to (see Victorbabu
and Narasimham [12])

A[v(5-c)=(c=3) ]+ A [v(c-5)+4]=0 (2.16)

On simplification of Equation (2.4) using Equation
(2.6) and (2.13), we get

6)7 2(g] N 2
V|—=|=e+4x | = |+ X
[8}@) "\ 4 ,dz;;;i &

2.17)
=e+g2‘xi2 =e+gd’

i=1

3. New Method of Construction of RSOSRD
Using Pairwise Balanced Designs

Let there be an equi-replicated PBD with parameters (v,

b, 7, ky, ko, =, ke, 4) and k = sup (ky, ky, -+, ky), 2% de-

note a fractional replicate of 2* in = levels, in which no

interaction with less than five factors is confounded.

[1-(v, b, 7, ki, ky, -, kp, A)] denote the design points gen-

erated from the transpose of incidence matrix of PBD.

[1-(v, b, r, k1, ka, *, ky, 2)] are the b2"®) design points

generated from PBD (c.f. Raghavarao [17], pp. 298-300)),
ngy denote the number of central points and (£a, 0, 0, -+, 0)
2! denote the design points generated from (+a, 0, 0, -+, 0)
point set.

Here we start with usual SOSRD using PBD having
“n” (where n = h2' ™ + 2v) non-central design points
involving v-factors. For this n-non-central design points
we add (n + 1) (n + ny = m say) central points in the fol-
lowing way.

One central point is placed in between each pair of
non-central design points in the sequence, resulting
thereby in (n — 1) such central points. The other two cen-
tral points are placed one at the beginning and one at the
end.

If the number of central points of the usual SOSRD
with which we started is greater than (» + 1), the remain-
ing central points are placed in any manner, if the num-
ber is less, we need to include the requisite number of
additional central points. Here we examine the non-sin-
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{1+(N—1)p}N/14—pNzﬂ,f}=0

N2 {1+(N-1)p}

gularity condition for the newly constructed design.

Let N (N = b2'™ +2v4n,) be the number of design
points of an SOSRD using PBD with which we started.
Out of N, let n be the number of non-central design
points and ny be the number of central points. i.e., N =n
+ ny. Let N; be the number of design points of the newly
constructed RSOSRD using PBD, where Ny =n +m > N.
For the SOSRD using PBD with which we started, the
following are the moment relations:

Theorem (3.1):

If (v, b, v, ki, ky, -, ky, A) 18 an equ1 -replicate PB de-
sign and k = sup (ky, kz, p) 2'®) denotes a resolution
V fractional replicate of of 2° in + levels and n, is the
number of central pomts then the des1gn points, [1-(v, b,
r ke, s ke D]x 29 U (@, 0, 0, +, 0) x2'0 Ugm)
give a v-dimensional RSOSRD in N, =52 +2v+m
(where m = n + ng) design points, where o’ is a posi-
tive real root (if it exists) of the biquadratic equation,

(8v—4N,)a* +8vr2™) + [2W2 21(k)
+{((12-2v) A-4r) N, +(16/1—20v/1+4vr)}2’(">]a4
+[ 4w +(16v=20v)r2 |2
+[(5v-9)2* +(6-v)ra—r* N, 2™
+(vr+424-5vA)r’ 2% — .

3.1)

If at least one positive real root of a” exists in (3.1)
then the design exists.

¢ can be obtained from

720 L oot

o (3.2)

Cc =

Proof: For the design points generated from the PBD,
simple symmetry conditions 1), 2), 2 of (2.7) are true.
Condition 1) of (2.7) is true obviously. Conditions 2) and
3)of (2. 7) are true as follows.

2)a) Z)c =2

) 4 2a* = constant =

N4,
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1<i<v;
M

b) > xi = 2™ 4 20* = constant = cN,4,,
u=1

1<i<v;

i ju

Ny
3) Y x2x? = 22" = constant = N, 4,,
u=1
1<i#j<v (3.3)

From 2) b) and 3) of (3.3), we get ¢ given in (3.2).
Substituting for 4,,4, and c in (2.16), and on simplifi-
cation we get the fourth degree equation in «” given in
(3.1

Corollary: If k; = k, = -+ = k, = k, then Theorem 3.1
reduces to the method of construction of RSOSRD using
BIBD.

The RSOSRD using pairwise balanced designs values
“a” and the variances of estimated slopes for the factors
6 <v <15 are given in Appendix.

Example: We illustrate the use of Theorem 3.1 by
constructing a RSOSRD for 6-factors with the help of the
PBdesign (v=6,b=7,r=3,k=3,k=2,1=1).

[1-(6,7,3,3,2, 1)] x2° U (a, 0, 0, -+, 0) x 2" U(m =
69) will give a RSOSRD in N, = 137 design points for
six factors. From (3.3), we have

Ny
2)a) Y x; =24+2a’ =N, 1<i<v;

u=l1

M
b) Y xi =24+2a" =cN\A,,1<i<v;
u=1

Ny
3) fousz.u =8=N A, 1<i#j<v; 3.4
u=l1
Substituting for A,,4, and c in (2.16), we get the fol-
lowing biquadratic equation.

5000 —1152a° + 64960 +6144a* —68352=0. (3.5)

(3.5) has only one positive real root o* = 2.7093.

It may be pointed out here that this RSOSRD using
PBD has only 137 design points for 6-factors, where as
the corresponding RSOSRD obtained using a BIB design

(v=6,b=10,r=5, k=3, A=2) needs 185 design points.

Thus the new method sometimes leads to RSO-SRD us-
ing PBD with lesser number of design points than the
RSOSRD obtained through BIB designs.

The Appendix gives the appropriate robust slope rota-
tability values of the parameter “oa” for designs using a
PBD, star points and for different number of central
points and also variances and covariances of the factors
for6 <v<15.
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The Variance of Estimated Derivatives Slopes) for the Factors 6 <v <15
v=6,b=T7,r=3,k=3,k=2,1=1

325

N, =137 A4 =0.0584 1,=0.2147 c=4.8351 n=16117 o= 1.6460 e

? v(4) v(B) v(5) v(4) colpB)  cov(B) [aj

0 0.01416° 0.03400” 0.12505° 0.0310 & —0.00530" -0.0013¢" 0.03400” + 0.12505°d"
0.1 0.11275° 0.03060” 0.11255” 0.02815” -0.00470 -0.00125" 0.0306 ¢* + 0.11255°d>
0.2 021135 0.02725” 0.10005” 0.02505” -0.00420” -0.00115” 0.02726% + 0.10005°d"
0.3 0.30995” 0.02384” 0.08755" 0.02195” -0.0037¢” -0.00095” 0.02380% + 0.08750°d"
0.4 0.40845" 0.02040” 0.07505” 0.01875" -0.00320” —0.00085” 0.0204¢% + 0.07500%d>
0.5 0.50705” 0.0170¢” 0.06255” 0.01565” —0.00265” -0.0007¢" 0.01700% + 0.06250%d>
0.6 0.60566" 0.01366” 0.05005” 0.01256° -0.0021¢ -0.0005¢" 0.01366” + 0.05005°d"
0.7 0.70425” 0.01025” 0.03755” 0.00945” —0.00165” —0.00045" 0.01026% + 0.03755°d"
0.8 0.80285” 0.00685” 0.02505” 0.00625” -0.0011¢” -0.00035" 0.00684” + 0.02505°d"
0.9 0.90146” 0.00345” 0.01255” 0.00315” —0.00055” -0.00015" 0.00346” + 0.01256°d"

v=8,b=15r=6k=4,k=3,k=2,1=2
N, =513 24 =0.0624 1,=0.2081 c=4.8044 7=1.6015 a=2.3180 o[,

g v(4) v(B) v(5) v(4) colpB)  cov(B) (a]

0 0.00375" 0.00945” 0.03126° 0.00785" -0.00100 —0.00045" 0.00940” + 0.03126°d"
0.1 0.10335” 0.00845” 0.02815" 0.00705” -0.0009¢ —0.00045" 0.00840” + 0.02815%d"
0.2 0.20295” 0.0075¢” 0.02505” 0.00625” -0.00080 -0.00035" 0.007506” + 0.02500%d"
0.3 0.30265" 0.00660” 0.02195” 0.00555” -0.00070 -0.00035" 0.00660” + 0.02196°d"
0.4 0.40225” 0.00560” 0.01875” 0.00475" —0.00060” —0.00025” 0.00560” + 0.01875%d"
0.5 0.50185” 0.00475 0.01566” 0.00395° —0.00050" -0.00020" 0.004746% + 0.01565°d"
0.6 0.60155” 0.0037¢ 0.01256° 0.00316* —0.00040” -0.00020" 0.00376% + 0.01256%d"
0.7 0.70116" 0.00280” 0.00945" 0.00235° -0.00036" -0.00016" 0.00284” + 0.00945°d"
0.8 0.80075" 0.0019¢” 0.00625" 0.00165” -0.00020 -0.00016" 0.00196” + 0.00625°d"
0.9 0.90045" 0.00095” 0.00315" 0.00085” -0.00016* -0.00016" 0.0009¢* + 0.00315%d"

v=9,b=11Lr=5k=5k=4k=3,.=2
N, =389 44 =10.0823 12=0.2369 c=4.8094 7 =1.6031 o=2.4655 [,

g r(4) v(5) v(5) v(4) cov(B.B)  Cov(Bh) [aj

0 0.00495” 0.01095” 0.03126° 0.00785” —0.00116* —0.00045” 0.01096” + 0.03126%d"
0.1 0.10445” 0.00985” 0.02815” 0.00705” —0.00105” —0.00045” 0.00984” + 0.02815%d"
0.2 0.20395° 0.0087¢” 0.02505” 0.00625” —0.00095” —0.00035” 0.00874” + 0.02500%d"
0.3 0.30355° 0.00765" 0.02195° 0.00555" -0.00085” —0.00030" 0.00766 + 0.02195°d*
0.4 0.40305” 0.00650” 0.01875" 0.00475" -0.00076* -0.00026" 0.00650” + 0.01875°d"
0.5 0.50255" 0.00540” 0.01565" 0.00395° -0.00065" -0.00026" 0.00540” + 0.01565°d"
0.6 0.60205” 0.00430” 0.01255” 0.00315” -0.0004¢ -0.00025" 0.004306” + 0.01256°d"
0.7 0.70155" 0.0033¢” 0.00945” 0.00235” -0.0003¢ -0.00016" 0.00330” + 0.00946°d"
0.8 0.80105” 0.00225” 0.00625" 0.00165” -0.00020 -0.00016" 0.00226” + 0.00626°d"
0.9 0.90055” 0.0011¢” 0.00315” 0.00085” -0.00016 -0.00016" 0.00116” + 0.003 16"
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v=10,b=11,r=5k =5k =41=2

N, =393 14=0.0814 2o =0.2345 c=4.8162 7 =1.6054 o=2.4673 (3.

? v(4) v(B) v(4) v(5) colpB)  cov(B.) [a]

0 0.00505" 0.0109¢” 0.03135° 0.00785" -0.00100" —0.00045" 0.0109¢” + 0.03136°d"
0.1 0.10455" 0.00985” 0.02815" 0.00705” -0.0009¢ -0.00035” 0.00980” + 0.02815°d"
0.2 0.20405” 0.0087¢” 0.02505" 0.0063 o -0.0008¢ -0.00035” 0.00870” + 0.02505°d"
0.3 0.30355” 0.00760” 0.02195” 0.00555" -0.00074 -0.00035” 0.00760” + 0.02195°d"
0.4 0.40305” 0.00650” 0.01885" 0.00475" -0.00060 -0.00026" 0.00650” + 0.01880%d"
0.5 0.50255" 0.00540” 0.01565" 0.00395° -0.00050 -0.00026" 0.00540” + 0.01565°d"
0.6 0.60205” 0.00430” 0.01255” 0.00315° -0.0004¢ -0.00025" 0.00430” + 0.01256°d"
0.7 0.70155" 0.00330” 0.00945” 0.00235° -0.0003¢ -0.00016" 0.00330” + 0.00946°d"
0.8 0.80105” 0.00225” 0.00635” 0.00165" -0.00024 -0.00016" 0.00220” + 0.00635°d"
0.9 0.90055” 0.0011¢” 0.00315" 0.00085" -0.0001¢ -0.00016" 0.00116% + 0.00316°d"

v=12,b=16,r=6,k =6,k =5,ks =4, k;=3,1=2
Ny =1073 44 =10.0596 22=0.1932 c=4.8199 7 =1.6066 a=2.7625 &

g v(4) v(B) v(4) v(5) colpB)  cov(B.) [aj

0 0.00185" 0.00485” 0.01565" 0.00395° —0.0004¢ -0.00026" 0.00480” + 0.01565°d"
0.1 0.10165" 0.00430” 0.01415" 0.00355° -0.0003¢ -0.00026" 0.00430” + 0.01415°d"
0.2 0.20145" 0.00395” 0.01255” 0.00315° -0.0003¢ -0.00016" 0.00396” + 0.01256°d"
0.3 0.30126" 0.00345” 0.01095” 0.00275" -0.0003¢ -0.00016" 0.0039¢” + 0.01090%d”
0.4 0.40116" 0.00295” 0.00945" 0.00235° -0.00020 -0.00016" 0.00296” + 0.00946°d"
0.5 0.50095" 0.00240” 0.00785" 0.00205” -0.00020 -0.00016" 0.00240” + 0.00780°d"
0.6 0.60075" 0.0019¢” 0.00635" 0.00165” -0.00016 -0.00016" 0.0019¢” + 0.00635°d"
0.7 0.70055" 0.0014¢” 0.00475" 0.00125° -0.0001¢ -0.00016" 0.00146” + 0.00475°d"
0.8 0.80045” 0.00100” 0.00315" 0.00085" -0.00016 -0.00016" 0.00106” + 0.00316°d"
0.9 0.90025" 0.00050” 0.00165" 0.00045” -0.00016 -0.00016" 0.00056” + 0.00165°d"

v=13,b=16,r=6,k; =6,k =5,k =4,k,=3,1=2)
Ny =1077 Ja=0.0594 22=0.1925 c=4.8273 7 =1.6091 a=2.7653 (3,

g v(4) v(B) v(4) v(5) colpB)  cov(B.) [a]

0 0.00185" 0.00485” 0.01565" 0.00395° -0.0003¢ -0.00025" 0.00480” + 0.01565°d"
0.1 0.10165" 0.00430” 0.01415" 0.00355° -0.0003¢ -0.00026" 0.00430” + 0.01415°d"
0.2 0.20145" 0.00395” 0.01255" 0.00315° -0.0003¢ -0.00016" 0.0039¢” + 0.01256°d"
0.3 0.30136° 0.00345” 0.01095” 0.00275" -0.00020 -0.00016" 0.00340” + 0.01095°d"
0.4 0.40116" 0.00295” 0.00945" 0.00235° -0.00020 -0.00016" 0.0029¢” + 0.00946°d"
0.5 0.50095” 0.00240” 0.00785" 0.00205” -0.00020 -0.00016" 0.00240” + 0.00780°d"
0.6 0.60075" 0.0019¢” 0.00635" 0.00165” -0.00016 -0.00016" 0.0019¢” + 0.00635°d"
0.7 0.70055" 0.0014¢” 0.00475" 0.00125° -0.0001¢ -0.00016" 0.00146” + 0.00475°d"
0.8 0.80045” 0.00100” 0.00315" 0.00085" -0.00016 -0.00016" 0.00106” + 0.00316%d"
0.9 0.90025" 0.00050” 0.00165" 0.00045” -0.00016 -0.00016" 0.00056” + 0.00165°d"
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V:14,b:16,l":6,k1:6,k2:5,k3:4,j.:2

N, =1081 44 =10.0592 72,=0.1918 c=4.8342 n=16114 a=2.7679 o[,

"a) v(4) v(4) rh)  colhh)  colhp) [@xl ]

0 0.00185” 0.00485” 0.01565” 0.00395” -0.0003¢ -0.00025" 0.0048 ¢* + 0.01565°d*
0.1 0.10166” 0.0043¢” 0.01416° 0.00355” —0.00036” —0.00025” 0.00430% + 0.01415°d"
0.2 0.20146” 0.00395” 0.01255” 0.00315” —0.00036” —0.00016" 0.00396% + 0.01256°d"
0.3 0.30136” 0.00345” 0.01095” 0.00275" —0.00026” -0.00016" 0.00340” + 0.01095°d"
0.4 0.40116° 0.00295” 0.00945” 0.00235” —0.00026” -0.00016" 0.00294% + 0.00946°d"
0.5 0.50095” 0.00245” 0.00785” 0.00205” —0.00026” —0.00016" 0.00246” + 0.00780°d"
0.6 0.60075” 0.0019¢” 0.00635” 0.00165” —0.00016* —0.00016" 0.00196% + 0.00635°d"
0.7 0.70055” 0.0014¢” 0.00475” 0.00126” —0.00016* —0.00016" 0.00146% + 0.00475°d"
0.8 0.80045” 0.00106” 0.00315” 0.00085” —0.00016* -0.00016" 0.00106% + 0.00316°d"
0.9 0.90025” 0.0005¢” 0.00165” 0.00045” —0.00016* -0.00016" 0.00056% + 0.00165°d"

v=15b=16,r=6,k; =6,k =5,1=2
Ny =1085 24 =0.0590 4,=0.1911 c=4.8406 n=16135 a=2.7703 &,

g v(4) v(A) v(5) v(5) colBB)  Cov(Bei) [aJ

0 0.00485” 0.01565° 0.0018¢” 0.00395° -0.00036* -0.00020" 0.00484” + 0.01565°d"
0.1 0.00435” 0.01416° 0.10166” 0.00355” -0.00036* -0.00010" 0.00436% + 0.01415°d"
0.2 0.00395° 0.01256° 0.2015¢” 0.00316° -0.00026* -0.00010" 0.0039 ¢* + 0.01255°d
0.3 0.00345° 0.01095° 0.3013¢” 0.00275° -0.00026" -0.00010" 0.0034 ¢* + 0.01095°4>
0.4 0.00295° 0.00945° 0.4011¢* 0.00236” -0.00026" -0.00010" 0.0029 ¢ + 0.00945°d>
0.5 0.00245° 0.00785" 0.50095” 0.00205” -0.00026" -0.00010" 0.0024 ¢* + 0.00785°d>
0.6 0.00195° 0.00625° 0.6007¢* 0.00165° -0.00016* -0.00010" 0.0019 ¢* + 0.00625°d>
0.7 0.00145° 0.00475° 0.7005¢" 0.00126° -0.00016* -0.00010" 0.0014 &* + 0.00476°d>
0.8 0.00105” 0.00316* 0.80045” 0.00085” -0.00016* -0.00010" 0.0010 &* + 0.00315°4>
0.9 0.00055” 0.00165° 0.90025” 0.00045” -0.00016* -0.00010" 0.0005 ¢* + 0.00165°d>
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