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ABSTRACT

The a-times integrated C semigroups, a > 0, are introduced and analyzed. The Laplace inverse transformation for a-times
integrated C semigroups is obtained, some known results are generalized.
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1. Introduction

Integrated semigroups are more general than strongly
continuous semigroups (i.e., C, semigroups), cosine
operator functions and exponentially bounded distribu-
tion semigroups. Integrated exponentially bounded semi-
groups were investigated in [1-15]. In this paper, we will
introduce and analyze o-times integrated C semigroups,
a € R". In Theorem 2.6 we give a necessary and suffi-
cient condition for an R.(A4) to be the pseudo-resol-
vent of an a-times integrated C semigroups S(7). At the
same time we discuss the Laplace inverse transformation
for a-times integrated C semigroups. The results obtained
are generalizations of the corresponding results for inte-
grated semigroups.

Throughout this paper, X is a Banach space, B(X) is
the space of bounded linear operators from X into X,
D(A), R(A), K(A) denote the domain, range, core
of operator A4 respectively, C e B (X ) .

2. Definitions and Properties of a-Times
Integrated C Semigroups

For a 20, [a], (a) denote the integral part and deci-

mal part of a respectively. T'(-) is well known Gamma

function, and F(s) = :xs_le'xdx R sF(s) = F(s + 1) .
For f>-1, we definite the function j, :(0,00) —>R,

and j, (l ) = j., denotes 0-point Dirac meas-

t
L(p+1)
ure &, .

For continuous function f(-), S =-1, the definition
of convolution product is as following

t (t—s)ﬁ
(Js*s)(1)= me (s)ds. >t

1), p=-1
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At first we introduce the fractional differential and in-
tegral of function.

For arbitrary « >0, « -order differential of function
u denotes

(Du)(t,) =" (1,).

For arbitrary « >0, « -times cumulative integral of
function u denotes

(Zo10) = (Jumy *u)(2) -

Definition 2.1. Let « € R", a strongly continuous fam-
ily {S (t)}t>0 €B(X) is called a-times integrated C-
semigroups, 1f

()S(t)C=CS(t),and S(0)=0;

(")

1

S(t)S(s)x=m[f”(t+s—r)a_] S(r)Cxdr o

s a-1

—_[0 (t+s—r) S(r)der}, Vt,s >0

If a=n(neN), then {S(t)}m is called n-times
integrated C semigroups.

If a=n(neN),and C =1, then {S(t)}t>0
n-times integrated semigroups.

If >0, S(t)x=0 (£>0) implies x=0, then a-
times integrated C semigroups {S(t)}po is non-degen-
erated.

If there exists M >0, ® € R, such that ||S(t)|| < Me™,

t >0, then {S(t)}tZO

Definition 2.2. Let « >0, a strongly continuous fam-

is called

is called exponentially bounded.

ily {S(t)}tzo e B(X) is called o-times exponentially

bounded integrated C semigroups generated by A4, if
S(0)=0, and there exists M >0, w>0, such that
(w,0) = p(4), "S(t)" <Me™, t>0, and for arbitrary
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A>w, xe X ,wehave

Ro(4,A)x=(A-A) Cx=2°["e"S(t)xdt. (2.2)
Proposition 2.3. Let 4 be the generator of an a-times
integrated C semigroups {S(t)} > @>0.Then

1)Forall xeD(A4) and {20,

S(t)xeD(A),AS(t)x=S(t)Ax 2.3)
t(l
S(t)x—mCx+I Ade (24)
2) JtS(S)xdseD(A),forall xeX,and >0 and
ta
Aj s)xds = S(z mCx (2.5)

Proof. Letting R. (4)x =4[ ¢S (t)xdt, Red>o
Fix ue p(4), then

[“e ™S (t)Re (u, A)xdt = 2R (2, ) R,

(u,A)x
= [ e Re.(u, 4)S () xdt,

for all ReA>w, and xe X . By the uniqueness theo-
rem it follows that

R (u,A)S(t) = S(t)RC (u,A), ue p(A), t>0 (2.6)
This implies (2.3). Let xeD(A), then for all Re 1> w,

I'(a+1)
=AR.(A,A)x—R.(A,A4) Ax

Cx = I: Aot Cxdt

= [ A e s (¢)xde— [ " A% S (1) Axdt

= I: /1“”6_;"S(t)xdt - rc l“e_ltdjlt S(s) Axds

= [ At e s (¢)xde - [ 24" e [ S () Axdsdr.
Then (2.4) follows from the uniqueness theorem.

In order to prove (2.5),let xe X, and t>0, Red > w,
then by (2.3), (2.4), (2.6) we have

C[IS(s)xds = AR (4, 4) [ S (s) xds
~R.(4,4)[ S (s) Axds
= AR, (4, 4) [ S(s)xds 2.7

—RC(/LA){S(t)x— & Cx}

I(a+1)

tNoting that AR.(A,A4)x—Cx=R.(A,4)Ax Hence,
S(s)xdseD(A ) and by (2.7), (2. 5) follows.
Corollary 24.Let aeR". Then S( )xe D(A) for
all xeX and ¢>0. Then S ( )x is right differenti-
ablein 1>0 if S(¢)xeD(A).In that case

Copyright © 2012 SciRes.

ET AL.

d

ES(t)x=AS(t)x+ Cx,t>20,xe X.

Z‘oc—l
I'(a)
Proposition 2.5. Let A4:D(A)— X be closed linear
operator, when A, ue p(A) , we have
1) The pseudoresolvent identity

Re(4,4)C=R. (1, A)C =(pu=A)Rc (A, A)Rc (1, 4)

(2.8)

dVl

2) R (A A)C" = (1) n![ R (1,4)]"

(2.9
Proof. 1)

It follows that

R (4, A)C =R (1, A)C=(u—A)Rc (4, 4)R

e (u.4)

2) We apply the mathematical induction when n=1,
by (2.8)
d

7 Re(2A4)C )C=~[Re(2.4)]

we suppose n =k, (2.9) is complete. i.e.,

k
C R (2 A)C = (1) k[ R, (2, 4)]"
then
4 g (2 A)C"“—i & g (2,4)Ct |C
dart e Cdalaat Y

:%(—l)kk![RC(ﬂ,A) “e

=(-1)" (k)[R (2, 4)]

i.e., it follows n =k+1. The proof is complete.
Theorem 2.6. Let S(t be a stongly continuous op-

erator function, and ||S (t) | <Me”, t>0, letting

() :la'[:e—lfg(t)xdt, Re A > o. Then {R. (ﬂ)}RMm

satisfies the pseudoresolvent
Ro(2)C= R (1) C = (u=2)

ifand only if S(r) satisfies (V;).
Proof. One can easily prove the necessary condition.
Let us prove that it is sufficient.
Letting ReA, Reu>w, and A#u.
solvent equation implies

Re(A)R. (1) (2.10)

Then the re-
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Re (A)RC (:“) _Re (Z)C_Rc (:U)C

ﬁaua (u_l)iaua

_AR(A)C-u R (1)C | Re (u)C(w-27)

B (u—ﬂ)u“ (u—/l)u“
2.11)
w: [Fe[Pems(n)S(s)dr  (2.12)

u
AR (A)C—u "R (1) C
(u—l)u“

(5

—u

- (_ [T [l e (5) Casdr

e “S(r)Cdt + I: ey aR, (u)Cdtha
u

© —(A-u)t [ ﬂtsS Cdsdt)i
+-[O e -[0 e (S) u‘l

|
|
- (J': e*"j: e S(s+1t)Cdsdt

r

e evsticunl:

0

jw e I:O g (s) Cdsdt)

0

a

N
S—"

Noting that _[: e v dv =
Then
AR (A)C—u"R.(u)C
(u—2A)u”

= [T TS (s o) er @

0 kel —ur r(r_s)a_l
:IO e ’“jo e JO o) S(s+1)Cdvdsdr

—u(s+v)

v ' Cdvdsds

(2.13)

(t+s r)OH
o w0 t+s -
:I e ltj e urJ'

0 0 t

F(a) S(r)Cdvdsdt

Moreover,

R, (,u)u’”Y
(u—/i)u“

= I: Pl I: e"”s (s) CJ: %v“'ldvdsdt
a

(r—t—-s)""drdsdr (2.14)

e [Ms(s)ef” Lo

t+s r‘(a)
- (r—t—s)ml
:IO eltJAt e—urjo Ta)S(S)CdI"det
0 ~(t+r—s)a_]
=[ e[ e, WS(S)Cdrdsdt
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and

R, (,u)/i’“
(u —ﬂ)u“ ¢

—Av
© —u ® —Uus ® e a—
:,[0 e(l )tJ.() e S(S)CJ.() mv 1dVdet

) anl (2.15)
= I: e Lot e _[;H%S (s)Cdrdsds
e e j;(“r;;s)alS(s)Cdrdsdz
(@)
Using (2.14) and (2.15), we obtain
R, (,u)C(u’“ -1 )
(u=2)u” (2.16)

a-1
0 © . t+ -
:j e’"’J. e J.t&S(s)Cdrdsdt
0 0 0 r( a)
Assertion (V) follows from (2.13) and (2.16) and the
uniqueness of the Laplace transformation.

3. Laplace Inverse Transformation for
a-Times Integrated C-Semigroups

Lemma 3.1. [16] Letw >0, F(1):(w,0)—> X, F(4)
is Laplace-type expression: F(A)= AJ-OM e “a(t)dt,
(0)=0, and ||a(t +h)- a(t)" < Mhe™™_ ¢ h>0, then

1 prio dA
a(t) vl MY e F(/‘L) 0 ,(7>a))

Theorem 3.2. Let a >0, then the following condi-
tions are equivalent:

1) A generates an a-times exponentially bounded inte-
grated semigroups {S (t)}po ;

2) There exists @ >0, such that (@,%)c p(4), and
forall u>w, A generates an (u—A) “ C exponentially
bounded semigroups {T (t)}t>0 , and

[a]+l
o d .
5O =(-2)($ ] (10*7)00.
Proof. 1) If A generates an o-times exponentially
bounded integrated semigroups {S(t)}lzo , then

t(l

AL:W(r)xdr = W(t)x—mC

B

By ([17], Proposition 3.7(a)), {W(t)}t>0 is an
(u—A4)"C semigroup generated by fi is the exten-
tion of 4, By ([17], Proposition 3.11), 4=4.

2) Combing [18] with [17, Theorem 3.4], we can prove
t
AJO S(r)xdr = S(t)x -

t
Cx, and the space of op-
r(a+1) P P
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erator is exchangeable, by Proposition 2.3, This ends the
proof .

Theorem 3.3. Let 4 be closed linear operator on X,
p(A)#®, 1€ p(4),an a-times exponentially bounded

integrated C semigroups {S(t)}po with infinitesimal

generator 4, and "S(t)" <Me”, w=0, y>w, then
for VxeD(4),

15 (s)ads = o Rl A)r 2
| ET O
1 y+ico 2 dﬂ, .
27 y—ioo( a® ( ) )ﬂ
Proof. Let a(f)=f;S(s)ds,
F(2)= % wee D(4)
by Lemma 3.1
F(a)-LAmA) G e s (o)
_.[0 7/1txd-[ S )ds
:ﬂjo ew(J' ( )xds)dt(/t>a))
So F(A) satisfies Lemma 3.1,
vy Re(2,4)x d2
S r a e\ M aA)A dA
I 27‘[1'[7 me /Ia ﬂ, 9(}/>a))

On the other hand, by Theorem 3.2 4 generates
(u—4)" C exponentially bounded semigroups {T (t)}
So for Vxe D(A), we have

20"

j;T(s)xds
1 }/+I<X3 11 —-a dﬂ/
— A—A4 -4)  Cx—
L[ () (- )
1 i o da
=— A-A Cx—
po L e (A= A) R (. 4)" o=
=R(M,A) J-7+zoc M(ﬂ A) Cx%
2mi v A
It follows that S (¢) = (u—A)" (1,T)(¢).
Whence
[18(s)xds = (u—A)" [} (1,T)(s)xds
—(u=A)" (1,7 (5)xs)
~ o« R(u, A) croinf da
—(u—A) TI}/—[@ (Iae (ﬂ,—A) Cx) 2
1 y+ico

At d4
=0 (1,"R. (ﬂ,A)x)T.
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And the integral on the right converges uniformly on
any bounded intervals.

Corollary 3.4. The conditions are same as Theorem 3.3,
then for Vxe X,

S([)x _ Ljyﬂ‘weh RC (Z,A)x

2 27 AZ

da
| (3.2)
__L " (1,6"Re (2, 4)x)dA

2mi Jriw

Proof. by Theorem 3.3
['s(s

Then AJ'

xds__ R.(4,4)x dA
2 v Vs A
R.(A,4)A
xds = —I _ T ( ) xdi .
2 v ¢ A
By (2.5) and noting that
t“ 1

=— [ M A
C(a+1) 2mi'r=

y+ioo At
e

(3.3)

y+ioo At
e

Therefore
! Cx + !
T (a + 1)
1

y+ion o
=—/| " eMA'CxdA
2 T

1 ey Re(A,4) Ax dA
2mi 27 22

S(t)x:

LJ‘;/Hw 2 RC (l,A)Ax%
2 v Ve A
+io R N ﬂy, A
:L 7v elt C( ) (ﬂ A+ A)dﬂ’
2 v Y A
_ b ”vmeﬂfwdl
2qi Y7 A%
Combining Theorem 3.3 we can prove the next part.
Corollary 3.5. The conditions are same as Theorem
3.3, then for Vxe X,

S (s)ds = [ 2 R (A A4)x da
0 mi A s
1 y+ioco a dﬂ .
=5t e (e R (2 A)x) 75
Proof. by Theorem 3.3
t . 1 prtio AIRC(/?‘)A)xdﬂ,
J.OS(S)dS_z_mL,,-we T7 (35)
integrating (3.5) from O to 7, i.e.,
' _ y+ioo /1 /1 A xdﬂ,
J‘O(t ’ xds_z_ﬂilj -[y ioo t A - &
1 y+io ar C(/’L,A)x dﬂ
[ p— _1 fe A, 4)X da
2mi ‘[7*”0 (e ) 2% 12
Notng ha SL [ Rel2Alr 2
A” )
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Consequently,

‘ 1 pein 5, Ro(A,A)x dA
Jo(t—s)S(s)xds:2— T e —C(ﬂa ) el

TU y—io

The next part is easy to prove.
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