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ABSTRACT

This paper presents a formal framework for modeling the effects of economic incentives on motivation. While eco-
nomic models represent the utilities from monetary incentives and private benefits in an additive form, studies in psy-
chology show that extrinsic and intrinsic motivation are non-additive and that there exists a continuum between the two.
To accommodate for possible interaction effects, a non-additive probability model and evidence theory have been used
in the principal-agent set-up. The model produces results consistent with prior evidence presented in social psychology

studies.
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1. Introduction

The interactions between economic incentives and intrin-
sic motivation have been widely documented in eco-
-nomics literature (see, for example, [1] and more re-
cently [2] for surveys). Similarly, in social psychology,
there is a vast amount of literature exploring the effect of
rewards on intrinsic motivation ([3-5]). The main eviden-
tial claim presented is that, under certain conditions,
monetary rewards decrease intrinsic motivation, and this
may result in reduction of the activity or performance.
This premise is based on the underlying assumption that
every activity indeed has intrinsic motivation. Commonly
accepted are two theoretical explanations: self-perception
theory and cognitive evaluation theory [6]. The self-
perception theory postulates that individuals do not have
information about their own motives ([7,8]). Instead,
they have to infer them from the circumstances under
which the activity takes place. One representation of this
idea is [9], who uses a simple informed-principal model
to show how an agent, uncertain about his abilities, de-
duces his motives through the signaling mechanism. The
agent interprets given reward as a signal of having low
ability or as one of an unattractive task being proposed.
In the absence of rewards he assigns the motives of per-
forming to his intrinsic motivation. The cognitive evalua-
tion theory [5] assumes that people have psychological
needs for self-determination, competence and autonomy.
It is the effect of rewards on these three elements that
matters. When rewards are perceived as controlling, there
is a negative effect on self-determination and autonomy.
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Hence, intrinsic motivation is undermined. Conversely,
when rewards have an informational role (feedback, rec-
ognition etc.) they enhance intrinsic motivation by af-
fecting the individual’s competence. The cognitive evalua-
tion theory has more recently been generalized into the
self-determination theory [10] which allows for a con-
tinuum between intrinsic and extrinsic motivation.

This paper offers a novel approach to model the effect
of economic incentives on motivation as it is related to
self-determination, autonomy and competence in cogni-
tive evaluation theory by employing a subjective prob-
ability concept. To be able to use this set-up one more
change must be made. Most economics studies represent
the utilities from monetary incentives and private bene-
fits in an additive form. In psychological literature ex-
trinsic and intrinsic motivation are non-additive, but ex-
hibit some form of interrelation and form a continuum
([5,10]). This paper will extend the formal set-up by em-
ploying a non-additive probability model, which allows
the capturing of effects from interaction. At the same
time this can be viewed more generally as an extension
of the standard economic model of worker’s motivation.

2. Subjective Probability Model

Consider the following non-additive probability model*:

'The main feature of subjective probability is that it recovers the intui-
tive concept of probability as a degree of belief. In contrast to the stan-
dard theory, these beliefs can be represented by non-additive probabili-
ties.
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R(x)+B(»)+ AR ()R (¥)~Puw =0 (1)

where x is a vector of extrinsic rewards, y is a vector of
intrinsic rewards, B, is the probability level of total
motivation (resulting from extrinsic and intrinsic factors),
P is the probability level of intrinsic motivation, P, is
the probability level of extrinsic motivation, and 4 is a
coefficient representing the degree of influence of the
interaction between intrinsic and extrinsic rewards on the
total motivation®. This model can be interpreted as fol-
lows: The total level of motivation B, is affected ei-
ther extrinsically P, via some extrinsic reward x or in-
trinsically P via some intrinsic reward y, or to some
extent A by the mutual interaction between x and y. For-
mally, this is a representation of the idea coming from
psychology literature that extrinsic and intrinsic motive-
tion are non-additive, but exhibit some form of interact-
tion [10]. On the other hand, this can be viewed as an
extension of the standard economic model of worker’s
motivation which allows for a more comprehensive de-
scription of motivation, including the concept of intrinsic
motivation. In the light of a principal-agent model, the
following notations are used:

* The principal’s assessment of the total probability

P, is P, . This is a subjective probability which
re- presents how certain the principal (she) is about
the agent’s motivation.

* The agent (he) has his own assessment of B, .
Py - It is assumed that B, = P4, . The case when
Py, =B, is analyzed later on. P, is also
subjective and uncertain to some extent.

e The assumption is made that when the principal
selects an extrinsic reward scheme x she is able to
calculate P=P (x). The same concerns the agent,
i.e. his probability level with respect to particular
extrinsic reward scheme % is A4=P(%).

* The influence parameter A is positive and 4 € [0, 1],
where 4 = 0 means that there is no interaction
between extrinsic and intrinsic incentive schemes, but
A =1 means strict interaction.

The principal forms B~ and selects a relative policy
pz{x*,y* , neither knowing the precise value of P
nor how this policy will affect P,.. This paper discusses
policy as opposed to a simple incentive scheme since y”
as an element of this policy is not strictly defined.
Choosing x~ corresponds to the preparation of an in-
centive scheme in the standard principle-agent model.
The new element here is how y" is taken into con-
sideration to enable choice of the optimal x" regarding
the agent’s real motivation. Note that when P (y)=0

%x is defined in the sense of standard incentive schemes, while y can be
interpreted as the subjective intrinsic reward from performing a par-
ticular task. Due to its nature, P(y) cannot be formally measured.
However, a proxy can be constructed to give us an approximation of
the degree of an agent’s intrinsic motivation.
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there is no intrinsic motivation; this results in
P.(x)= PRy, bringing the model back to the standard
incentive model. The principal’s goal is to stimulate the
agent’s initiative and intrinsic motivation through a
proper combination of x~ and a particular set-up of p

which results in y".

3. Aggregation of P? and P’

This section explores the uncertainty brought by intro-
ducing intrinsic motivation. For reasons that will be de-
tailed later in this paper, a method to aggregate P and
P’ must be developed. Both B* and P’ are over- or
underestimated. Wh le P, can be measured relative to
its argument x~ and any possible over- or underestimation
recovered, a similar measure cannot be achieved with re-
spect to the pair B* and B’ . These two probabilities
are dependent on the incentive scheme y~ which is
non-measurable. The uncertainty through P* and P’
is thus higher in comparison to P,. They are more sub-
jective. To derive an expression for the aggregation of
P* and P’ the evidence theory and the principle of
maximum non-specificity ([11,12]) are used.

Let us consider a finite set of task-specific intrinsic
motivators X. From this set, three subsets are of interest:
the set 4 of intrinsic motivators which the principal con-
siders as active with respect to incentive scheme y"; the
set B of intrinsic motivators which the agent considers as
active with respect to the incentive scheme ", and the set
AN B which is treated as an intersection between the
active intrinsic motivators relative to the opinion of both
the agent and the principal. In this sense a particular in-
centive scheme is optimal when A(B=A4=B. The
subsets 4 and B are claimed for a particular " to degrees
P? and B“ respectively. Those degrees represent the
total beliefs that put the attention on 4 and B. The aim
now is to estimate the belief of 4B relative to the
incentive scheme y* using the principle of maximum
non-specificity. This principle is a safeguard that does
not allow us to produce an answer that is more specific
than warranted by the evidence, i.e. B” and P“. The
use of the principle of maximum non-specificity leads, in
this case, to the following optimization problem ([11,13]):
determine the values of P(X),P(A4),P(B) and

P(ANB) for which the function:
N =P(X)log,|X|+P(4)log, |4| @
+P(B)log,|B|+P(ANB)log,|AN B|

reaches its maximum when subjected to the following
constraints:

P(A4)+P(ANB)=F" ®3)
P(B)+P(ANB)=F" @)
TEL



228 K. PETROVA

P(X)+P(A)+P(B)+P(4ANB)=1 (5)
P(X),P(4),P(B),P(ANB)=1, (6)

where P’ ,P‘e[0,1] and |C| represents the cardinal-
ity of the subset C . The function N describes non-
specificity in evidence theory and is considered a gener-
alized measure of uncertainty. In general, for arbitrary
element C,P(C) indicates the degree of evidence fo-
cusing on C, while log,|C| indicates the lack of
specificity of this evidential claim. The larger the value
of P(C), the stronger the evidence; the larger the set
C (and log,|C|), the less specific the evidence. The
total beliefs B” and B‘ assess not only P(A4) and
P(B), but P(4NB) as well. This corresponds to the
premise that both the principal and the agent forecast not
only their own P(-), but also the degree to which their

claim coincides with the claim of the opponent player, i.e.

P(ANB). The constraints are represented with three
linear algebraic equations of four unknowns and by the
requirement that the unknowns be nonnegative and real.
The first two equations represent the evidence relative to
the principal and to the agent respectively; the third ine-
quality represents a general constraint in evidence theory.
After selecting P(ANB) as an independent variable,
the following is obtained

P(A4)=PF'-P(ANB) @)
P(B)=P"-P(ANB) (8)
P(X)=1-P"- P’ +P(ANB). (9)

Since all unknowns must be nonnegative, from the
first two equations one can evaluate the upper bound for
P(ANB). Further, from

P(4)=P"-P(4ANB)=0

(10)
= P*>P(ANB)
P(B)=P"-P(ANB)=0 a1
= P’ > P(ANB)
it follows that
P(ANB)<min{p’, P}, (12)

The third equation with respect to P(X) specifies
the lower bound of P(ANB). Indeed, for P’ +P* <1
it follows that:

P(X)=1-P'-P"+P(4ANB)=0 (13)

= P(ANB)21-P"-P’. (14)
If P”+P">1 then

P(ANB)=0>1-P'-P*. (15)
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But P(AﬂB) should be nonnegative, hence for the
lower bound it follows that

P(ANB)>max{0,1- P -P"|. (16)

The bounds, thus, are
max{0,1- B — P"} < P(ANB)<min{P*,P"}. (17)

i

Using Equations (7)-(9), the objective function N now
can be expressed in terms of P(AﬂB). After some re-
arrangements and simplification the result is

N = P(ANB)log, | X|-log, |4|-log, |B|
+log,|[ANB)+(1-P* - P )log, |X|  (18)
+ P’ log, | A|+B" log, |B].

It is clear that only the first term in this expression can
influence the value of the objective function, so it can be
rewritten as

N=P(4ANB)log, K, +K, (19)
where
X[l B|
=1 1 (20)
©[48]
and

K,=(1-P* =P’ )log, |X|+ P" log,| 4|+ P log,|B| (21)

are constants. The solution of the optimization problem
depends only on the value of K;. The assumption is made
that 4, B, and A(1B are non-empty subsets in X and
thus K, >0 . If K, <1 then log,K, <0 and the
maximum of N is attained after minimization of
P(4NB),ie. P(ANB)=max{1-P*~P’}, and
P(ANB) attains a minimum equal to its lower bound.
If K, >1 then log, K, >0 and must maximize
P(4ANB), ie. P(ANB)=min{P‘ P’} When K, =1,
log, K, =1, and thus N is independent of P(4NB).
This implies that every value in the interval

max{1- P* =B}, min{P*,P"}| is a solution of the
optimization problem. The complete solution for P
relative to y™* can thus be expressed by the following
equations:

max{l—E“ —P,."},Kl <1
R =1{[max{i-p B}, min{P*, P’} |, K, =1 (22)
min{P*, P"}, K, >1,

where P is the associated degree of belief.

i

4. Model Problem

The following model refers to the principal
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P+ P+ /‘LPP Pr., =0. (23)

What happens to the agent? The agent needs to have
his participation and incentive compatibility constraints
satisfied. This results in known 4 and P, , but uncer-
tain 2 and A. Where P is defined in the sense of
Equation (22). Hence, the agent behaves with respect to

the following model:
A+ P+ /‘LPA Py =0. (24)

In general, we can use the following system to de-
scribe the principal-agent relationship:

A+ P+ APA Py =0 (25)

P+P +/”LPP P

total

=0. (26)

In this system the unknown are P, and 4. Solving the
system gives us:

A+P -
a=-A 5 P (27)
and
PP“ —-P? A
Pi total total ) (28)

Let us investigate how E is affected by the extrinsic
rewards vector. This means to investigate the first de-
rivative of P with respect to P. The latter is

% _ A(Ptgtal _Pté?tal ) (29)
~ — R N 2 .
dp (P-4)

Clearly 4 is positive and hence the sign of % de-

pends on the sign of (Pg
cases can be considered:
1) Pg. > P%, ., with a possible interpretation that the
extrinsic reward policy employs controlling effect, and
this is a signal for the agent which decreases his intrinsic

motivation, i.e.

mm) The following two

total

9 <o (30)

dpP
2) B, <Pr. . with a possible interpretation that the
extrinsic reward policy plays an informational role,

which increases the agent’s intrinsic motivation, i.e.

dp
—>0. 31
B (31)

5. Conclusion

This paper proposes a novel approach to model the effect
of economic incentives on motivation by employing
subjective probability concept. While economic models
represent the utilities from monetary incentives and pri-
vate benefits in an additive form, studies in psychology

Copyright © 2012 SciRes.

show that extrinsic and intrinsic motivation are non-ad-
ditive and that there exists a continuum between the two.
The proposal of this paper is to extend the formal set-up
by employing a non-additive probability model, which
allows capturing the effects from interaction. The model
produces results consistent with the evidence in social
psychology studies.
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