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ABSTRACT 

Whether firms move sequentially or simultaneously is one of the most important questions in the oligopoly theory. 
Forms of firms and/or their remuneration systems influence the decisions. This paper analyzes the effect of profit-shar- 
ing on the endogenous order of moves in a wage-setting stage of a unionized duopoly where one adopts profit-sharing 
while the other does not. It is shown that the two firms do not move simultaneously. In addition, if a fraction of profits 
going to the union is large, the Stackelberg equilibrium with the profit sharing firm moving first emerges endogenously. 
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1. Introduction 

Whether firms move sequentially or simultaneously has 
been one of the main issues in the oligopoly theory since 
the seminal work by Cournot (1838) and Stakelberg 
(1934). When the identical firms compete using the same 
strategic variable (quantity or price) under deterministic 
environment, there is no doubt that all the firms have the 
same preference in the order of moves: in general, trying 
to be a leader in a quantity-setting oligopoly and a fol- 
lower in a price-setting one. Even in a quantity-setting 
oligopoly of homogenous products, however, as Amir 
and Grilo [1] demonstrate, the endogenous move can 
emerge under certainty when the firms have different 
cost functions. Also, Normann [2] shows that the en- 
dogenous sequential moves can be verified by income- 
plete information.1 

Differences in forms of firms and/or remuneration 
systems are another source for the endogenous order of 
moves. For example, Pal [4], Barcena-Ruiz and Sedano 
[5] and others analyze the endogenous timing in a mixed 
oligopoly where welfare-maximizing firms interact with 
profit-maximizing private firms, and derive strikingly 
different results from those obtained in a corresponding 
oligopoly with all profit-maximizing firms. The present 
paper tries to constitute another addition to this line of 
study, focusing endogenous timing of wage decisions in 
a unionized oligopoly. 

In a monopoly union model, the unions determine 

wages and the firms choose the output so as to maximize 
their owners’ objectives subject to the determined wages. 
The paper analyzes a unionized duopoly where one firm 
adopts profit-sharing while the other does not. Instead of 
assuming a simultaneous or sequential move, the order of 
wage decisions is determined endogenously by the un- 
ions.2 

The rest of the paper is organized as follows. Section 2 
sets up the model of duopoly and presents the game 
structure. Section 3 derives the subgame perfect equilib- 
ria and the main proposition. Section 4 provides some 
concluding remarks. 

2. The Model 

Consider a duopoly with a profit-sharing firm and a con- 
ventional non-profit-sharing firm. Each firm faces its 
labor union that sets the wage rate. After observing the 
wage rates, each firm determines the output so as to 
maximize its owners’ objective. Therefore, the model 
presented in this paper falls into what has been called a 
monopoly union model (see e.g. Kaufman [7]).3 

The firms produce homogenous goods according to the 
same production function: 
2Profit-sharing is analyzed not only in the microeconomics but in the 
macroeconomics literature. For example, Liu and Chang [6] investigate
the macroeconomic implications of a sharing system in an endogenous 
growth model. 
3The basic structure of the model is the same as Sørensen’s [8] union-
ized duopoly. He analyzes bargaining between firms and their unions to 
shed light on the conditions for the introduction of profit-sharing while 
this paper does not consider the bargaining to focus on the endogenous 
order of moves in the wage-setting. 

1Another example is von Stengel [3], which examines the endogenous 
timing in symmetric duopoly games. 
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where i  is output and i  is employment in firm , 
and  stands for the profit-sharing and  the con- 
ventional non-profit-sharing. Assuming that labor is an 
only input, the profits of firm i are: 

πi i i ipq w L p w            (2) 

where  is the output price and  is the wage rate in 
firm . 

The objective of the owners of firm S is to maximize 
their income: 

    1 π 1S SV           (3) 

where   is a sharing parameter which represents a frac- 
tion of profits going to the union. Similarly, the objective 
function of firm N’s owners is their income, which is 
equal to the firm’ s profits: 

πN NV  .                   (4) 

The objectives of the unions are assumed to maximize 
the sum of their members’ rents. For Union S, i.e., firm 
S’s union, the objective function is: 

  πS Sw LS SU w    ,           (5) 

and for the Union N, i.e., firm N’s union: 

 N N NU w w L  ,                (6) 

where w

 S Nb q q  

a b

i L

w

 is the alternative wage that the workers can 
obtain elsewhere (or the unemployment benefit). 

To simplify the analysis, the following linear demand 
curve for their products is employed: 

p a ,                (7) 

where  and  are positive constants. 
The game structure of the model is specified as fol- 

lows. There are assumed to be three stages. The observ- 
able delay game of Hamilton and Slutsky [9] is consid- 
ered in the context of a wage setting duopoly where the 
labor unions first choose the timing of wage rate deter- 
mination.4 There are two periods for it, and each union 
may determine the wage rate in one of the two periods. 
In stage 1, the unions simultaneously announce in which 
period they determine the wage rates and are committed 
to this choice. In stage 2, each union determines the wage 
rate knowing when the other union will make a decision. 
If both unions decide to determine the wage rates in the 
same period, a simultaneous move game occurs, whereas 
if the two unions decide to determine the wage rates in 
different periods, a sequential move game arises. In stage 
3, the firms produce. In the model of a homogenous 
product duopoly with a linear demand function and a 

linear cost (or production) function, there is no follower’s 
advantage in the Cournot competition under certainty.5 
Therefore, the order of moves is not investigated in the 
output determination stage. 

3. Endogenous Orders of Moves 

To obtain subgame perfect equilibria, the model is solved 
backward: stage 3 is solved first, stage 2 second and fi- 
nally stage 1. 

3.1. Employment Determination (Stage 3) 

Firm  maximizes iV  with respect to i  subject to 
the production function (1), the demand function (7), and 
the wage rates i ’s set by the unions. The first order 
conditions give the best-response functions of the firms. 
Solving the best-response functions, we have each firm’s 
labor demand function in the Cournot-Nash equilibrium: 

   ˆ , 2 3S S N S NL w w a w w b   ,         (8a) 

   ˆ , 2 3N S N N SL w w a w w b   .         (8b) 

3.2. Wage Determination (Stage 2) 

The objective function of Union S is expressed as: 

     ˆ ˆ ˆ, , , , , π ,S S N S S N S S NU w w w u w w w w w   ,  (9) 

where: 

     ˆˆ , , ,S S N S S S Nu w w w w w L w w  ,         (10a) 
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 (10b) 

The union maximizes the above with respect to , 
taking Nw  as given. From the first order condition: 

   1 1ˆ, , π , 0S S N S S Nu w w w w w 


,           (11)  

where if  indicates the partial derivative of f  with 
respect to ith argument, we have the best-response func-
tion: 

  
 

3 4 6

4 3 2
N

S

a w w
w




  
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
.                (12) 

Similarly, Union N maximizes: 

     ˆ ˆ, , ,N S N N N N SU w w w w w L w w  ,       (13) 

with respect to Nw w, taking S  as given to obtain the 
following best-response function: 

 2 4N Sw w a w   .                    (14) 

There are four possible combinations of orders of 
4Base upon actual experiments, Fonseca, Müller and Normann [10] 
develop an insightful discussion on the applicability and validity of 
observable delay games in duopoly. 

5In contrast, the seminal work by Hamilton and Slutsky [9] shows that a 
firm has an incentive to be a follower in a differentiated duopoly. 
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moves: (Union S, Union N) = (Leader, Leader), (Leader, 
Follower), (Follower, Leader) and (Follower, Follower). 
Among them, (Leader, Leader) and (Follower, Follower) 
are the same in implying the simultaneous move. In the 
simultaneous move, the wage rates and the employment 
levels are determined by the above best-response and 
labor demand functions, as follows: 

   5 3 4

45
LL
Sw

 



2 15 4

28

a w 
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 

,           (15a) 
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 
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where the superscript LL stands for the simultaneous 
move, or (Leader, Leader).6 

If Union S is the leader and Union N is the follower, 
Union S determines the wage rate so as to maximize S  
subject to (14), the reaction function of Union N. After 
observing the wage rate of Union S, Union N determines 
the wage rate according to its best-response function. The 
wage rates and the employment levels in the Stackelberg 
equilibrium are: 
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where the superscript LF stands for the Stackelberg equi- 
librium in which Union S is the leader and Union N is 
the follower, or (Leader, Follower). 

Similarly, the wage rates and the employment levels in 
the Stackelberg equilibrium with Union N moving first 
are obtained as follows: 
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where the superscript FL stands for the Stackelberg equi- 
librium in which Union S is the follower and Union N is 
the leader, or (Follower, Leader). 

3.3. Timing Determination (Stage 1) 
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Using the results in the previous subsection, let us 
construct the unions’ payoff matrix, which is presented in 
Table 1. 

The following relationships are easily verified: 

,        (18a) 

FL LL
N NU U

0.75

.                    (18b) 

If   , both unions prefer their Stackelberg fol-
lower’s payoffs to the simultaneous play payoffs. There-
fore, by Theorem III in Hamilton and Slutsky [9], both 
types of sequential play subgames, one is Union S being 
the leader and the other is Union N being the leader, are 
the Nash equilibria of the extended game with observable 
delays. If  0.75 , on the contrary, Union S moving 
first and Union N delaying is an outcome which Pareto 
dominates the simultaneous play game and the reverse 
order is an outcome which does not. Hence, by Theorem 
IV in Hamilton and Slutsky [9], the sequential play, 
where Union S moves first and Union N second, is the 
unique subgame perfect equilibrium of the extended 
game with observable delays. 

Proposition. In the extended game of observable de- 
lays, only Stackelberg equilibria, with either the profit- 
sharing firm’s union or the conventional non-sharing 
firm’s union moving first, emerge endogenously. How- 
ever, the profit-sharing firm’s union is always the leader 
when a sharing parameter, which represents a fraction of 
profits going to the union, is large. 
 

Table 1. Payoff matrix in wage-setting stage. 

  Union N 

  Leader Follower 

Leader 

6It should be noticed that the wage of Union S’s member is 

 πS s sw L . Throughout the paper, the equilibrium wage is always 

larger than the reservation wage ,LL LL

S NU U , LF LF

S NU U

,

 
Union S 

Follower 

w although there is the possibility 

that Sw w FL FL

S NU U , LL LL

S NU U  
. Of course, it also holds that Nw w  in any possible 

equilibrium. 
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The above proposition can be illustrated graphically. 
In Figure 1, two possible combinations of best-response 
functions are depicted in the two panels. The best-re- 
sponse function of Union S is upward-sloping when 

0.75  0.75 and downward-sloping when   , while 
the best-response of Union N is always upward-sloping.  

In Figure 1(a), each best-response function is up- 
ward-sloping like a symmetric Bertrand equilibrium with 
differentiated products (see Cheng [11]) and a portion of 
both best-response functions lies in the set of Pareto su- 
perior outcomes. Therefore, the follower has the advan- 
tage of being able to undercut the leader’s wage and thus 
does better than the leader. The leader in turn can do at 
least as well in the sequential move game as in the si- 
multaneous play game since the Nash equilibrium of 
simultaneous play is feasible for the leader (Lemma 1 in 
Hamilton and Slutsky [9]). Hence, the Stackelberg equi- 
libria, with either the profit-sharing union or the conven- 
tional non-profit-sharing union moving first, emerge 
endogenously. 

In Figure 1(b), the best-response curve of Union S is 
downward-sloping and only the Union N’s best-response 
curve is passing through the Pareto superior set. In this 
case, Union N still has the follower’s advantage while 
union S prefers the leader. Therefore, only the Stackel-
berg equilibrium with Union S moving first emerges 
endogenously. 

To see why the Union S’s best-response curve is 
downward-sloping when   is large, let us derive the 
slope from (11): 

12 12

11 11

ˆ π̂

ˆ π̂
S S S

N S S

w u

w u




d

d
 

 




  ,         (19) 

where ijf  indicates the second partial derivative of f  
with respect to th and th arguments. While the de-
nominator of RHS in (19) must be negative by the sec-
ond order condition, the numerator can be either positive 
or negative since 12  and 12S  . In the 
non-profit-sharing case (

i j

û π̂ 00S  
0


  ), the slope is always posi-

tive just like union N’s best-response curve. In the 
profit-sharing case, on the contrary, the slope depends on 
 : positive if it is small while negative if it is large. 
When   is large, the effect of the firm’s profits  π̂ 12S   
dominates that of the union’s utility ( 12 ). In the model 
presented in this paper, 0.75 is the critical value of 

ˆSu 

  
for the sign of the slope: negative if   is above it while 
positive if below it. 

Since the simple and concrete production and demand 
functions are employed in the presented model, one can 
pin down the critical value. As for more general cases, in 
principle, it can be obtained from (19) as follows: 

12

12

ˆ

π̂
S

S

u 



 

 

                  (20) 

ws IS Union N 

IN

wN

Union S

 

 
(a) 

ws IS Union N 

IN

Union S

12π̂S  12ˆSu 

 wN

(b) 

Figure 1. Reaction functions and Pareto superior sets. IS is 
Union S’s indifference curve, IN is Union N’s indifference 
curve, straight lines indicated by Union S and Union N are 
the best-response functions, and the shaded regions show 
Pareto superior sets. (a) θ < 0.75; (b) θ > 0.75. 
 

In other words, the critical value could be smaller or 
larger than 0.75 depending on  and . 

4. Concluding Remarks 

This paper analyzes the endogenous order of wage deci-
sion in a unionized duopoly model with a profit-sharing 
and a conventional non-profit-sharing firm, adopting the 
observable delay game of Hamilton and Slutsky [9]. As a 
result, it is shown that the two firms do not move simul-
taneously. In addition, if a fraction of profits going to the 
union is large, only the Stackelberg equilibrium with the 
profit sharing firm moving first emerges endogenously. 
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In this paper, a rather specific model is employed to sim-
plify the demonstration. Undoubtedly, the critical value 
of the sharing parameter, above which only the profit- 
sharing union’s leadership emerges, depends on the spe-
cific assumptions. It deserves future study to investigate 
the relationship between the critical value and market 
and production structures. It is also important to examine 
what happens if the sharing parameter is endogenously 
determined as an outcome of the bargaining between 
firms and their unions. 
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