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ABSTRACT

The effects of electric field and non-uniform basic temperature gradient on the onset of Rayleigh-Bénard convection in
a micropolar fluid are studied using the Galerkin technique. The eigenvalues are obtained for free-free, rigid-free and
rigid-rigid velocity boundary combinations and for isothermal and/or adiabatic temperature boundaries. The microrota-
tion is assumed to vanish at the boundaries. A linear stability analysis is performed. The influence of various micropolar
fluid parameters and electric Rayleigh number on the onset of convection has been analyzed. One linear and five
non-uniform temperature profiles are considered and their comparative influence on onset is discussed.
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1. Introduction

Electrohydrodynamics can be regarded as a branch of
fluid mechanics concerned with electrical force effects. It
can also be considered as that part of electrodynamics,
which is involved with the influence of moving media on
electric fields. Actually, it is both of these areas com-
bined, since many of the most interesting problems in
electrohydrodynamics involve both an effect of fluid
motion on the fields and an influence of the fields on the
motion. Onset of natural convection in the presence of an
external field such as a magnetic field or an electric field
has been studied extensively. In highly conductive fluids
magnetic effects will be dominant. To the contrary, in
dielectric fluids with low values of the conductivity, the
electric effects will essentially govern the motion. The
forces that are exerted by an electric field on free charges
present in a liquid are transmitted by collision to the neu-
tral molecules. The fluid will be set in motion, thus
changing the distribution of charges that in turn modifies
the electric field: there is an analogy between the Ray-
leigh-Bénard instability and pure electroconvection. In
the latter case, the destabilizing force is proportional to
the mean charge gradient. The effect of electric fields on
the motion of liquids is employed in the electrohydrody-
namic energy converters devices in which the electric
field energy is directly converted into the kinetic energy
of a liquid flow. Another technical application is related
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to the possibility of intensifying or suppressing the heat
and mass transfer in high-voltage devices and, in some
cases, to the ability of controlling such processes. Onset
of convection in a dielectric fluid layer in the presence of
electric field has been studied by Roberts [1], Maekawa,
Abe and Tanasawa [2], Char and Chiang [3], Douiebe et
al. [4], El-Sayed [5], Rudraiah and Gayathri [6], Hemala-
tha and Shivakumara [7].

The theory of micropolar fluid introduced by Eringen
[8] have become an important field of research especially
in many industrially important fluids like paints, poly-
meric suspensions, colloidal fluids, and also in physio-
logical fluids such as normal human blood and synovial
fluids. The mathematical theory of equations of mi-
cropolar fluids and applications of these fluids in the
theory of lubrication and porous media is presented by
Lukaszewicz [9].

The Rayleigh-Bénard instability in a horizontal thin
layer of fluid heated from below is an important particu-
lar stability problem. The theory of thermomicropolar
convection heated from below was studied by many au-
thors Datta and Sastry [10], Ahmadi [11], Bhattacharya
and Jena [12], Siddheshwar and Pranesh [13-17] and
more recently by Pranesh and Kiran [18].

In many of the heat transfer problems, control (sup-
press or augment) of convection plays a vital role. There
are several mechanisms that can be used effectively to
control convection, namely by applying magnetic/electric
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field externally or by coriolis force due to rotation or by
maintaining non-uniform temperature gradient. The lit-
erature pertaining to maintaing non-uniform temperature
gradient in micropolar fluid encompassing the above
mechanisms is mainly concerned with magnetic field or
rotation and a corresponding study for micropolar fluid
with effect of electric field is missing despite its impor-
tance in understanding control of convection encountered
in many scientific and technological problems.

The aim of this paper is to analyze the influence of
various non-uniform basic temperature gradients on the
onset of electroconvection in a layer of micropolar fluid.
The eigenvalue of the problem is solved numerically us-
ing the Galerkin technique.

2. Mathematical Formulation

Consider an infinite horizontal layer of a Boussinesquian,
electrically conducting fluid, of depth “d” permeated by
an externally applied uniform electric field normal to the
layer (see Figure 1). A cartesian co-ordinate system is
taken with origin in the lower boundary and z-axis verti-
cally upwards. Let AT be the temperature difference be-
tween the upper and lower boundaries. The body forces
acting on the fluid are buoyancy and electric field.

The governing equations for the Rayleigh-Bénard situ-
ation in a micropolar fluid are

Continuity equation:

v-q=0, (1)

Conservation of linear momentum:

Po [%qﬂq-v)q}

(@)
=-Vp-pgk+(2¢ +7)V*q+{Vxa+(p-V)E,
Conservation of angular momentum:

ow
pol[—+ q-Vv w}
ot ( ) (3)

= (A +1)V(V-@)+(n'V’@)+¢ (Vxa-20),

A
AA
Z=d E z T=T,
.
—_—
—_— Y To>T,
Z=0 T=T, X

Figure 1. Schematic diagram of Rayleigh-Bénard situation
for a fluid with suspended particles.
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Conservation of energy:

ﬂ+(q—iV><a)J~VT =yV°T, 4)
ot P.C,
Equation of state:
p:po[l_a(T_To)]n (%)
Equation of state for dielectric constant:
e =(1+2)-e(T-T,), (6)
Faraday’s law:
TeEoo ™
E=-V9,
Equation of polarization field:
V-(&E+p)=0,
®)
p=¢ (e —1)E.
where, q is the velocity, @ is the spin, T is the

temperature, p is the hydrodynamic pressure, p is
the density, p, is the density of the fluid at reference
temperature T =T_, g is the acceleration due to gravity,
¢ 1is the coupling viscosity coefficient or vortex viscos-
ity, 7 is the shear kinematic viscosity co-efficient, | is
the moment of inertia, A’ and 7' are the bulk and
shear spin viscosity coefficients, £ is the micropolar
heat conduction coefficient, C, is the specific heat, y
is the thermal conductivity, o is the co-efficient of
thermal expansion, y, is thermal susceptibility, ¢ is
the electrostatic potential, &, is electric permeability of
free space, ¢, is dielectric constant, p is dielectric
polarization, E is electric field.

The basic state of the fluid being quiescent is described

by:

4, =0, @, =0, p= pb(z):

p:pb(z)’ E:Eb(z)7 p: pb(z)a (9)
—d dT,

T=T 28 _t(2).

The monotonic, non-dimensional basic temperature
gradient f(z) which is non-negative satisfies the condi-

1
tion.f f(z)dz =1. The non-uniformity in Ty as in (9) finds
0

its origin in transient heating or cooling at the boundaries
(Siddheshwar and Pranesh [14,15] and references therein).
We have considered various reference steady-state tem-
perature gradients in this paper and these are defined be-
low:

Equations (1)-(8) in the basic state specified by Equa-
tion (9) becomes:
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dp, ok,

P __,gip T
& Pod+ o
2

d 'I;b _o,

dz

Po = Po [l—a(Tb _To)]’

& =(1+;(e)—e(Tb—T0),
(10).

(1+;(e)E0
eAT |’

(1+;(e)+Tz

E, =

1
R =&E,(1+ z.)| 1- eAT

(I+2.)+

We now superpose infinitesimal perturbations on the
quiescent basic state and study the instability. Let the ba-
sic state be disturbed by an infinitesimal thermal pertur-
bation. We now have:

q=0,+0, @ =@, +@', p=p, + P,
E=E,+(E.E}), p=p,+p. ; (11
T=T,+T, P=R,+(R.P)

The primes indicate that the quantities are infinitesimal
perturbations and subscript “b” indicates basic state val-
ue.

From Equation (8), on linearization yields

P'=¢,.El fori=1,2 12)
P/ =&, 1.E —es,ET' |

The second equation of (7) implies one can write
E =-V¢',where ¢ is the perturbed electric scalar po-
tential. Introducing the electric potential ¢’ and substi-
tuting Equation (11) into Equations (1)-(8) and using the
basic state solution (10), we get linearised equation gov-
erning the infinitesimal perturbations in the form:

V-q'=0, (13)
aq' 'l 2.1
= _Vp-p'gk +(2 \Y
p{at} p-p'gk +(2¢+m)Vq (13)
+H¢Vxa' +(P,-V)E'+(P'-V)E,,
o' )
I 2= = (A +7 )V (Ve V'
pl| |-y (va) ()
+{(Vxq'-2a'),
oT' AT B
2 gL vxa'|f(2), 16
o d {q 2.C, Xw} (2) (1)
p'=—ap,T’, (17)
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&' =—ceT, (18)
V-(&E'+p)=0. (19)

Using Equation (17) in (14), operating curl twice on
the resulting equation, operating curl on Equation (15),
using Equation (12) on Equation (19) and non dimen-
sionalised all the equation using the following definition

(xy.2) . W
X*, y*,2%) = SWi=—o
* a)' * t * T'
o' = = , T =—.1 (20
(z/d)" " (d*/x) AT
- ¢ ,Q*:VXW
eE,ATd (zj
(1+ 2. d’

we get,
RV;T +(1+N,)V'W + N, V’Q,
p) 21)
+LVITS (z)—LE(quﬁ) f(z)=0,
N,V’Q, - N,V'W -2N Q, =0, (22)
VT +(W=-N,Q,) f(z)=0, (23)
v%-ﬂ:o, (24)
0z

where the asterisks have been dropped for simplicity and
the non-dimensional parameters N,, N;,N;,R and L
are as defined as

3
R= M, (Rayleigh number),
2(¢+n)
22 242
L= M, (Electric number),
(1+2.)(&+nm) x

N, = L, (Coupling Parameter),
c+n

r

n
N, =————, (Couple Stress Parameter),
3 (é, + ’7) d2 ( p )
N, = p 5. (Micropolar Heat Conduction parame-
p.Cd

ter).

The infinitesimal perturbation W, Q,,dand T are as-
sumed to be periodic waves and hence these permit a nor-
mal mode solution in the form (See Chandrashekar [16]).

w [W(2)

Qz _ G(Z) i(Ix+my)

T Tl | @)
¢ 1 |4(2)
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where | and m are horizontal components of the wave
number a.

Substituting Equation (25) into Equations (21)-(24),
we get

(1+N,)(D* ~a*)' W —Ra’T +N, (D* ~a’)G

-La’T f(z)+La’D¢ f (z)=

., (26

N,(D*-a’)G-N,(D’-a’ )W -2N,G=0,  (27)

(D*-a”)T+(W -N,G) f (z) =0, (28)

(D*-a%)¢-DT =0, (29)
where D = i
dz

The sets of ordinary differential Equations (26)-(29)
are solved using Galerkin technique. Multiplying Equa-
tion (26) by W, Equation (27) by G, Equation (28) by T
and Equation (29) by ¢, integrating the resulting equa-
tion by parts with respect to z from 0 to 1 and taking W =
AW, G=BG,, T=CT, and ¢=Eg in which A, B, C
and E are constants with W,, G, T, and ¢ are trial
functions. This procedure yields the following equation
for the Rayleigh number R:

(T.(D>=a")T )Y, Ly
a(WT)Y, v

(30)

where
Y, = N3<GI(D2—az)G,>—2Nl<Gf>,
Y, = N1N5<GI(D2—a2)W1><TIGlf (2))
-(TW,f (2))Y,,

Y, =(1+ N1)< (D?-a?) W1>Yl
(

+Nf<G(D2—a) ><W1 D’ -a)G >
<WTf( )) <W D¢, f (2))(#DT,)
v <WT> <W1T1><¢1(D - )¢1>

In the Equation (30), (———) denotes integration
with respect to z between z=0 and z=1. We note
here that R in Equation (30) is a functional and the Euler-
Lagrange equations for the extremisation of R are Equa-
tions (26) to (29).

The value of critical Rayleigh number depends on the
boundaries, and it is obtained for the following boundary
combinations:

a) Free-free isothermal/adiabatic, no spin.

b) Rigid-rigid isothermal/adiabatic, no spin.

¢) Rigid-free isothermal/adiabatic, no spin.

Copyright © 2012 SciRes.

3. Results and Discussions

In this paper, we have studied the effect of non-uniform
basic temperature gradient on the onset of Rayleigh-Bé-
nard convection in a micropolar fluid in the presence of
electric field. One uniform and five non-uniform basic
temperature gradients are chosen for study (See Table 1).
Keeping in mind the laboratory and geophysical prob-
lems, the following type of boundaries have been inves-
tigated:

1) Free-Free 2) Rigid-Rigid 3) Rigid-Free.

These boundaries may be either isothermal or adia-
batic.

It is observed for the symmetric boundary combina-
tions, Rcl = RCS = RCG ;ﬁ RC4 and RCZ = RC3 ;ﬁ RC4' On the
basis of this following grouping of non-uniform tem-
perature profiles can be made for free-free and rigid-rigid
boundaries (symmetric boundaries).

Group 1 Group 2 Group 3
Linear (Rc) Piecewise linear Step
heating from below function
Inverted (Re2) (Res)

Parabolic (Rcs)
Parabolic (Rc)

Piecewise linear
cooling from above
(RC3)

Re (i = 1 - 6) in the table are the critical Rayleigh
numbers corresponding to the six basic temperature gra-
dients. In the case of rigid-free boundaries (non-sym-
metric boundary combination) no two R are the same. In
the non-symmetric case we find that Ry < Rz <R < Rgg
< R¢1 < Rgs. In the case of piecewise linear and step func-
tion profiles, the critical Rayleigh number R, depends on
the thermal depth ¢, in addition to depending on the pa-
rameters of the problem (See Table 2). The values of the
micropolar parameters are taken according to Clausius —
Duhem inequality (see [13]).

Figures 2(A)-4(A) are the plots of critical Rayleigh
number R versus coupling parameter N, for free-free,

Table 1. Non-uniform basic temperature gradients.

Reference steady-state

Model temperature gradient f@
1 Linear 1
&' 0<z<e
2 Heating from below
0 e<z<1
0 0<z<l-¢
3 Cooling from above o
& 1-¢<z<1
4 Step function S(z-¢)
5 Inverted parabolic 2(1-2)
6 Parabolic 2z

AM



446 S. PRANESH, R. BABY

Table 2. The value of the thermal depth & for N; = 0.1, N3
= 2.0, Ns = 1.0, L = 100. Isothermal (Iso) and Adiabatic
(Adi).

Boundary/ Free-Free Rigid-Free Rigid-Rigid
Profiles £, £, &,
Iso Adi Iso Adi Iso Adi
Heating 072 075 076 082 070 0.72
from below
Cooling 072 075 065 063 070 072
from above
Step 072 050 054 057 050 0.50
function

rigid-rigid, rigid-free isothermal boundaries respectively
for different values of electric number L and for different
non-uniform basic temperature gradients. It is observed
that as N, increases, R, increases. Increase in N; indicates
the increase in the concentration of the microelements.
These microelements consume the greater part of the
energy in developing gyrational velocity and as a result
the onset of convection is delayed. From this we con-
clude that an increase in N, is to stabilise the system.

Figures 2(B)-4(B) are the plots of critical Rayleigh
number R;versus couple stress parameter N; for free-free,
rigid-rigid, rigid-free isothermal boundaries respectively
for different values of electric number L and for different
non-uniform basic temperature gradients. We note that
the role played by the shear stress in the conservation of
linear momentum is played by couple stress in the con-
servation of angular momentum equation. It is observed
that as N; increases R, decreases. Because, when Nj in-
creases the couple stress of the fluid increases, this in-
crease in the couple stress causes the micro-rotation to
decrease. Therefore, increase in N3 destabilises the sys-
tem. From the figure it is observed that decrease in R; is
significant for lower values of N3 and at higher values,
the dip in R, is insignificant. From this we conclude that
couple stress are operative at only small values of Nj.

Figures 2(C)-4(C) are the plots of critical Rayleigh
number R versus micropolar heat conduction parameter
N for free-free, rigid-rigid, rigid-free isothermal bound-
aries respectively for different values of electric number
L and for different non-uniform basic temperature gradi-
ent. When Ns increases, the heat induced into the fluid
due to these microelements also increases, thus reducing
the heat transfer from bottom to top. The decrease in heat
transfer is responsible for delaying the onset of instability.
We conclude that an, increase in Ns increases R and the-
reby stabilises the system.

From the Figures, it is also observed that the increase
in electric Rayleigh number L, layer becomes more and
more unstable. Thus, the effect of electric field is to

Copyright © 2012 SciRes.

2600 — N;=2.0,Ns=1.0
i L=100

N;=0.1,Ns=1.0
1300 L=100 —

800

600 —

¢ 400

200 —

Figure 2. Plot of critical Rayleigh number R versus (A)
coupling parameter, N;, (B) couple stress parameter, N3, (C)
micropolar heat conduction parameter, Ns, for free-free
isothermal boundaries, for different non-uniform tempera-
ture gradient and for different electric Rayleigh number L.
(a) Linear temperature profile; (b) Heating from below; (c)
Step function.
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7000 - Ns=2.0,Ns=1.0
L=100
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-

N3;=0.1,Ns=2.0
L=100 —

log, N,
©)

Figure 3. Plot of critical Rayleigh number R #versus (A)
coupling parameter, N;, (B) couple stress parameter, N3, (C)
micropolar heat conduction parameter, Ns, for rigid-rigid
isothermal boundaries, for different non-uniform tempera-
ture gradient and for different electric Rayleigh number L.
(a) Linear temperature profile; (b) Heating from below; (c)
Step function.
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N;=2.0,Ns=1.0
L=100 — (e)

s000
4500
4000
3500
3000
R 2500 ]

2000 —

Figure 4. Plot of critical Rayleigh number R, versus (A)
coupling parameter, N, (B) couple stress parameter, N, (C)
micropolar heat conduction parameter, N5, for rigid-free
isothermal boundaries, for different non-uniform tempera-
ture gradient and for different electric Rayleigh number L.
(a) Linear temperature profile; (b) Heating from below; (c)
Step function; (d) Cooling from below; (e) Inverted para-
bolic; (f) Parabolic.
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augment the onset of convection.

From the present study we recover the following re-
sults as a limiting case:

1) When L = 0, N, = 0 results of Chandrashekhar [19].

2) When L = 0, N; # 0, results of Siddheshwar and
Pranesh [11].

3) When L # 0, N; = 0, f(z) = 1, results of Turnbull
[20].

Figures 5-7 are plots for adiabatic boundaries corre-
sponding to Figures 2-4 of isothermal boundaries. The
results of adiabatic boundaries are qualitatively similar to
that of isothermal boundaries. However, it is found that
the R; with respect to adiabatic boundary is less than the
corresponding R; in isothermal boundaries.

The effect of N;, N3, and N5 on R is true both in the
presence and absence of electric field. On the other hand,
when the micro rotation and electric field are simultane-
ously present the stabilizing effect of N, is being reduced,
being counteracted by the electric field.

It has also been found that the critical wave number for
stationary convection is, in general, insensitive to the
changes in the micropolar parameters but is influenced
by the electric field. A strong electric field succeeds in
inducing only the coupling parameter N; into influencing
a; . We also find that a’ decreases with electric field.
Thus, electric field increases the dimension of the cell.

4. Conclusions

Following conclusions are drawn from the present study:

1) Stationary convection is the preferred mode of in-
stability in a micropolar fluid.

2) Rayleigh-Bénard convection in Newtonian fluids
may be delayed by adding micron sized suspended parti-
cles.

3) The combined effect of electric field and coupling
parameter is to reinforce together and to accelerate the
onset of convection when compared in their individual
influence on the instability.

4) By choosing appropriate non-uniform basic tem-
perature profile it is possible to control the Rayleigh-
Bénard convection.

5) The step function is the most destabilizing basic
temperature distribution and inverted parabolic is the
most stabilizing basic temperature distribution.

6) Implication of the present investigation is that by
controlling the magnitude of electric field and choosing
the appropriate non-uniform basic temperature gradient it
is possible to control convective instability in the mi-
cropolar fluid layer.
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Figure 5. Plot of critical Rayleigh number R, versus (A)
coupling parameter, Ny, (B) couple stress parameter, N, (C)
micropolar heat conduction parameter, N5, for free-free
adiabatic boundaries, for different non-uniform tempera-
ture gradient and for different electric Rayleigh number L.
(a) Linear temperature profile; (b) Heating from below; (c)
Step function.
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Figure 6. Plot of critical Rayleigh number R, versus (A)
coupling parameter, N;, (B) couple stress parameter, N3, (C)
micropolar heat conduction parameter, Ns, for rigid-rigid
adiabatic boundaries, for different non-uniform tempera-
ture gradient and for different electric Rayleigh number L.
(a) Linear temperature profile; (b) Heating from below; (c)
Step function.
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Figure 7. Plot of critical Rayleigh number R. versus (A)
coupling parameter, N;, (B) couple stress parameter, N3, (C)
micropolar heat conduction parameter, N5, for rigid-free
adiabatic boundaries, for different non-uniform tempera-
ture gradient and for different Electric number L. (a) Lin-
ear temperature profile; (b) Heating from below; (c) Step
function; (d) Cooling from below; (e) Inverted parabolic; (f)
Parabolic.
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