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ABSTRACT

The existence and uniqueness results on solutions of set stochastic differential equation were studied in [1]. In this paper,
we present the stability criteria for solutions of stochastic set differential equation.
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1. Introduction

Recently, the field of stochastic differential equations
(SDEs) has been studying in a very abstract method. In-
stead of considering the behaviours of one solution of
(SDEs), one studies its set-valued solution. Instead of
studying a (SDEs), some study stochastic differential in-
clusion (SDIs) (see e.g. [2-4] and references therein),
stochastic fuzzy differential equations (SFDEs), (see e.g.
[5-6] and references therein) stochastic set differential
equations (SSDEs) (see e.g. [7-10] and references therein),
stochastic set differential equations with selector (see
[11-13]). Latest, the existence and uniqueness of solu-
tions to the stochastic set differential equations were stu-
died in [1]. We remark that the problems of properties of
stochastic set solution are still open.

We organize this paper as follows: In Section 2, we
recall some basic concepts and notations which are use-
ful in next sections. In Section 3, we study some kinds of
stability properties such as stable, asymptotically stable,
exponentially stable by Lyapunov and some other stabil-
ity criterion. In Section 4, we give the examples and fur-
ther research of this paper.

2. Preliminaries

We recall some notations and concepts presented in de-
tail in recent series works of V. Lakshmikantham et al
(see [14]). Let KCC(R”) denote the collection of all
nonempty compact convex subsets of R" . Given
ABeKq (R") , the Hausdorff distance between A and
B is defined by

acA beB beB acA

d, (A,B):max{supinf a-b,supinfb-a 2.1
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and {6’”} —the zero points set in K (R”) . It is known

that (KCC(R”),dH) is a complete metric space and

Kee (R”) is a complete and separable with respect to
d, . We define the magnitude of a nonempty subset A
as,

0 (A0")=[A|=supla].a< A

The Hausdorff metric (2.1) satisfes the properties be-
low:

1) d,[A+C,B+C]=d, [AB]and
. [AB]=d,[B.A].
2) d, [2A AB]=2d, [AB],
3) d,[AB]<d,[AC]+d,[C.B].
4) d,[A+A,B+B]<d,[AB]+d,[A,B]
forall AB,C,A,B'eK (R") and 1€R,.
If a,feR and ABeKg (R"), then

a(A+B)=aA+aB,a(BA)=(af)A 1-A=AGiven a
complete probability space (€Q,F,P) with a filtration
{.7-'t } - satisfying the usual conditions. Let

{Wt,t e[o0,T ]} be an ¥, —adapted one dimensional Wie-

ner process defined on (Q,7,P) and &£(t)=dw,/dt,
with &£(-) is one-dimensional “white noise”, i.e., the
time derivative of the Wiener process. In [1], authors
considered the initial valued problem (IVP) for a set sto-
chastic differential equation (SSDE) as follows

dX, = F(,X,)dt+G (L, X, )dw, X(0)= X,  (2.2)
where X, =X (t,0)e KCC<R”),te[O,T]C R, ,weQ.
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F:[0.T]x Ko (R") = Ko (R)
F(t,X,) is measurable multifunction and Aumann
integrably bounded.
G:[0,T]xKee (R") > Koo (R")

G(t,X,) is measurable multifunction and It6 inte-
grably bounded, X;:Q — K., (R”) is an F -measu-
rable multifunction.

Definition 2.1. (see [1]) Let a set-valued stochastic
process X :[0,T]xQ— K. (R”) satisfy:

1) X, =X(tw)e L (QF,P;:K(R")) forevery
weQ,te[0,T];
2) X:[0,T]> £ (2.7, PiKee (R"))

is continuous mapping with respect to the metric A, ;
3) for every te[0,T]:

t t
X=X, +[F(s,X,)ds+[G(s, X,)dw, P -ae.,
0 0

where X, :Q — K¢ (R”) is an J,—measurable mul-
tifunction. Then X, is solution of (2.2).

Definition 2.2. Let set-valued stochastic processes
XY :[0,T]xQ— Kee (R”), we have the following de-
finitions:

1) For every (t,w)e[0,00)xQ,

A} (X,0")=E[d3 (X,.0")]

2) For every (t,w)e[0,20)xQ,

A3 (XY =E[d (X V)]

Using the properties of the Hausdorff distance one can
formulate the following results

Lemma 2.1.

1) ifX,Y,Ze (0, F, FiKe (RY))
then AJ(X+Z)Y+Z)<A,(X.Y).

2)if
Xpoee X YironsY, € £ (@ F, FsKee (R"))ne N

then A’ (X, +---+ Xn,Yl+---+Yn)£nzn:A§(Xk,Yk).
k=1

3) If XY eL(Q,F, %K (R")) and LK recon-

stants, then A3 (IX,kY ) <[l —k|A3(X,Y).

Corollary 2.1. (see [7]) Let set-valued stochastic proc-
esses X,Y e [* (Q,.E, P: Kee (R”)) we have the fol-
lowing confirms:

1) E{dﬁ,(j'xsdws,e”j}SZEﬁdﬁ(XS,H”)ds}
2) E{df, stdws,jvsdwsﬂ szEﬁda (Xs,Ys)ds} ;
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3) E{df{stdsﬁ”HStEﬁdﬂ(XS,H”)ds};
4) E{d,ﬁ stds,jvsdsﬂ StEﬁdzH (XS,YS)ds}.

Definition 2.3. A solution X, to Equation (2.2) is
unique if for every te[0,T]:

A (X.Y,)=0 Pae,

where Y, is any solution to Equation (2.2).

Assume that F,G:[0.T]x K¢ (R") = K (R") sati-
sfy the following hypotheses:

(H1) For every set Ae K. (R”) the mappings

F(,A),G(,A): [0,T] > Kg (R”) are nonanticipating
multifunctions.
(H2) There exists a constant L >0, such that

max {d,, (F (t,A),F(t,A)).dy (G(t. A).G(t.A))}
<L-d,(AA)

(H3) There exists a constant C >0, such that
max {d, (F (t,A),0"),d,, (G(t. A),0")}
<C(1+d, (A0"))

(H4) There exists a function L(t)>0, such that
max {d,, (F (t, A),F(t,A)),

d (G(t.A).G(LA))} <L(t)-dy (A A)

where T[Lz (t)dt<K,.

(H5) (")Fhere exists a function C(t) >0, such that
max{dH (F(tLA),6").d,(G(LA).6" )}
<C(t)[1+d, (A0")]

where }Cz(t)dtg K,.
0

Corollary 2.2. (see [1], Theorem 7) Assume
X, el (Q,}', P;Kee (R”) be an F,—measurable mul-
tifunction and F, G satisfy (H1)-(H3), then SSDE (2.2)
has a unique solution and satisfies estimate
A3 (X,.6")
< [3A§ (X0, 0")+6(T +2)C2T]exp<6(T +2)C7T)

Corollary 2.3. Assume X, e £2(Q, F,P;Kee (R"))
be an F,—measurable multifunction and F, G satisfy
(H1), (H4)-(HS), then SSDE (2.2) has a unique solution
and satisfies estimate
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A3 (X 0")

<[383(X0,60")+ 6(T +2) KT Jexp(6(T +2)K, )

3. Main Results

In this section, we study some kinds of stability proper-
ties such as stable, asymptotically stable, exponentially
stable by Lyapunov and some other stability criteria such
as equi, uniform and equi-asymptotical stabilities for
SSDE.

Definition 3.1. The trivial stochastic set solution of
SSDE Equation (2.2) is said to be

(LS) Lyapunov stable, if for each £>0 and t, >0

there exist a n:n(to,g) , such that A;(XtO,H”)S

implies A3 (X,.0")<e&,Vt>t,.
(ALS) Asymptotical Lyapunov stable, if it is (LS) and
lim A3 (X,,60")=0
(ELS) Exponent Lyapunov stable, if there exist
a, >0, such that:
-1, )]

A} (X,.0")< B-A}(X,,.0")-exp[—a(t
Definition 3.2. The trivial stochastic set solution of
SSDE Equation (2.2) is said to be:
(S1) Equi-stable, if for each ¢>0, and t,>0 there

exists 7=7(t,,&) such that A; (Xto 0" ) <n implies

that A3(X,.0")<z, Vt>1,;

(S2) Uniformly stable, if 7 in (S1) is independent of
t;

(S3) Quasi-equi-asymptotically stable, if for each
£>0,t,>0, there exists T =T(t,,&) and 7,=n(t,)

such that A;(XtO,H")<770 implies A;(Xt,ﬁn)<g, for

all t>t,+T >t;

(S4) Quasi-uniformly-asymptotically stable,
and T in(S3) are independent of t,;

(S5) Equi-asymptotically stable, if (S1) and (S3) hold
simultaneously;

(S6) Uniformly asymptotically stable, if (S2) and (S4)
hold simultaneously;

(S7) Exponent-asymptotically stable, if exist «, >0
such that A (Xt,H” ;)S BAS (thO,Q" ) -exp[ —a(t-1,)]
forall t>t,.

Lemma 3.1. According to the Definitions 3.1 and De-
finition 3.2, we can say that

1) The stochastic set solution of SSDE E (2.2) is (S1)
if and only if it is (LS) that means (S1) < (LS).

2)(S6) < (ALS).

3)(S7) < (ELS).

4) (S6) or (ALS) = (S6).

5)(S6) = (S4).

Thus we have to prove (S1), (S6) and (S7).

if 7,
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Next, we present some results about (S1)-(S6) of solu-
tion with using the Lyapunov-like functions.

Theorem 3.1. Suppose that the positive Lyapunov-like
function V (t,X,)eC ([tO,T]x Kee (R”), R+) satisfies the
following conditions:

D M (6X)-V (LX) LA (X0 X,)
where L >0 is Lipschitz constant, for all X,,

X, €L (Q 7, PiKee (R")), te[0.T];

2) The Dini derivative

D'V (t, X, ) =

Lig(}sup%[ X,)+G(t.X,)E(1))
V(X)) ]<g(tV(t.X,))
where ¢(1,0)=0, geC[R’,R];
If X, =X (t,to, Xy, ) is any solution of SSDE Equation
(2.2) Such that V (t,, X, ) <k, , then we have

V(t+h X +h(F(t,
<

V(t, X)) <I(tty,ky ), VEe[t,,T],

where I(t,t,,k,) is a maximal solution of ordinary dif-
ferential equation (ODE)

d = a(tk(v)k(t) =k, >0.

Proof. Let X, =X (t ty, X, ) be any solution of
SSDE Equation (2 2) existing on [t,,T]. We define the

function m(t)=V (t,X,) so that m(t,)=V (tO,XtO)_kO.

3.1

Now for small h >0, by our assumption it follows that
m(t+h)-m(t)=V (t+h,X.,)-V(t.X,)
=V(t+h,X.;)

~V (t+h, X, +h(F(t,X,)+G(t,X,)

)£(1)))
t)) ~V(t
)+G(4,X,) e:t)))
X,)+G(LX)E(1)) -V (t.X,).

by using the Lipschitz condition give (1). Thus

+V (t+h, X, +h(F (t,X,
X, +h(F(t,X

)+G(t,X,)
t+h»

<L-A}(X
+V(t+h,Xt+h(F(t,

D'm(t) = lim sup— [m t+h)- }<D+VtX)
h—0*
1
+L- hlggsuphA (X X +h(F (6, X,)+G (6, X, ) (1))
Since
1

HAg (xt+hs X, +h(F(t’ Xt)+G(t, Xt)ég(t))

A (% F(t,X,)+G(t, Xt)é(t)),

AM



H. VU

and X, is any solution of SSDE Equation (2.1), we find
that
lim sup%Ag (Xions X +hF (£, X, )+G (1, X, ) £(t))

h—0*

= A3 (dX,,F(t,X,)dt+G(t, X, )dw, ) =0.

We therefore have the scalar differential inequality
D'm(t)<g(t,m(t)).,m(t,)<k,, which yields, as be-
fore, the estimate m(t)<I(t,t),k,), where 1(t,t;,k,)
is a maximal solution of ODE (3.1). This proof is com-
plete.

Corollary 3.1. If the Lyapunov-like function
V(t,X,)eC ([O,T]x Kee (R”) R ) satisfies conditions

s Iy

in Theorem 3.1 then we have the estimate:
V(X)) <V (. X, ).Vt 21, >0
Next, putting
S(X,)
E{xl e (. F,P; KCC(R”)):Ai(XI,XO)<p}.

Theorem 3.2. Assume that for SSDE Equation (2.2)
exists the Lyapunov like function V (t,X,) which satis-
fies the conditions of Theorem 3.1.

a) If there exist the positive functions a(.,-), b(-) are
strictly increasing such that:

1) vte[0;T], X, e KCC(Rn):
o) Ve X <00,

and g(t.V(t,X,))<0, then (S1) holds.

Futhermore, there exists £ >0 such that

2)If g(t.V (t.X,))<—z , then (S3) holds.

3)If g(t.V (t. X)) <—z , then (S5) holds.

b) If there exist the positive functions a(,-), b(-) are
strictly increasing and 7 >0 such that:

1) vte[0;T], X, eS”(X,):

b(A2(X..0")) <V (t.X,) <a(tA3(X,.6"))

and g(t.V(t,X,))<0, then (S2) holds.
Futhermore, there exists 77 >0 such that.

2)If g(tV(t.X,))<—nV (t.X,), then (S4) holds.
3)If g(t.V (tX,))<—nV (t,X,) then (S6) holds.

Proof. Let >0 and t, be given, choosing
B=p(ty,a) such that a(t,,a)<b(p) with this we
have (S1).

If this is not true, there would exists a stochastic set
solution X, of SSDE Equation (2.2) and t>t, such
that

A3 (X, 0")=aand A}(X,,0")> B

with >« . By using Corollary 3.1 and a/l, we have
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a(ty,a)<b(pB) asresult, yield:
b(8)<b(A2(X..0"))<V (t.X,)
<V (4 X, ) <a(t, A2 (X,,.0")) <a(t @) <b(B)

This contradiction proves that (S1) holds.

Next, we have to prove that: Va > 0,t, €[0,T] there
existsa B>0 andnumber t(t,,a)>0 such that:
A} (X,.0") < implies A} (X,,0") < B for
t>t +t, >t;>20.Let >0 and t'=t,+t,>0.

Choosing B=B(t,a) such that a(t,a)<b(B)
with this we have (S3). If this is not true, there would
exists a stochastic set solution X, of SSDE Equation
(2.2) such that, A}(X..0")=a and A}(X.0")>B,
where a<B,for t>t'>t,>0.

By using assumption (a/2) of this theorem shows that
V(t,X)<V(t,X,), Vt>t'>t; >0 and yields:

b(B)<b(A3(X.0"))<V (t.X,)
<V () X,)- s <a(t,a)<b(B).

V(t,X,)<V (to, X, ),Vt >t,>0 and condition
b

This contradiction proves that (S3) holds.

The affirmation for (S5) is proved analogous to the
proof of the affirmations for (S1), (S3).

Next, we have to prove that (S2) holds:

By g(tV(t,X,))<0 implies V(t,X,)<V

<V(t,,X, )
and Vt>t,, b(A3(X,,07))<V (LX) <V (t, X, )-

)
Sa(tO,A§<X[0,6"))

Thus for all X, eSP(p) and Vt, €[0,T] the affir-
mation for (S1) holds, that means the affirmation for (S2)
holds.

Next, we have to prove that (S4) holds. According to
assumption b) of Theorem 3.2

1) b(A2(X,.0"))<V (5. X,)<a(t.A2(X,.0"))
2) DV <g(tV(LX,))<-nV(t.X,)
Forall t,€[0,T], we have
V(t.X) <V (1, X, Jexp[—u(t-t,)]
<a(t,,83(X,,.0"))exp[-n(t-t,) ], vt =1,
As aresult,
b(Ai(Xt,H”))Sa(tO,AZ(Xlﬂ,é’”))exp[—n(t—to)],
vt >t,

and (S4) holds.

The affirmation for (S6) is proved analogous to the
proof of the affirmations for (S2), (S4).

Corollary 3.2. Assume that for SSDE Equation (2.2)
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exists the Lyapunov like function V (t, Xt) which satis-
fies the conditions of Theorem 3.1, and exist the positive
numbers a,b such that Vte [O;T], X, € Kee (R”):

b-A3(X,0") <V (4,X,)<a-A3(X,.0").

If D'V <V (t,X,), then (S7) holds.
Proof. The proof for (S7) is proved analogous to the
proof of the affirmations for (S4).

4. Some Applications of Stochastic Set
Differential Equations

For example, in a finance market we consider some stock
price at time t denoted by X, which is a random va-
riable defined on the probability space (Q,f , P) . Ow-
ing to the quick fluctuation of the stock price from time
to time or to the existence of missing data, we may not
precisely know the price X, (@). A possible model for
this situation would be to give the upper and the lower
prices (i.e. a margin for the error in the observation).
Then we obtain an nterval X, (@)= |:X1L (@), X/ (a))j
which is a special kind of a set-valued random variable,
ontains not only randomness but also impreciseness, and
we assume X, (@) is certainly in this interval.

For example different, in environmental of the insur-
ance premium, the risks is considered a main material of
this industry. Beside that, the risks are random factors
and associating with premiums, so insurance premiums
should be built on the basis of risks to price insurance
which could compensate and balance the damage occurs
to their business costs. Otherwise, the risks are some
kinds different and levels of influence are different, so
they could influence to levels of price of the insurance
premium.

Hence, we may not precisely know the price of the in-
surance premium such that be beneficial to company of
the insurance and customers. Then, in special the case we
assume X, () is certainly in this interval which ad-
missible prices.

Example 4.1. (Stock prices) Let X, denote the price
of a stock at time t, where X, €K (R) (i.e. inter-
val-valued). We can model the evolution of X, and the
relative change of price, evolves according to the SSDE
under the form

>

dX, = uXdt+5X dw,
4.1

X(0)=X, =[ X;, %) ],

for all te[0,T], for certain constants z,6>0, called
the drift and the volatility of the stock.

Since coefficients in Equation (4.1) satisfy the condi-
tions in Corollary 2.2, there is a unique solution of Equa-
tion (4.1). This means that for te[0,T]SSDE (4.1) sat-
isfies the following interval-valued stochastic differential
equation
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dX, =g X5 XP Jdt+8] X XY Jdw,
(4.2)
X(O): X, :|:X(I)_9X(§J:|a

forall te[0,T]. Thatis,
X, =[ X5, X§ ]+jy[x;,x;’]ds+j5[x;,x;’]dws.
0 0

Since u, >0, Xt" and X[U are the solutions of
the following stochastic differential system

t t
X¢=Xg+ [ uXids+[ X dw,. (4.3)
0 0

t t
X{ =Xg + [uX{ds+[oXIdw,. (4.4)
0 0

We can slove Equation (4.3) and Equation (4.4) by
classic methods. Thus, the solutions of Equation (4.3)
and Equation (4.4) respecttively are

52
XtL:XOL-exp((,u—T)t+5wt]
52
X =X -exp (ﬂ‘?jt+5V\’t .

Its graphical representation can be seen in Figure 1.
From here it is easily verifiable stability criteria of so-
lution to Equation (4.1).

and

5. Further Research

In the future, we will concentrate all our efforts on other
properties of this kind of equation discussed in our paper,
such as on the existence of extremal solutions for SSDEs
(2.2). Beside that, set-valued stochastic differential equa-
tions and their solutions seem to be a starting point for
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Figure 1. Solution of Example 4.1 incase u=2,6 = 1.
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further development in the theory of control for SSDEs.
Below we present the main idea, we consider the set-
valued stochastic control differential equations (SSCDEs)
under the form

{dxt = F(6X,U,)dt+G (6 XU, )dw, 4.5)
09

x(0)=

Vte[O,T].
where F,G:[0,T]xKg (R")xKee (R') > Kee (R)

are continuous multifunctions, state set

X(t),X, €K (R") and U eKe(R?) s different
controls, inclusion: admissible control, feedback control
and contraction control. The problems of the existence
and properties of solutions to SSCDEs Equation (4.5) is
still open.
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