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ABSTRACT

This paper is devoted to the analysis of the two-layer shallow-water equations representing gravity currents. A similar-
ity technique which is the characteristic function method is applied for this study. The application of the characteristic
function method makes it possible to obtain the similarity forms depending on a group of infinitesimal transformations.
Thus, the number of independent variables is reduced by one and the governing partial differential equations with the
auxiliary conditions reduce to a system of ordinary differential equations with the appropriate auxiliary conditions.

Numeric solutions are presented and discussed.
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1. Introduction

The present study focuses on a two-layer shallow-water
system of incompressible, immiscible and inviscid fluids
with a free surface. When two fluids of differing densi-
ties interact in such a way that a vertical interface exists
between the fluids, the resulting motion consists of the
heavier fluid flowing horizontally beneath the lighter
fluid. Such a flow is said to form gravity current, an
overall view of many of the phenomena associated with
the gravity currents is presented by Simpson [1]. Various
numerical methods have been employed to solve these
model equations such as finite difference, finite element
and spectral methods [2]. Leveque use MacCromick’s
method [3] and Godunov’s method used by Godlewski et
al. [4] which gives numerical standard schemes to solve
the systems of conservation laws. Jin et al. [5] have pre-

sented finite difference methods, called relaxation schemes.

Thereby, Montogomery et al. [6] have used these relaxa-
tion schemes for systems of conservation laws associated
with the gravity currents for a two-layer model. D’ Alesio
et al. [7]. Gravity currents considering Lie symmetry
groups has been investigated by Glaister [8]. He did ap-
ply Lie symmetry groups of two-dimensional shal-
low-water equations with cylindrical symmetry numeri-
cally in conjunction with the Rankine Hugoniot shock
relations. Velan et al. [9] studied Lie symmetries and
found the invariant solutions of the dispersive shal-
low-water equation which is in the single equation form.
Ozer [10,11]. Also there are several solution techniques
to deal with the determining equations in the Lie group
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analysis of differential equations [12,13]. The main pur-
pose of this paper is to find similarity solutions of two-
layer shallow-water equations representing gravity cur-
rents by using the characteristic function method. As the
characteristic function method is not based on linear op-
erators, it is applicable to both linear and nonlinear dif-
ferential models [14-16].

2. Mathematical Formulation of the
Problem

In this study, we consider a two-layer shallow water
resting on a horizontal surface with respective densities
p1, p2- We neglect the friction between the fluids and the
bottom and we also assume that the effect of viscosity is
negligible. According to the shallow-water theory, we
shall assume that the length of the current is much larger
than its depth. By using this assumption we neglect the
vertical accelerations and we can say that the pressure is
hydrostatic. Assuming that the depth of an ambient fluid
is much larger than the thickness of the current. The ho-
rizontal velocities ul in the upper layer and u2 in the
lower layer are independent of height and pressure field
by using the assumption that the pressure is hydrostatic
[17]. We also assume that Reynolds number of the flow
is sufficiently high so that viscous forces are negligible,
as well as the surface tension. We also assume that there
is no mixing between layers. By employing these as-
sumptions and using the kinematics and dynamic bound-
ary conditions at the interface, the two-layer shallow-
water equations are modeled as follows [18].
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This model is illustrated in Figure 1, where 7(x,7)
represents the displacement of the upper layer, h(x,t)
is the thickness of the lower layer, H is the mean total
depth, x is an coordinate system with the x-axis along the
bottom. u,(x,7), (i =1, 2), denotes the horizontal veloc-
ity components for the upper and the lower layer, # is the
time and y=(g'/g), g'is the combined gravity de-

fined by g’ = (pz —,ol)g/,o2 , g is the gravity.
We study the system under the following conditions;

u, (O,t) =u, f; (t)

u, (O,t) =y, f5 (t)
h(x,0)=hy 1)
r(xt)=7, /o ()-H]y

(&)

2.1. Invariance Analysis

The infinitesimal transformation of the system variables
(¢, x; uy, uy, h, 7) is defined as follows;

t_:t+5A(t,x,u,,u2,h,r)+0(52)
X=x+&B(t,x,u,u,,h,T +O(
+

)
o(<)

ity =u, +&M, (t,x,u,,u,,h,7))

(6)

u, =u, +eM, (t,x,ul,uz,hr + (52)

h=h+¢&M,(t,x,u,,u,,h,7) +O(£2)

r= T+ M, (t,x,u,uy,h,7) +O(£2)
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Figure 1. Two-layer shallow-water representation.
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The transformation of u,, u,, A and t derivatives p’s,
q’s, r’s and s’s are defined as;
_ Oy ou, B o’ u,

P P e T ey

Ou,. Ou, _0’u,

D T o T Gk
oh oh ot
Sooh TS T 0
ot ox otox
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™)

rI:

Di=p; +&B (t,x,u,uy,h,7, D,y Dy Dras
%»%a%zarprza’izaslﬂszﬂsu)—i_o(gz)
7,=q,+€Q,(t,x,u;,uy,h, 7, p,, Py, Py,
%»%a%za’iarza”lzaslﬂsz’sn)+O(82)

=r +gR,.(t,x,ul,uz,h,T,pppzspnzs
%n‘b»%z”’lr”2”"12>S19S2’S12)+0(82)
El. =s; +£S,.(t,x,ul,uz,h,Tsppppplz,
%’Qza%z’rprzv’izvsl’sz’SIZ)+O(52)
p p/l+8P (t,x,ul,uz,h,T,Mapzapm
qlqu’qlzar]arz$’i2’sl’s2’s12)+0(82)
9,=9,;+t€0; (t,x,ul,uz,h,T,Pppz»plz’
%’sz%z’rnrz”’lzﬂsl’sz’SIZ)—i_O(gz)
=T, +8R/l.(t,x,ul,uz,h,T»Pppzsplzs
‘]1:qz»‘]lz”’larz”izvslaszﬂ‘SIZ)+0(82)
5,=8, 488, (t.x,u,u,,h,T, Py, Py, Py

®)

%aqza%2:’ivrzs”lzrsl’sz’slz)+0(52)
where the subscript i and j stand for derivative with re-
spect to ¢, x.

A, B, M’s, P’s, O’s, S’s and S’s are the infinitesimal
prolongations. According to these Definitions (1)-(4)
reduce to;

G =p +up+s,=0 ©)
G=n-ys+hp,+ur,—Hp,—ytp,—yus,=0

(10)

G3:ql+u2q2+rz+(1—7/)s2:0 (11

G,=t+hg,+u,r, =0 (12)

the system of differential Equations (1)-(4) of the form G;
=0, (i =1 - 4), will be invariant if DG; = 0, Where the
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total operator D is written as:

D:AﬁJrBiJrM1i+M2i+M3i
ot Ox ou, ou, Oh
+M4E+Pli+})2i+})l2i+Qli
or apl p, P g,
0 0 0
+ + R—+R,—+R,—
Qz aq, S a%z 6’3 ’ or, " o,
+S,£+Szi+512i
0s, 0s, 0s,,

(13)

The applications of the total operator D to Equations
(7)-(10) gives:

DG1=M1%+PI +u, P+S,=0 (14)
Ou,
DG,=R —-yS,+hP,+M,—
oh
+M, a——i—u, R,-HP,-ytPh (15)
ou, or

S,y M,y S, =0

76 v ox Y
DG3=Q,+M2%+u2QZ+R2+(1—y)SZ=0 (16)

X

DG, = R+Maa +hQ,+M, 2h+u2R2:0 17)

2.2. Evaluation of Infinitesimals

Here we will find the explicit solutions of the infinitesi-
mal functions 4, B and M’s, by solving the Equations
(14)-(17). “The power-series solution form” is one of the
most effective techniques for finding the solutions of
determining equations in the symmetry group analysis of
differential equations [14,19]. So we consider the fol-
lowing power-series forms for the infinitesimal func-
tions:

A=A+ At + Ax+ A + A X7 + At x

(18)
FA X+ ALY+
B=B, +B,t +Bx+B,t’ + Bx’
1 2 32 4 i 5 (19)
+Bitx+Bt°x+Btx" +- -
M, =M +M,t +Mx+ M u +Mu, 20)
+ M, h+M T+ Mxt+-+
M,=M, + M, t + M, ;x+M,u, +M,u, @1
+ M, h+ M+ Moxt+--+
M, =M, + Mt +Mx+M,u +Miu, 22)

+Myh+ Myt +Mxt+---+
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M,=M, +M,t +M x+M,u +M,u,

(23)
+Mh+M T+ Mxt+---+

where 4;, B; and M;; i, j = 1, 2 are constant coefficients.
Then substituting the power-series forms (18)-(23) into
the determining Equations (14)-(17) we equate powers of
the variables x, ¢, u;, u,, h and 7 and calculate the constant
coefficients of the power-series forms by equating each
coefficient of various powers to zero, which gives the
general characteristic function of two-layer shallow-wa-
ter equations. After the straightforward calculations for
any finite integer order of power-series forms, we find
that:

A=(4 - 4,)t + 4, (24)
B=(24,-4,)x +B, (25)
M, = Au, (26)
M, = Au, (27)
My =24h (28)
M, =24 (c+H/y) (29)

2.3. Reduction to Ordinary Differential
Equations

In this section, we will obtain the reduced forms of the
two-layer shallow-water equations by using infinitesimal
group transformations obtained in the previous section.
Here we will try to reduce for each sub algebra in the
optimal system to obtain the reduced forms of the system
(1)-(4). For this purpose, we need to write the character-
istic equation in the following form:

de B dx _dy
(A —4)t+4, (24 -4,)x+B,  Au, (30)
du, dh _ dr

T Aw, 240 24(c+HJy)

Case (1). 4, =0and 4, =B, =1, 4, =2 4. The charac-
teristic equation can be rewritten as
dt_dr_dw _dw, dh_ dr

T o a(eemyy O

-t 1 u ou

Solving Equation (31) yields the similarity variable,
n=te' (32)

And the similarity forms are obtained by the integra-
tion of equations in the characteristic Equation (31) giv-
ing

ul(x,l‘):}tﬁl(ﬂ),u2 (x,t)zefn) (33)
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e e
with the corresponding boundary conditions

w (0,6) =wy [t u, (0,8) =uy/t (35)

h(x,t)=h [t 7(x,t) =71,/ ~H]y (36)

Now, we have the reduced system of ordinary differ-
ential equations

—R+nF+nk F+nF;=0 37)

nE —yn Fi+ 2y F +n B+ n B F -y = ynFF{ =0
(3%)
—F+nE +nBF +nF+(1-ynF =0 (39)
2F + 0k +nFF +nFF =0 (40)

with the reduced associated boundary conditions

F(0)=Fo, F, (0) = F @D
P;(x,t)=ﬂ0,ﬂ(0)=ﬂ0 (42)

Case (2). A4,=B =0and 4, =1,4,=24
We can rewrite the characteristic equation in the fol-
lowing form as:
dt dx dy,  du, dh _ dr
—At 0 Au,  Au, 24h 24(c+Hy)

(43)

Giving the similarity variable,
n=x (44)

Integrating Equation (43), the similarity forms are ob-
tained as

u, (x,t) = il En) Uy (x,t) = szﬂ) (45)
h(x,t):#,r(x,t):#—H/y (46)

with the corresponding boundary conditions
u, (0,0) =uy [ty (0,) =1y, [t 47)

h(x,t)zho/tz,r(x,t):‘ro /tz—H/}/ (48)
and the reduced system of ordinary differential equations
is

F-FF-F=0 (49)

“2F,+2y F,+ R+ FF -y R~y FF =0 (50)
SR EFAFE+(1-)F=0 (51

2 F, + FF+FF =0 (52)

with the reduced boundary conditions
F(0)=F,.F,(0)=F (53)
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F3(x’t):F30»F4(O)ZEw (54)

Case (3). 4 =2,4,=4,=B,=1
The characteristic equation is

A de _du du dh dr

= = = = — 55

t+1 3x+1 2u, 2u, 4h 4(c+H/y) (53)
Giving the similarity variable
(1+1)

= 56

7 3x+1 (56)

and the similarity forms
w, (x,t)=(t+1) F (n), uy(v0)= (141 F (1) (57)
h(x,t)=(1+1)" (), 7(x,0) = (t+1)" F, ()~ H[7 (58)
with the boundary conditions
uy (0,0) = (141) uyg, 5 (0,6) = (£+1) 1y (59)
h(0,6)=(t+1)" hy,v(0,0)=(1+1)" 7, Hfy  (60)

The reduced system of ordinary differential equations
is
2F +3n F=37°F F/=3n"F]= 0 (61)
AF, +3nF =4y F,=3ynF, =3’ F,F ©2)
=3*RF+30°y F,F +3yn* KF{=0

2F, +30F, =31 K,F =307 K =3(1- 1)’ = 0 (63)

4F, +3nF -3 RF -3 BE =0 (64)

with the reduced boundary conditions
F(0)=F,, F,(0)=Fy (65)
B (5.0) = By Fy (0)= g (66)

3. Numerical Results and Discussion

As the analytic solution of systems of ordinary differen-
tial Equations (37)-(40), (49)-(52) and (61)-(64), we solve
these systems of ordinary differential equations numeri-
cally by using fourth order-Runge-Kutta method coupled
with the shooting method by employing the correspond-
ing boundary conditions in terms of the similarity vari-
ables given above, the results are illustrated in the fol-
lowing figures.

Figure 2 shows the behavior of the dimensionless ve-
locities of the two layers Fj(n) and F,(77), where
F,(n7) increases with respect to the similarity variable
similar to log-shape, at the same time £ (77) increases
up to 7=0.03 after that the velocity is nearly constant.
On the other hand Figure 3 shows the behavior of the
height of the lower layer Fj(7n) and the free surface of
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— () =uy(x.1)
...... Fm)=u(x,1)

Figure 2. Singular wave solutions for the flow velocities
Fi(n), Fy(n7) corresponding to Case (1) for large value of
and y = 1.0, where F(n) refer to u,(x,f) and F,(n) refer to
uy(x,1).
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15(m) =h(x,1)
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Figure 3. Singular wave solutions of the height of the lower
layer F3(;7) and the free surface of the upper layer F,(#) of
Case (I) for large value of # and y = 1.0, where F3(5) refer to
h(x,?) and Fy() refer to 7(x.,?).

the upper layer F,(7) they increase until 7=0.03
after that F,(77) decrease with low rate, at the same time
Fy(n) decrease with high rate similar to exponential-
shape.

In Figures 4-7, there is a similarity in the shape be-
tween the two velocities F(7) and F,(7) from one
hand, and between the profile depth of the lower layer
Fy(n) against the free displacement of the upper layer
F,(n7) from another hand, because we have paid the
two fluids in the same direction and velocities close to
each other. These velocities and the profile depth of the
lower layer and the free displacement of the upper layer
increase abruptly up to 7 =0.025, after this value, the
velocities F,(7) and F,(7) and the profile depth of
the lower layer £} (77) and the free displacement of the
upper layer F,(7) linearly increase in a low rate with
respect to the value of 5.

According to Figures 8 and 9, under a specific condi-
tion there are disturbances on the dimensionless veloci-
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Fy(n) =u,(x.0)
| F() =u,(x,0)
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-11 /—/’/
-13{
154
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Figure 4. Plot of similarity solutions for the flow velocities
Fi(#7), F>(n) Corresponding to Case (2) for constants: Fyy =
-15, F20 = -10, F30 =25, F4() =10, and Y= 1.0, where F](I])
refer to u;(x,?) and F,(#) refer to u,(x,f).
80 ~
70 4
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50 4

40 f

30 4:

_, Fx(n) = hx)
20 ,; “““ Fu(n) = (x,t)

10 T T T T T T T T T 1
0 0.1 02 03 04 0.}75 06 0.7 08 09 1
Figure 5. Plot of similarity solutions for the height and the
free surface Fs(n), F4(7) respectively corresponding to Case
(2) for constants: Fyy = —15, Fyy= —10, F3y = 25, F4 = 10,
and y = 1.0, where F3(5) refer to h(x,f) and Fy(n) refer to
7(X,7).

Fy(i7) = ua(x,)
""" Fi(i7) = wi(x,0)

'5 T T T T T T T T T 1
0 01 02 03 04 05 06 07 08 09 1
n
Figure 6. Plot of similarity solutions for the flow velocities
Fy(n), Fy(n) corresponding to Case (2) for constants: Fyy=35,
Fyy=-5, F3 =5, Fy=-5, and y = 1.0, where F(7), refer to
uy(x,f) and F,(n) refer to u,(x,t).
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F5() = h(x0)

[ Fi(n) = a(x.)
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Figure 7. Plot of similarity solutions for the height and the
free surface, F;(#), F4(i7) respectively corresponding to Case
(2) for constants: Fyg =5, Fyy=-5, F3p=5, Fy=-5, and y =
1.0, where F3(n) refer to h(x,f) and F() refer to z(x,?).
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Figure 8. Singular wave solutions for the flow velocities
Fi(n), Fy(n) corresponding to Case (3) for large value of n
and y = 1.0, where Fi(n) refer to u;(x,f) and F,(5) refer to
uz(x,t).

700

600
500 ~

400 Fs(n) = h(x,0)
------ Fa(n) = t(x,0)
300 -
200
100 4
0 T T T T 1
0 0.2 0.4 0.6 0.8 1

n

Figure 9. Singular wave solutions of the height of the lower
layer F3(;7) and the free surface of the upper layer Fy(y) of
Case (3) for large value of # and y = 1.0, where F3(5) refer
to h(x,t) and Fy(n) refer to 7(x,?).
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ties profiles of the two layers up to 7 =0.01, these dis-
turbances occurring at the same time which hydraulic
jump occurs in the dimensionless depth of the lower
layer and the displacement of the upper layer, after this
value the two layers velocities profiles increase with re-
spect to the similarity variable # similar to log-shape, at
the same time F; () and F,(77) decreases with low rate.

4. Conclusion

The present analysis employed the characteristic function
method to solve the equations representing the two-layer
shallow-water equations. Different reduction forms were
obtained, illustrated and discussed. Although the analytic
solutions of the reduced forms were not available, the
obtained numeric solution well presented the behavior of
the two layers of the problems. For specific values of the
group parameters, the solutions were obtained and pre-
sented and it’s also available to obtain and present the
solutions for other cases. In our analysis a new similarity
variable was obtained in Case (2), also other new simi-
larity variables were obtained in Cases (1) and (3) giving
critical singular wave solutions which have not been re-
ported in [12].
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