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ABSTRACT 

This paper tackles the wave attenuation along with a cylindrical waveguides composed of a left Handed material (LHM), 
surrounded by a superconducting or metal wall. I used the transcendental equations for both TE and TM waves. I found 
out that the waveguide supports backward TE and backward TM waves since both permittivity and magnetic perme- 
ability of LHM are negative. I also illustrated the dependence of the TE and TM wave attenuation on the wave fre- 
quency and the reduced temperature of the superconducting wall ( cT T ). Attenuation constant increases by increasing 

the wave frequency and it shows higher values at higher cT T . Lowest wave attenuation and the best confinement are 

achieved for the thickest TE waveguide. LHM-superconductor waveguide shows lower wave attenuation than LHM- 
metal waveguide. 
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1. Introduction 

Recently, there has been a great interest in new type of 
electromagnetic materials called left-handed media [1]. 
Over the past, fifty years, Veselago was the first scientist 
to consider the left-handed meta-material (LHM). He 
defined it as media with simultaneously negative and 
almost real electric permittivity and magnetic permeabi- 
lity in some frequency range [2]. The electric and mag- 
netic fields form a left-handed set of vectors with the 
wave vector [3]. These materials have exhibited unique 
properties, such as Snell law and Doppler shift. The 
negative refraction index has been recently observed by 
Shelby, Smith, and Shultz [4] in completely different 
systems. Negative refraction allows the fabrication of 
perfect lens [5] where an object can be reconstructed 
without any diffraction error and super-lens [6,7], and 
focusing by Plano-concave lens [8]. They can be made to 
be anisotropic and have indefinite index meta-materials 
which can be used to make hyper-lens [9]. This range of 
properties opens infinite possibilities to use meta materi- 
als in frequencies from micro-wave up to the visible 
wave. Circular and a planer waveguides have been 
widely applied in receivers of radio telescope [10,11]. 
Shabat and Mousa [12-15] discussed the propagation 
characteristics of nonlinear electromagnetic TE surface 
waves in a planer waveguide structure of a lateral anti- 
ferromagnetic/nonmagnetic super-lattices (LANS) film 
bounded by a nonlinear dielectric cover and a left-  

handed substrate. The backward and bi-stability behav- 
iors have been noticed clearly. Huang, et al. [16] con- 
sidered the wave propagation along with a cylindrical 
nanowire waveguide made of indefinite index meta-ma- 
terials. They found out that the backward-wave modes 
can have very large effective index. These nanowires can 
be used as an ultra-compact optical buffer in integrated 
optical circuits. Yeap, et al. have discussed and deve- 
loped a novel technique to compute the attenuation of 
waves propagating in circular waveguides with lossy and 
superconducting walls [17]. They have compared their 
results with by using the Stratton’s method and the ap- 
proximate perturbation method. The results from the 
three methods agree very well at a reasonable range of 
frequencies above the cutoff. The propagation of waves 
in superconductor media have drowned much attention 
and consideration [18]. The use of superconducting thin 
films in transmission line is advantageous for signal pro- 
cessing because films are low loss and they are with wide 
bandwidth [19]. The loss can be described in terms of the 
surface resistance of the superconductor and it is also 
related to the attenuation constant of the superconductor. 
It can be exerpted from the study of its propagation 
characteristics. 

A superconductor like Yttrium barium copper oxide 
(YBCO), is a famous “high-temperature superconductor”, 
achieves prominence because it is the first material to 
achieve superconductivity above (77 K), the boiling point 
of liquid nitrogen. It is associated with the formula  
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YBa2Cu3O7−x The superconducting properties of YBa2 
Cu3O7−x are sensitive to the value of x, its oxygen content 
with 0 ≤ x ≤ 0.65. R.D Black et al. [20]. It describes a 
high-temperature superconducting-receiver system for 
use in nuclear magnetic resonance (NMR) microscopy. 
The implementation of thin-film YBCO receiver coils 
has improved the signal-to-noise ratio of nuclear mag- 
netic resonance spectrometers by a factor of 3 compared 
to that achievable with conventional coils. This impro- 
vement enables the data acquisition time to be reduced 
by an order of magnitude. These coils are also potential 
applications in low-frequency magnetic resonance imag- 
ing (MRI). They are used in hospitals and clinics. The 
feasibility of applying high-temperature superconductor 
(HTS) technology to nonreciprocal microwave devices 
has been demonstrated in the form of isolators and cir- 
culators. They are used widely to achieve stability, re- 
liability, and reproducibility in microwave circuit per- 
formance [21]. Pure YBa2Cu3O7−x ceramics normally 
display superconductivity and metallic conductivity below 
and above the critical temperature of the superconductor 

c  respectively. Mohazzab, et al. described the synthesis T
of epoxy-modified YBCO ceramics and evaluates the 
semiconducting properties at temperature above c  [22]. T
Of the new ceramic superconductors, only YBa2Cu3O7−x 
has been developed in thin-film form to the point of 
practical applications, and several devices are available. 
Intensive materials research have resulted in techniques, 
notably laser-ablation and radio-frequency sputtering. 

In this analysis, a theoretical study of the propagation 
characteristics of TE and TM waves guided by an optical 
structure is presented. This structure consists of a left 
Handed material (LHM) cylinder with superconducting 
walls like YBa2Cu3O7−x. h and h  are electric permit- 
tivity and magnetic permeability of LHM respectively. 

2. Constitutive Relations for TE and TM  
Waves 

In this context, the structure geometry of the problem 
considered is shown in Figure 1. I considered wave pro- 
pagation on a cylindrical waveguide. The axis of the 
waveguide is along with the z direction. 

The longitudinal electric and magnetic fields zE  and 

zH  respectively, propagating in the waveguide can be 
derived by aid of Helmholtz’s wave equation [23].  

Decomposing Helmholtz’s wave equation into a radial 
and a longitudinal part in cylindrical coordinates for the 
electric field E  yields: 
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Figure 1. The proposed cylindrical waveguide composed of 
LHM and superconducting wall.  
 

A plane wave solution for the electric field of the form  

    , , , exp zr z r i t k z     E E   

is substituted into Equation (1) as: 
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where   represents the wave angular frequency,  is 
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     , o  and o  are the dielectric per- 

mittivity and magnetic permeability of free space respec- 
tively. zk  is the propagation constant. Both a negative 
dielectric permittivity and permeability are written as [3]: 
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with plasma frequency p  and resonance frequency 

0 , h  is the magnetic permeability of LHM and h  
is the electric permittivity of LHM. 

Equation (2a) can be split into two equations by a 
separation of variables with the form: 
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Equation (3b) describes a simple harmonic oscillator 
and Equation (3a) is one form of the Bessel equations, 
whose solutions are the Bessel functions [24]. The fol- 
lowing set of field equations are: 

 sinz n nH C J hr n              (4a) 

 cosz n nE C J hr n             (4b) 
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where n  and  denote the coefficients of the lon- 
gitudinal fields,  is the radial distance , 

C nC
r  nJ hr

n
 is 

called the Bessel function of the first kind and  is the 
order of the Bessel function. 

The propagation constant zk  is a complex variable 
which constitutes a phase constant z  and an attenua- 
tion constant z  as: 

z zk zi   .              (4c) 

By Maxwell’s curl equations, the transverse field com- 
ponents can be written as: 
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Substituting Equation (4a) and Equation (4b) into 
Equation (5a) and Equation (5b), yields  
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and  
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At the wall, the tangential electric and magnetic fields 

t  and E tH  respectively are related to a surface im- 
pedance sZ  by [24,25]: 

 ^
t s rZ a x  tE H .            (6c) 

With 
^ ^ ^ ^and .t z z ta E a E a H a H      E H z z     (6d) 

By substituting Equation (6d) into Equation (6c) one 
obtains: 

s zE Z H                   (7a) 

and  

z sE Z H  ,                (7b) 

sZ  can be expressed in terms of electrical properties of 
the wall material (superconductor) as: 

w
s

w

Z

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w  is the permittivity of the superconductor. It is com-
plex with the form [26]: 
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0  is the field penetration depth at temperature T = 0 
K,   is the conductivity of the superconductor and  
is the critical temperature of the superconductor. 

cT

cT T  
is called the reduced temperature of the superconductor. 
At the boundary of the wall ( ), by substituting 
Equation (4a), Equation (6a) and Equation (8) into Equa- 
tion (7a), and dividing by 

r a

nJ ha , one obtains: 
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By substituting Equation (4b), Equation (6b) and Equa- 
tion (8) into Equation (7b), and dividing it by  nJ ha , 
one gets: 
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Equation (10) and Equation (11) constitute a homoge- 
neous system which admits a non trivial solution only in 
case its determinant is zero. Solving the determinants of 
the coefficients n  and nC C  in Equation (10) and Equa- 
tion (11) results in the following transcendental equation: 
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    (12) 

The roots of Equation (12) are the allowed values of 
the propagation constant zk . Thus, it determine the 
characteristics modes of propagation. For each value of 

 there is infinity of roots, any one of which can be 
denoted by the subscript . Any root of Equation (12) 
can then be designated by 

n
m

znmk . In Equation (12), since  

TE modes are determined by roots of 
 
 

0n

n

J ha
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
  [23],  

the attenuation constant of TE modes ( z ) can be ob- 
tained from zk  by extracting the imaginary part of 
Equation (4c) . 

An alternate form of the Equation (12) is required for 
TM modes by substituting Equation (4a), Equation (6a) 
and Equation (8) into Equation (7a), and dividing it by 

 nJ ha , then the result is : 
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By substituting Equation (4b), Equation (6b) and 
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Equation (8) into Equation (7b), and dividing it by 
 nJ ha , the result is : 
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In same way, the transcendental equation of TM modes 
is: 
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Since TM modes are determined by roots of  
 
 

0n

n

J ha
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
, the attenuation constant of TM modes ( z )  

can be obtained [22]. 

3. Numerical Results and Discussion 

In this paper, the numerical calculations for LHM cylin- 
der with a superconducting wall like YBa2Cu3O7−x, are 
taken with the following parameters: 2π 10 GHz,p   

0 2π 4 GHz   and  [3],  0.56F 
6

0 6.56 10 s/m    and 0 0.22 μm  , 1w   [27]. 
The frequency range in which both h  and h  are 
negative is from 4 to 6 GHz. In this range, and at a defi-
nite thickness such as , the solution for the 
phase constant 

3 mma

z  and attenuation constant z  of TE 
waves is found by solving Equation (12). Figure 2 dis- 
plays the phase constant z  of TE wave versus the 
wave frequency ( 2πf  ) of the first band for differ- 
ent values of reduced temperature of the superconductor 
wall cT T ; (0.7, 0.8, 0.9). Both the wave phase velocity 

p zv      and the group velocity g zv        
dispersions are affected by the reduced temperature of 
the superconductor c

 

Figure 2. Dispersion curves of the first band TE guided waves 
of LHM-superconductor waveguide for (1) 0.7cT T  , (2) 

0.8cT T   and (3) 0.9cT T  . The curves are labeled with 

values of 2 10 GHzp   , 0 2 4 GHz    

, /6
0 6.56 10 s m   0 0.22 m   , 1w  ,  and 

. 

3 mma 

0, 0h h  
 
tively observed in (5.8, 5.7 and 5.6 GHz). By Equation 
(8), Equation (9a) and Equation (9b), increasing   by 
increasing cT T  will decreases w . As a result, high 

sZ  and then high attenuation is achieved. The solution 
for the attenuation constant of TM waves is found by 
solving Equation (15). Figure 3(b), describes the varia- 
tion of the attenuation of the second band of TM guided 
waves for different values of reduced temperature of the 
wall. It displays that the attenuation is increased to nega- 
tive values by increasing wave frequency and it indicates 
more attenuation at higher c

w

T T . I believe that these 
negative values of attenuation could be a result of the 
effect of the negative values of  . It affect the disper- 
sion and decay constant of TM waves as noticed in [16, 
28]. In the superconductor, w  values decreases from 
 10 8101 10 0.19 10j   0. to  

 9.449 10 0.129 10j    80

T T , where pv  decreases to posi- 
tive values, and gv decreases to negative values as cT T  
increases; This means that the backward-TE waves are 
observed as effect of the LHM cylinder of increasing 

cT T . These backward TE waves have very large propa- 
gation lengths which is the same result as reported by 
Huang, et al. [16]. These waveguides can be used as 
phase shifters and filters in optics and telecommunica- 
tions. Figure 3(a) displays the attenuation constant z  
of the second band of TE waves versus the wave fre- 
quency for increasing values of cT T . It illustrates that 
the attenuation constant increases by increasing the wave 
frequency as Yeap et al. reported [17]. Higher attenua- 
tion of waves is also observed at lower frequencies by 
increasing cT T , (i.e., for curves (“1”, “2” and 
“3”) )where cT T  increases to the values (0.5, 0.7 and 
0.9) the higher attenuation of frequency value is respec- 

 in the frequency range 4  

to 6 GHz and at 0.9cT T  . As a comparison between 
the results of Figures 3(a) and (b), the TE waveguide with 
a = 3 mm has lower attenuation than the TM wave-guide. 

By increasing the band’s order  to the values (1, 2, 
3, 4, 5, 6, 7 and 8), roots of 

n
    0n nJ ha J ha   

plotted against the attenuation constant for the first five  

 are 
increasing to the values (−1.84, −3, −4.2, −5.3, −6.4, 
−7.5 and −8.577) respectively. As a result, high attenua- 
tion of waves is realized at a higher band’s order. 

In Figures 4(a) and (b), the wave frequency has been 
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(a)                                                           (b) 

Figure 3. Attenuation curves onductor waveguide for (1)  of the second band (a) TE and (b) TM guided waves of LHM-superc
0.5cT T  , (2) 0.7cT T   and (3) 0.9cT T  . The curves are labeled with values of 0, 0h h    and 3 mma  . 

 

 
(a)                                                           (b) 

Figure 4. (a) and (b): Attenu erconductor waveguide for ation curves of the first five bands TM guided waves of LHM-sup
0, 0h h   , 0.9cT T   and 10 mma  . 

 
TM bands. By increasing the band's order  to the val- n
ues (1, 2, 3, 4 and 5), roots of     0n nJ ha haJ     
are (−3.83, 30.56, −6.38, 49.3 and −  
the odd band's order, (i.e., (1, 3, 5)) as the frequency de- 
creases further to cutoff, the attenuation rises to high 
negative values, signals propagation become almost im- 
possible. The attenuation is decreased to high negative 

which is increased to small negative values by increasing 
frequency. 

The effect of the waveguide thickness on attenuation 
of the secon

8.7) respectively. For

values as compared to attenuation of even band's order 

d band of TE waves is noticed in Figure 5(a). 
By decreasing the radius a  to the values 10 mm, 7 mm, 
3 mm, the attenuation increases to the values of (0.0015, 
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0.0028, 0.0084) respectiv y at frequency 5.6 GHz. The 
attenuation of the second band of TM waves is also no- 
ticed in Figure 5(b). As the radius a  decreases to the 
previous values, the magnitude of the TM attenuation 
rises to larger values nearly (−40). 

This means that, in this waveguide, the lowest wave 
attenuation and the best confinemen

el

ieved for the 
th

t are ach
ickest TE waveguide. Figure 6, describes the attenua- 

tion curves when the superconductor wall YBa2Cu3O7−x 
is replaced by a metal like ferrite. Both w  and w  are 
replaced by f  and f  respectively. According to 
Lichtenecker’s rmula and in frequency range (4 to 5.8 
GHz) [29], the estimated value of the dielectric permit- 
tivity of ferrite is 16.53 0.9f j

 fo

    and the magnetic 
permeability is f 1. 0.48j31  

of the
. F

nstant  seco
igure 6(a) displays 

the attenuation co nd TE band versus the  
 

 
(a)                                                        (b) 

Figure 5. (a) Attenuation cur aveguide for (1) a = 10 mm, 

   

ves of the second (a) TE and (b) TM band of LHM-superconductor w
(2) a = 7 mm, and (3) a = 3 mm. The curves are labeled with values of 0, 0h h   , and 0.9cT T  . 

 

 
(a)                                                        (b) 

Figure 6. Attenuation curves de for (1) a = 10 mm, (2) a = 

   

 of the second (a) TE band and (b) TM band of LHM-metal wavegui
7 mm, and (3) a = 3 mm. The curves are labeled with values of 0, 0h h    and 0.9cT T  . 
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usion 

haracteristics of  both TE and TM 
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	with plasma frequency  and resonance frequency ,  is the magnetic permeability of LHM and  is the electric permittivity of LHM.

