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ABSTRACT

In this paper, we study the existence of a uniformly stable positive monotonic solution for the nonlocal Cauchy problem

X'(t)=f (t, x(t)),t €[0,T] with the nonlocal condition i b, X(nj ) =¥, where 7, €(0,a)c[0,T].
=
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1. Introduction

Problems with non-local conditions have been extensi-
vely studied by several authors in the last two decades.
The reader is referred to (see [1-14] and [15-18]) and re-
ferences therein.

Here we are concerned with the nonlocal Cauchy pro-
blem

X' (t)=f(t.x(t)),te[0,T], (1)

M=

Zm:bj X(nj)le,nj €(0,a)<[0,T], and [ bj}tO.
=1 i-1

j
(2)
Let X be the class of all continuous functions de-
fined on [O,T],T < oo with the norm
|X|= sup |X(t)|,Xe X.
te[0,T]
Let Y be the class of all continuous functions de-
fined on [t,,T],T <oo with the equivalent norm

= supe™ (). xe .

where t)= max{nj, j= 1,2,---,m}, and N is positive
arbitrary.

Here we firstly study, in X , the local existence of the
solution of the problem (1)-(2) and the continuous de-
pendence of the parameter X, will be proved.

Secondly, we study, in Y , the global existence and
Lyapunov uniform stability of the solution of the pro-
blem (1)-(2).

Copyright © 2012 SciRes.

2. Integral Equation Representation

Consider the nonlocal Cauchy problem (1)-(2).
Let f :[O,T] xR* = R" is continuous and satisfies
the Lipschitz condition

|f(t,x)— f (t,y)|£k|x—y|,k >0,
forall x,yeR"

3

Lemma 2.1. The solution of the nonlocal Cauchy
problem (1)-(2) can be expressed by the integral equation

x(t)= B[xl _Jibjj‘jj f(s,x(s))ds]+j; f(s.x(s)).ds

“)
m -1
where B = (ijl bj)
Proof. Integrating the Equation (1), we obtain
t
x(t)= x(O)+J'0 f(s,x(s))ds. (%)
Let t=p,in (5), we obtain
x(nj)=x(0)+j;7jf(s,x(s))ds, (6)
and

S bx(ry) = Sobyx(0)+ b, [ 1 (s.x(5)) ds. (7
j=1 j=1 j=1
Substitute from (2) into (7), we obtain

x(0) = B[xl-ibjj:if(s,x(s))ds]. (8)
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Substitute from (8) into (5), we obtain

x(t)= B[x1 _jibijonj f(s,x(s))ds]+j0[ f(s.x(s))ds.

Corollary 2.1. The solution of the integral Equation (4)

is nondecreasing.
Proof. Let X be a solution of the integral Equation
(4), then for t, <t,, we have

x(t)= B{x1 —sz;bj [t (s, x(s))ds}+j;1f (s,x(s))ds

<B {xl —jibj j:j f (s,x(s))ds}+j;2f (s.x(s))ds
=x(t,),

which proves that the solution X of the integral Equa-
tion (4) is nondecreasing.

Corollary 2.2. Let f be satisfies (3). The solution of
the integral Equation (4) is positive for te[a,T].

Proof. Let X be a solution of the integral Equation
(4),and x >0, for te[a,T], wehave

J'(;zjf (s,x(s)) dSSLjf (S,X(s))ds, n; <t

gbj L:’Jf (s.x(s)) dsSjZij I;f (s.x(s))ds.

Multiplying by B= (Zm b.

B jzr:bj j;” f (s,%(s))ds < szr:bj Lj f (s.x(s))ds
=I; f(s.x(s))ds

and the solution x of the integral Equation (4) is po-
sitive for te [a,T] . This complete the proof. m

-1
) , we obtain

3. Local Existence of Solution

Theorem 3.1. Let f be satisfies the Lipschitz condition.
-1

IfT <k(1+|B|ZT=I|bj|) then the nonlocal Cauchy

problem (1)-(2) has a unique nondecreasing positive so-
lution.
Proof. Define the operator T:C[0,T] - C[0,T] by

Tx(t) = B[x1 _Jibj L;" f (s,x(s))ds}ﬂz f(s,%(s))ds.

©
Let x,yeC [O,T] , then

TX(t)-Ty(t)= _B,Zr:bj L’” f (s, x(s))ds+'[;f (s.x(s))ds+ szr;bj J':j f(s. y(s))ds—J'; f(s.y(s))ds
= _Bjibj'[:j {f (s.x(s))- (s,y(s))}ds+j;{f (s.x(s))- f (s, y(s))} ds,

< k|B|i|bj|stqu|x(t)— y (1) s+ ksuplx(t) =y (1) g
il :

< T[Bl3 -y el <71+ B S i< o]

Equation (4) satisfies nonlocal problem (1)-(2).
Differentiating (4), we get

X' ()= f(t,x(t)). (10)
Let t=n,; in(4), we obtain

and
[Tx(t)-Ty(t)| < k|B|er:‘:|bj|.|':" X(s)-y(s)|ds + kj; x(s)-y(s)|ds
but if
K =kT [1+|B|i|bj|j<1,
i=1
then we get

||Tx—Ty|| <K ||x— y

B

which proves that the map T:C[0,T]—>C[0,T] is con-
traction.

Applying the Banach contraction fixed point theorem
we deduce that the integral Equation (4) has a unique
solution xeC[0,T].

To complete the proof, we prove that the integral

Copyright © 2012 SciRes.

()8 -3, [ s.x())|

+j:j f (s,%(s))ds,

then

ibjx(nj)=xl.

j=1
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This implies that there exist a unique nondecreasing
positive solution XeC[O,T] of the nonlocal Cauchy
problem (1)-(2), This complete the proof. m

4. Continuous Dependence of the Solution

Consider the nonlocal Cauchy problem
X'(t)=f(t.x(t)),te[0,T],
(P)y e .
Db, X(nj)= %, and 7, €(0,a)<[0,T].
i=1
Definition 4.1. The solution of the nonlocal Cauchy
X(t)-x(t)=

| | |B||x, — %, |+ |B|Z|b|.[”‘| sx

S|B”X1 _)~(1|+k|B|jZ:;|bj|stl€1PJ.:J |X(S)_

m
S|B||><1—>~<1|+'<|B|§|bj|S}€1|P|X(t)—

problem (1)-(2) continuously dependence on X, if
Ve>0, 36(¢) >0, such that |X1 - )~(1| <9,
then |X(t)— )~((t)| <g

where X(t) is the solution of the nonlocal Cauchy pro-
blem P.

Now we have the following theorem

Theorem 4.1. The solution of the nonlocal Cauchy
problem (1)-(2) continuously dependence on X .
_Proof. Let x(t),%(t) are the solutions of (1)-(2) and
P respectively.

Then we can get

B(x —% ) ,Z j”lf(s X(s ))ds+BjZm;bj.f:jf(s,>~<(s))ds
X(s))- T

)}ds
—H(s.(s))|ds + [ (5:x(5))~ F (s.%(5))] s
%(s)|ds

)?(s)|ds+ksllellpﬁ|x(s)—

()| [ds + kstgp|x(t)_ (1) [.ds

||x—>z|| £|B||x1 ->~<l|+kT |B|z;|bj|||x—>~<||+kT ||x—>~<|| < |B||x1 —>?1|+kT £1+|B|Z;|bj|J||x—>~<||
1= 1=

-1
[l—kT [1+|B|Zl|bj|B||x—x|| <|BJ|x - %||x-%| < [1—kT (1+|B|Zl|bj|B |B|[x, - %
1= 1=

Therefore, for 6 >0 such that
[ -%[<d(s)
we can find
-1
= (l—kT (1+|B|zj:1|bj|)) EE

such that ||X—)~(||S &, which complete the proof theo-
rem.

Tx(t)-Ty(t

)=—Bjibjjjjf(s,x(s))
——szm‘;bj_[:j {f(s x(s

[Tx(t)-Ty (1) < k|B|ji|bj|L;° Ix(s)-

) [Tx(t)
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ds+j;f(s,x s))ds+ BZbJI” f(s,y(s

- f(s,y(s)) }ds+J'0{f (s,%(s))-

~Ty(6) <K[B| b, &) o x(s) -
i-1

5. Global Existence of Solution

Theorem 5.1. Let f be satisfies the Lipschitz condition,
then the nonlocal Cauchy problem (1)-(2) has a unique
nondecreasing positive solution.
Proof. Define the operator T :C [t
the Equation (9).
Let x,yeC [tO,T] , then

0 T]—>CJt,,T] by

))ds— j f(s.y(s))ds
f (s, y(s))} ds

y(s)|ds+ kmx(s)— y(s)|ds
y(s)|d+ ke’N(t’t")mx(s)—

y(s)|ds
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tt
0 |Tx

STy ()] < K[Bf 3], [ e 0 M x(s) - y(s) s
=1

t _ _ i _ _
+kje NI ENE) o NETo) ) y(5) — y(s) | ds

<k|B|Z|b =] &) ds+k -y [ Jas

—Ntt

<'<|'3|Z\|b - yll{—

Nt l—e ™
b=

< S - o - eyl S o1 e

where
K=5 [|B|§j=1)|bj|+1}

Choose N large enough such that
[Tx=Ty[ < Kx-y].

K<1,then

therefor the map T :C[t,,T]—>C[t,,T] is contraction.
Applying the Banach contraction fixed point theorem
we deduce that the integral Equation (4) has a unique
solution xeC[t),T].
To complete the proof, we prove that the integral
Equation (4) satisfies nonlocal problem (1)-(2).
Differentiating (4), we get

X'(t)=f (tx(t)). (11)

Let t=n, in(4), we obtain

x(nj )=8 {xl —Jzn;bj J':‘ f (s,x(s))ds}
+j:j f(s.x(s))ds,

then

BZb f”‘f s,x(

[x(t)-x(t) <|B]|x - %+ |B|Z|b|j”‘| s,(

<|BJ|x, —>~<1|+k|B|jZ:}|bj|J';° |x(s)—

ds+BZb [t (s,

This implies that there exist a unique nondecreasing
positive solution xeC[t),T] of the nonlocal Cauchy
problem (1)-(2), This complete the proof. m

6. Lyapunov Uniform Stability of the
Solution

Consider here the nonlocal Cauchy problem

x'(t)=f(t,x(t)).te[t,,T],
ilbj x(nj)=)?,, and 7, e(0,a)c=[t,.T].

Definition 6.1. The solution of the nonlocal Cauchy
problem (1)-(2) is uniform stable, if
Ve>0,35(e)>0, such that

%, =% |<3(e). then|x(t)-x(t)|<e.
where %(t) is the solution of the nonlocal Cauchy pro-
blem P.

Now we have the following theorem

Theorem 6.1. The solution of the nonlocal Cauchy
problem (1)-(2) is uniformly stable.
_Proof. Let x(t),%(t) are the solutions of (1)-(2) and
P respectively.

Then we can get

))ds+j0t{f
—f(s. x(s))| ds +j;| f(s.x(s))-f (s, >~<(s))| ds

(s.x(s))- (sf((s))} ds

X(s)| ds+kj.;|x(s)—>”((s)| ds

e ) ()= (1) < €™ B, — [+ kB |oy | [ e MM e M) () — (1) s
j=1

k[N g M)y () g (1)) ds

Copyright © 2012 SciRes.
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[x =% <|BJ|x, — % |+k |B|i|bj |||x— >~<||.[;° e N)ds 4 k|jx— >~(||L; e M%) gs
=1

- o o le
SIBIIXI—x1|+k|B|§|b,-IIIX—XII

( )_ —Nt oMt
e -e” +|(||X_)~(||{1 e }
N N

—N(t—t

<lolp 5+ IS - 1) -]
i=1

S Kk c o
<[efp |+ ]85 1 -

4
o k U -
st 1S | 1)

Therefore, |x —%|<d&(&), =|x—%| <&, which com-
plete the proof of theorem.
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