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ABSTRACT 

This paper examines the variational form of classical portfolio strategy and expected terminal wealth for a Pension Plan 
Member (PPM) in a Defined Contribution (DC) Pension scheme. The flows of contributions made by PPM are invested 
into a market that is characterized by a cash account and a stock. It was assumed that the growth rate of salary of PPM 
is a linear function of time. The present value of PPM’s future contribution process was obtained. The optimal portfolio 
processes with inter-temporal hedging terms that offset any shocks to the stochastic cash inflows were established. The 
expected value of PPM’s terminal wealth was obtained. 
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1. Introduction 

This paper considers the variational form of classical port- 
folio strategy and expected terminal wealth for a DC pen- 
sion scheme. It was assumed that the salary and risky asset 
are driven by a standard geometric Brownian motion. The 
growth rate of salary of PPM is assumed to be a linear func- 
tion of time. A non-linear partial differential equation was 
derived and then, the optimal portfolio values for the PPM 
were determined using power utility function. In this pa- 
per, we focus on studying the optimal portfolio strategy 
based on a classical model: geometric Brownian motion 
model as in Equation (2). While in [1] and [2], they are us- 
ing an optimal portfolio strategy based on the non-Gaus- 
sian models. They constructed optimal portfolios of vari- 
ance swaps based on a variance Gamma correlated model. 
The portfolios of the variance swaps are optimized based 
on maximizing the distorted expectation given the index 
of acceptability. 

In related literature, [3] examined the rationale, nature 
and financial consequences of two alternative approaches 
to portfolio regulations for the long term institutional in- 
vestor sectors of life insurance and pension funds. [4] 
considered the deterministic life styling (the gradual switch 
from equities to bonds according to preset rules) which is 
a popular asset allocation strategy during the accumula- 
tion phase of a defined contribution pension plans which 

is designed to protect the pension funds from a catastro- 
phic fall in the stock market just prior to retirement. They 
shown that this strategy, although easy to understand and 
implement can be highly suboptimal. [5] developed a 
model for analyzing the ex ante liquidity premium de-
manded by the holder of an illiquid annuity. The annuity 
is an insurance product that is similar to a pension sav- 
ings account with both an accumulation and decumulation 
phase. They computed the yield needed to compensate 
for the utility welfare loss, which is induced by the in-
ability to re-balance and maintain an optimal portfolio 
when holding an annuity. [6-8] considered the optimal 
design of the minimum guarantee in a defined contribu- 
tion pension fund scheme. They studied the investment in 
the financial market by assuring that the pension fund 
optimizes its retribution which is a part of the surplus, 
which is the difference between the pension fund value 
and the guarantee. [9] studied optimal investment strat-
egy for a defined contributory pension plan. They adopted 
dynamic optimization technique. [10] considered optimal 
portfolio strategies with minimum guarantee and inflation 
protection for a DC pension scheme. [11] studied the 
optimal portfolio and strategic lifecycle consumption 
process in a defined contributory pension plan. 

The remainder of this paper is organized as follows. In 
Section 2, we present the financial market models, Sec- 
tion 3, presents the present value of the expected flow of 
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future discounted premiums process. We also establish in 
this section, the dynamics of the values of wealth of the 
PPM. In Section 4, we present the valuation of PPM’s 
wealth process. In Section 5, we present the optimization 
process and portfolio value of a PPM in pension scheme. 
Section 6, presents the expected wealth for a PPM up to 
terminal period. Section 7 presents a special case of op- 
timal portfolio selection problem. Finally, Section 8 con- 
cludes the paper. 

2. Problem Formulation 

The Brownian motion   
 is a 2-dimensional process, defined on a given 

probability space 
0 0

      , ,SW t W t W t


    , , , , ,S
t t

0 t T 
t t

F F F P

 
 where  

 is the real world probability measure and S


P   and 

I  are the volatility of stock and volatility of inflation 
with respect to changes in  and , respec- 
tively. 

 SW t  W t

  is the appreciation rate for stock. Moreover, 

S  and I  are the volatilities for the stock and infla- 
tion respectively, referred to as the coefficients of the mar-
ket and are progressively measurable with respect to the 
filtration .F  We assume that the investor faces a mar- 
ket that is characterized by a risk-free asset (cash account) 
and risky asset, all of whom are tradeable. In this paper, 
we allow the stock price to be correlated to inflation. 
Also, we correlated the cash inflows to stock market risk. 
The dynamics of the underlying assets are given by (1) and 
(2) 

   
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where, 
r  is the nominal interest rate,  
 B t
 S t

 is the price of the riskless asset at time , t
 is the stock price process at time , t

Therefore, (2) can be rewritten as  
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where, and  
. 

      d d d SW t W t W t


  0I S  
It is assume that the market is complete; therefore there 

exists a unique market price of risk   satisfying 

 1 r    . 

The salary of the PPM is assume to follow the dynamics 

        
  0

d d d
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t t t t W t   

 

  


 

,
        (4) 

where,  1 2   , 1  is the volatility caused by the 
source of inflation,  W t  and 2  is the volatility 
caused by the source of uncertainty arises from the stock 
market,  SW t . We assume that the growth rate of the 
salary of PPM is linear and satisfies  
  , 0,t a t a  0.     a  may be seen as expected 

yearly growth of salary and   as ffect of economic 
growth or welfare of the PPM. 

e

Therefore, the flow of contributions of the PPM is 
given by   , 0c t c  ,  where  is proportion of PPM 
salary he/she is contributing into the scheme. 

c

We now define the following exponential process 
which we assume to be Martingale in  :P

    21
exp ,

2
Z t W t  t

     
 

which will be useful in the next section.  
Let  X t  be the wealth process and  the port- 

folio process, that is the proportion of wealth invested in 
stock at time . Then, 

 t

tt   0 1t     is the propor- 
tion wealth invested in the riskless asset at time . We 
now have the following definition: 

t

Definition 1: the portfolio process  is said to be self- 
financing if the corresponding wealth process 



   , 0, ,X t t T  satisfies 

           
 
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             d .
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c t t
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
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 (5) 

3. The Expected Value of Future  
Contribution of a PPM 

Definition 2: the present value of expected future con- 
tribution process is defined as  

   
   dT

t t

s
t E c s s

t


 
   

  
 ,         (6) 

where     . |tE E F t   is the conditional expectation 
with respect to the Brownian filtration  and   

0t
F t


     expt Z t rt    is the stochastics discount factor 

which adjusts for nominal interest rate and market price 
of risks. 

Theorem 1 tells us that the present value of expected 
future contribution process, then proportional to the instant- 
taneous contribution process (.).c  

Definition 3: a portfolio process is said to be admis- 
sible if the corresponding wealth process  X t  satisfies 
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Figure 1. The present value of PPM’s future contributions. 
The expected today value of PPM’s contributions is ob- 
tained as 49,890 Naira. From the Figure 1, observed that 
the expected future contribution is highly volatile. This is be- 
cause there is high rate of inflation. This, to a great extent 
will reduce the value of PPM’s benefits at retirement. 

4. Valuation of PPM’s Wealth Process  
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Finding the differential of both sides of (11) and sub- 
stituting (5) and (10), we obtain 

           
        

d d

            d

V t X t r t r t t t

t X t t W t

 

 

      

   
 (12) 

5. The Optimization Process and Portfolio  
Value of a PPM 

In this section, we consider the optimal portfolio process 
for the IC. We define the general value function 
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        , , ,J t V E u V T X t X t 
        , 

where  is the path of  given the portfolio 
strategy ne set of all admissi-
ble portfolio strategy that are 

 V t  
 . Defi

 V t
to be the 

V

 V  
F - progressively meas-

urable, and let ve function in   t  be aU V  conca
 V t  such that  

  

 
      

 
( )

sup ,

sup , , .

V

V

U V t

E u V T X t X t

J t V







   

 

   

Then satisfies the HJB equation   U V t  

 
 sup , , 0t

V
U H t V


             (13) 

subject to:  
1

, , 1, 0,
1

V
U T V



 




  


 

where,  

      

   

 

22 2

, ,

1

2 XX

2 21
.

2

X

X

H t V rX r X t

U X t U

X t



  

    

  

 

 

U

U U    

Finding the partial derivative of  , ,H t V   with re- 
spect to the optimal control  t  and setting it to zero, 
we obtain  

   *
2

.X X

XX

r U U
t

X U
 


  

        

 

 (14) 

Substituting (14) into (13), we obtain the HJB equation

 

   

2

2 2

2

1

t X
XXXX

X X

UU

r U U
U U


 

   
   

 

2 2 2 221 Ur
rXU

 
 

0.
2

XX

XX

U
U

U







 



(15) 



Let       1

, 1, 0,
1

V
U V t



 




  


 be the solu- 

tion to the HJB Equ  (15), then,  

g t
 

ation

      1
tU V t V g t g t

    

    1XU V t V g t
   

    11
XXU V t V g t

     

    11V t V g tXU
     

    1U V t V g t
 

   

    1U V t V g t
1   

    


Substitutin
obtain 

g the partial derivatives above into (15), we 

           

   

2

2

2 2 1

1

2

1
0

2

r
Vg t rXg t Vg t g t

r
V g t g t 


 

 
  





   

     
 

 (16) 

Again, substituting the partial derivatives into (14), we 
obtain 

 
      

 
 
 

*

*
* 2 *

r X t t
t

t

X t X t
 

  

 
        (17) 



Therefore, the portfolio value in the riskless asset is 
obtain as 

   
 

      
 

*

*
0 * 2

1 .
r X t tt

t
X t X t

 
  

 
       (18) 

Numerical Example 2:  
Setting , 0.0001  , 0.05a  , 20T  0.1  , 

0.04r  , 0 50000  , 0.25  , 0. 23  , 0.5  , 
0.07c  , we found that the optimal portfolio in stock at 

retirement to be 1.92 and in cash account to be −0.92

6. Expected Wealth for a PPM 

In other to determine the expected wealth of the PPM at 
ectation of (12) as 

follows: 

. 

time t, we find the mathematical exp

             d dE V t E X t r t r t t t       .

 

 

Figure 2. Portfolio value in stock. It has an optimal portfo- 
lio value after 20 years to be 1.92. This implies that more 
funds should be borrowed from cash account and then, in- 
vests in stock market. 
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Figure 3.

vel 
arket. 

 Portfolio value in cash account. It has an optimal 
portfolio value after 20 years to be −0.92. This implies that 
no fund should keep in cash account at the optimal le
and that all fund should remain in stock m
 

For simplicity, we set , 0a r     , so that  

      

      

2

d
r

E V
 

2

                    d

t r E V t

r
t E t t



 




  
  

 
        

 

       

   
   

 

2

2

0

2

d

exp d
                   

2

                   exp d
4

r
E V t r E V t

c tr
t

A t t






  


 




   
  

 
   
 

  
       


 

t

       
2

d dE V t r E V t G t t



  
       

  (19) 

where,  

    

 

2t
 

0

2

exp
2

2

   exp ,
4

c at

G t t

A t

 





 
  

 
  

 

 

 
      

 
, ,

t A t f t
t T

A t

 


 
   t

 
  2

22
exp 2 exp .

4 4

T t
f t

  
 

             
 

Integrating both sides of (19), we obtain 

  

 

2

2

expE V t r t

a




  


0

0                )v s     

  

0

2 2

exp
4

(
2

           exp d .
2

t
c

A s

s
a r s s






 


 

  
  





  
          


  

(20) 

At 

   
  

,t T  we have 

 

    

2

2

0

0 0

2 2

( ) exp

exp
4

                 
2

             exp d .
2

T

E V T r T

a
c

v H s s

s
a r s s









  


 


  
      

  
  

    




  
          


  

(21) 

Numerical Example 3: in this numerical exa ple, we 
illustrate the expected value of a PPM’s wealth up to 
retirement. 

In Figure 4, we set 

m

0 50000  , 0 100x  , 0.01  , 
0.1  , 0.04r  , 20T  , a  0.05 , 0.25  ,  

0.23 , 0.5  , 0.075c   and MATLAB was used 
 that at final time , the  

 
for the plotting. It was found  T

 

Figure 4. Expected value of wealth of a PPM. 
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expected value of PPM’s wealth is 

7. Discussion 

In Figure 1, we found that the expected present value of 
PPM’s contributions is obtained as 49,890 Naira. We
also observed that the expected future contribution is
highly volatile. This is because there is high rate of inflation. 
In Figure 2, we found that the optimal portfolio value 
after 20 years to be 1.92. This implies that more funds 
should be borrowed from cash account and then, invests 
in stock market. In Figure 3, we found that the optimal 
portfolio value after 20 years to be –0.92. This implies 
that no fund should be kept in cash account at the op
le nd th  should remain in stock ma
Figure 4 sh ected value of PPM’s wealth up 
to 20 years and is obtained as 6,078,720 Naira. 

8. Special Case c = 0 

If we set we obtain the usual portfolio selection 
problem, p ed that  In that case, we have 

6,078,720 Naira.  

 
 

timal 
rket. vel a at all fund

ows the exp

0c  , 
rovid 0 0x  .

     
2

0 exp .E V T E X T x r T



  
       

  

Corollary: assume that an investor intends to invest a 
wealth of for the time horizon in a fi-
nancial ma  section (1) and wealth tion (5). 
Assume th estor maximizes th  utility
of fina me  then, 

0 0x   
rket as in
at the inv

l wealth at ti

 0T   
 Equa

e expected  
,T

  
2

0 exp .E X T x r T
 


 

   
  

t at the ratio of e expect  val e of ’
terminal wealth to the expect

        (22) 

Observed h  th ed u  PPM s 
ed usual portfolio selection 

problem is obtain as 

  
  

    
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0

0
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
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  

 


 
 
  

 

  
        

  

  
  

    

2

0

0

0 0

2 2

0

exp
4

2

exp d .
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
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 
  

  
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   
 

s

Substituting (23) into (21), we obtain 


,

H T
E V T

K T
 (2           4) 

where, 

 

2

0 0

0

2 exp
4

,
2

a
x c

K T
x

 
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

 
  
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2 2

0 0
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exp exp
4 4
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H T r T

a a
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 
 

 

  
   

 PPM’s 
tion of the expected value of 
problem (22). 

If we set 

   
      
     
         
      

 

(24) shows that the expected final wealth of the
can be expressed as a func
the usual portfolio selection 

2

0 ex
a

c

0

p
4

2
v






   and , 

for the purpose of analysis,  

th

 


0 0v x

en,     H T E X T . 

Therefore, (24) becomes 

     1
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2
E V T E X T          (25) 
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exp
4
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

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 
   and 0 0v x  

   0E V T  . 

2

0

0

exp
4

2

a
c

v






 

If 


 
   and ,v x  

then, 

0 0

   0E V T  . 

9. Conclusion 

This paper considered the variational form of classical port-
folio strategy and expected terminal wealth for a Pension 
Plan Member (PPM) in a Defined Contribution (DC) Pen-
sion scheme. The present value of PPM’s future contribu-
tion process was established and numerical ressults were 
given. The optimal portfolio processes with inter-tem
poral hedging terms that offset any shocks to the stochas-
tic cash inflows were obtained. The expected value of 
PPM’s terminal wealth and numerical results were estab-
lished.

- 
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