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ABSTRACT

’

. G . . . .
In this work, the (E] -expansion method is proposed for constructing more general exact solutions of two general

form of Burgers type equation arising in fluid mechanics namely, Burgers-Korteweg-de Vries (Burgers-KdV) and Bur-

’

ger-Fisher equations. Our work is motivated by the fact that the [%) -expansion method provides not only more gen-

eral forms of solutions but also periodic and solitary waves. If we set the parameters in the obtained wider set of solu-
tions as special values, then some previously known solutions can be recovered. The method appears to be easier and

faster by means of a symbolic computation system.

’
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1. Introduction

Nonlinear evolution equations (NLEES) have been the
subject of study in various branches of mathematical-

physical sciences such as physics, biology, chemistry, etc.

The analytical solutions of such equations are of funda-
mental importance since a lot of mathematical-physical
models are described by NLEEs. Among the possible
solutions to NLEEs, certain special form solutions may
depend only on a single combination of variables such as
traveling wave variables. In the literature, there is a wide
variety of approaches to nonlinear problems for con-
structing traveling wave solutions. Some of these appro-
aches are the Jacobi elliptic function method [1], inverse
scattering method [2], Hirotas bilinear method [3], homo-
geneous balance method [4], homotopy perturbation me-
thod [5], Weierstrass function method [6], symmetry me-
thod [7], Adomian decomposition method [8], sine/cosine
method [9], tanh/coth method [10], the Exp-function me-
thod [11-16] and so on. But, most of the methods may
sometimes fail or can only lead to a kind of special so-
lution and the solution procedures become very com-
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plex as the degree of nonlinearity increases.

’

Recently, the (%) -expansion method, firstly intro-

duced by Wang et al. [17], has become widely used to
search for various exact solutions of NLEEs [17-27]. The

(%) -expansion method is based on the assumptions

that the travelling wave solutions can be expressed by a

’

polynomial in (%) and that G=G(¢), satisfies a

second order linear ordinary differential equation
2
9GLE) 4962 Ge=o @)
dg dg
where A, u are arbitrary constants and & = kx + .
The degree of the polynomial can be determined by
considering the homogeneous balance between the highest
order derivative and nonlinear terms appearing in the
given nonlinear evolution equations. The coefficients of
the polynomial can be obtained by solving a set of alge-
braic equations resulted in from the process of using the
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’

method. The [%) -expansion method is direct, concise,

elementary and effective, and can be used for nonlinear
partial differential equation involving higher-order non-
linear terms.

As we know, much work has been done on developing

!

and extending the [%) -expansion method for solving

nonlinear evolution equations (see, for example [17-27]
and their references). But in generalized cases, a small

amount of work has been done (see, for example [28,29]).

In this paper, we restrict our attention to the study of the
following generalized forms of Burgers equation,

u,+pu'u_+qu_ +ru, =0,
’ o 2)
g-Burgers-KdV

u,+ pu'u +qu_ +ru (l—u”) =0, 3)
g-Burgers-Fisher

where n>1, and p,q and r are constants. These
equations are the generalized combined forms of Burgers
equation

ul + pu,\‘ + quxx = O (4)

Equation (4) is the lowest order approximation for the
one-dimensional propagation of weak shock waves in a
fluid [30,31]. It is also used in the description of the
variation in vehicle density in highway traffic [32]. It is
one of the fundamental model equations in fluid mecha-
nics. The Burgers equation demonstrates the coupling be-
tween diffusion «  and the convection process uu, .
Burgers introduced this equation to capture some of the
features of turbulent fluid in a channel caused by the
interaction of the opposite effects of convection and di-
ffusion [33]. It is also used to describe the structure of
shock waves, traffic flow, and acoustic transmission [34].

The generalized Burgers-KdV Equation (2) are models
for the propagation of waves on an elastic tube (see [28,
29,35,36] and their references). It can be regarded as a
combination of the Burgers equation (p#0, ¢#0, r=0)
and the KdV equation (p#0,q9=0,7=0). Especially,

’

Ismail Aslan in [26] applied the (%) -expansion me-

thod for the Burgers-KdV equation (n=1) and in [36]
Ahmet Bekir applied the tanh method to modified form
of Burgers-KdV equation (n = 2). In addition, the gene-
ralized Burgers-Fisher Equation (3), see [37], has a wide
range of applications in plasma physics, fluid physics,
capillary-gravity waves, nonlinear optics and chemical
physics [38].

Copyright © 2012 SciRes.

Our first interest in the present work is in implement-

’

ing the (%) -expansion method to stress its power in

handling nonlinear equations, so that one can apply it to
models of various types of nonlinearity. The next interest
is in the determination of exact travelling wave solutions
for the generalized form of Equations (2) and (3) espe-

cially the modified form of them (n :gj Searching

for exact solutions of nonlinear problems has attracted a
considerable amount of research work where computer
symbolic systems facilitate the computational work.

!

2. Description of the (%) -Expansion

Method
The objective of this section is to outline the use of the

G’ . . . .
(Ej -expansion method for solving certain nonlinear

partial differential equations (PDES). Suppose we have a
nonlinear PDE for u(x,t), in the form

P(u,ux,u,,uxx,uxt,---)=0 (5)

where P is a polynomial in its arguments, which in-
cludes nonlinear terms and the highest order derivatives.

The transformation u(x,7)=U(&),& = kx+ot, reduces
Equation (5) to the ordinary differential equation (ODE)

P(UKU",0U", k*U" kaU",--)= 0 (6)

where U =U(¢), and prime denotes derivative with
respect to & We assume that the solution of Equation (6)

’

can be expressed by a polynomial in (%j as follows:

U(&)= ma{%’jl-kao, a, #0 @

where ¢,, and ¢, are constants to be determined later,
and G(&) satisfies the second order linear ordinary di-
fferential Equation (1):

d*G(¢) +/1dG(§) )
dé&? d¢

where A and u are arbitrary constants. It follows
from (7) and (8), that

v=Sal (&) oSS | @

AM
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’

U = giai {(Hl)(%j”z +(2i+1),1(%']m

’

+i( 47 +2y)(%}i +(2i—1)/1y(%ljil (10)

(i) (%j}

and so on, here the prime denotes the derivative with
respectiveto &.

To determine u explicitly, we take the following
three steps:

Step 1. Determine the integer m by substituting Equ-
ation (7) into Equation (6) and balancing the highest
order nonlinear term(s) and the highest order derivative.

Step 2. Substitute Equation (7) along with Equation (8)
into Equation (6) and collect all terms with the same

’

order of (%) together, the left-hand side of Equation

’

(6) is converted into a polynomial in [%J Then set

each coefficient of this polynomial to zero to derive a set
of algebraic equations for &, @, 4, u,a, and ¢;.

Step 3. Solve the system of algebraic equations ob-
tained in Step 2, for k,w, A, u,a, and o, by use of
Maple, along with the general solutions of Equation (8),
we can have more travelling wave solutions of Equation

(5).
3. Application

In this section, we will demonstrate the (%j -ex-

pansion method on the generalized equations listed in (2)
and (3).
3.1. Generalized Burgers-KdV Equation

Considering the generalized Burgers-KdV equation with
higher-order nonlinear terms

u,+pu'u, +qu_+ru_ =0 (11)

Now,using the wave variable u(x,t)=U (<),
E=kx+aot, in (11) and integrating the resulting equ-
ation and neglecting the constant of integration, we find

oU +-PEUmt 4 g2y + iU = 0 (12)
n+1l

To achieve our goal, we use the transformation
1

U(&)=V" (&), thatwill carry (12) into the ODE

Copyright © 2012 SciRes.

2
on®V? +L1V3 +qk*nVv'

n+ (13)
1k (V"4 (1=m) (V') = 0

According to Step 1, we get 3m=2m+2, hence
m=2. We then suppose that Equation (13) has the
following formal solutions:

2
G' G’
V=a2(6j +al(Ej+ao, a, #0 (14)

where ¢,,a,, and ¢, are constants which are un-
known to be determined later.
Substituting Equation (14) into Equation (13) and co-

!

llecting all terms with the same order of (%) , together,

the left-hand sides of Equation (13) are converted into a

’

polynomial in (%j Setting each coefficient of each

polynomial to zero, we derive a set of algebraic
equations for k,, A, ua,, o, and «,, (collecting the

’

coefficients of (%) ,i=0,1,---,6 and setting it to zero,

Appendix 1) and solving them by use of Maple, we get
the following general result:

; n(pnzot1 —2qkn® + 4 pnay, — 6qkn — 4kq)
) 2rk? (n* +7n? +14n +8)

p (—4qkn2 + pn®oy + 4 pnay, —12qkn — 8kq) n’a
167°k* (n° +10n" +371° + 64n° +52n +16)

2kq2 (n+2) oglzpn2
0=—7-" =,
r(n+4)2 8k’ (2+3n+n2)
2rk? (2+3n+n2)}
az = ——2
pn
(15)
Substitute the above general case in (10), we get
2rk? (2+3n+n2)(G'j2
_ ; i
pn G
(16)

i [Ej_%
"\ G 8rk? (2+3n+n?)

1
then use the transformation U (&)=¥" (&), the hyper-

bolic function solutions of Equation (11), becomes:

AM
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2

—2rk2(2+3n+n2) x/K{Clsinh(;x/K«fj+C2 cosh[;x/&fﬂ

ul(x,t = 5 A

P Z{Czsinh G«/K §]+C1 cosh Gx/g fﬂ 2

(A7)

3

JA {cl sinh(;@fjwz cosh (;\/Kéﬂ

2{@ sinh @«/X §j+ C, cosh (;/E fﬂ

Al el
2| 8rk? (2+3n+n2)

and the trigonometric function solutions of Equation (11), will be:

~2rk? (2 +23n ) iﬂ[_cl sin [;\/&) tG COSG\/&’EH

pn z{czsin(;«/x §)+C1 COS(;*/K fﬂ

2

u, (x,t): _g

(18)

3

i\/Z{—Clsin(ix/Zéj+ G, cos(ix/zéﬂ 2 2
o, 2 2 A o, pn

Z{Czsin(;ﬂ §j+C1cos(;JX (’Eﬂ 2| 8k*(2+3n+n”)

where
2kq®
£ = ey 2K (122),
r(n+4)

2 2
qn

) k*r? (n + 4)2 ,
n(pnzoz1 —2gkn® + 4 pnay, — 6qkn — 4kq)

A==
2rk? (n3 +7n? +14n+8)

and C,,C,,k, and ¢, are arbitrary constants and known results in the literature can be rediscovered, for
P4 =-1. instance, setting C, =0, then the general solutions (17)-
If C, and C, take up special values, the various (18) reduces, respectively,

2
2 2
qn

=2rk? (2+3n+n)| \ k2% (n+4)’ tanh(l 7 5}_/1

U, . (x,t)=
l’l( ) 2 2 kzrz(n+4)2

pn

(19)

BN

2 2
qn

K2r? (n+4)° anh [l q°n’ J_i o’ pn’
2

+a -
! kr? (n+4)2ég 2| 8rk? (2+3n+n2)

Copyright © 2012 SciRes. AM
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M 2
anZ
—2rk*(2+3n+n® \/kzrz n+4) ~ 22
( ) ' (n+4) tan| L [— 4" ¢ +§

Uy (x,t) = > 1

\ (20)

. kzrz(n+4)2 an| 2 q°n’ | o’ pn’
2 8rk2(2+3n+n2)

' 2\ k27 (n+4) :

and when C, =0, then we deduce from general solutions (17)-(18) that, respectively

U, (x,t =

2
anZ

—2rk? <2+3n+n2) 212 (n+ 4)? 1 4*n? 2
2 r(n+4) 2

pn’ 2

(21)

2 2 n
n

_qn
kz 2 42 2.2 2 2
ta : (”+ ) coth l 2 zqn 2§ _i - 2061 i 2
2 2\ k22 (n+4) 2| 8rk*(2+3n+n)
2
2 2
qn
2rk? (2+3n+n° \/kz 2(n+ 4) ; 2,2
( )i r(n+)cotl q’n A

Uy, (x,t) =

pn2 2 E kzrz(n+4)25 E

(22)

2 2 n
qn

W , 2 2 2 2
vog| W) g | A apn
2 2\ K22 (n+4) 2| 8rk*(2+3n+n’)

&= kmf-Mt 1= _n(pnzal_zqan +4Pna1—6qkn—4kq)
r(n+a) 2rk? (n* +Tn’ +14n +8)

and k, and ¢, are arbitrary constants and i* = -1.

where

In particulars cases, if n= g and o, =0 then

2|3
2 2 2 2
ul(x,t): _Ei i ‘g - tanh i ‘g g fox + 28 kq°t B 3 q
9 p|22Vk'r 22\ k*r 121 r 22 rk
2
2 2 3 2 28 I 2 3 203
70 rk q p 7 .
Uy (x,0) = | ————| —4[55 coth| —|——| kx _
9 p |22\ K% 22\ k%r 121 r 22 rk

Copyright © 2012 SciRes. AM
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and
- -2
: IMER: i) 34|
uy (1) = |~ 2 3 9| 3|4y 2B KLY S 9
9 p|22Vkr 22\ k°r 121 r 22 rk
_ 2
2 2 3 | ¢ 28 kg’ 3 f
y (x,0) = | — 2T 23 4 oot 3| [ 28R 3
9 p|22Vkr 22\ k°r 121 r 22 rk
are the four solitary wave solutions of the particular rn2<V2—V3)+na)VV'+pan2V'
Burgers-KdV equation (26)

3

u,+puu +qu_+ru_ =0

where & is arbitrary constantand i? = —1.
Different real solutions of the general Burgers-KdV
Equation (2) were obtained by Ahmet Bekir in [36] using

the extended tanh method.

(23)

3.2. Generalized Burgers-Fisher Equation

Now considering the generalized Burgers-Fisher equ-

ation with higher-order nonlinear terms
u, +pu'u_+qu  +ru (1—u”) =0 (24)

Using the wave variable u(x,)=U(¢),& = kx+ ot
in (24), we find

0

+qk® ((l— n)(V')2 + nVV")

According to Step 1, we get 3m+1=2m+2, hence
m=1. We then suppose that Equation (26) has the
following formal solutions:

V:al((é

where ¢, and o, are constants which are un- known
to be determined later.

Similar on previous section, substituting Equation (29)
into Equation (26) and collecting all terms with the same

)mo, a,#0 @7)

’

order of (G
G

j, together, we derive a set of algebraic

equations for k,w, A, ue,, and ¢, (collecting the

U'+ pkU"U'+qk’U"+rU(1-U")=0 (25 Y
@ P i : ( ) (25) coefficients of (—j ,i=0,1,---,4 and setting it to zero,
To achieve our goal, we use the transformation
1 ) ) Appendix I1) and solving them by use of Maple, we get
U(&)=V" (&), thatwill carry (25) into the ODE the following general result:
22 n? p? ~ k(qr(n +1)? +p2) 1 N gkA(n+1) _ gk (l+ n) (28)
- y = — [l - YO =
e T g (1) p(n+1) e
Substitute the above general case in (25), we get 1
then use the transformation U (&) =V (&), the hyper-
v :MKQJJri}FE (29) bolic and the trigonometric function solutions of Equa-
an G) 2] 2 tion (11), will be:
1
C,sinh| " P §+CcoshL ng "
a [ ! 2(1+n) | k2¢? 2 2(1+n) \ k2¢?
U(&)=| =55 += (30)
2p\ kg . n P’ n P’
C,sinh 55 & |+C cosh 556
20+n)\ kg 20+n)\ kg
-C sin L LZ é‘f +C, cos L sz
aki [ p° U 204 n) \ K2 27 2+ ) \ K2 1
Uy (&)= .5 += (31)
2p \k'q . ni P’ ni P’ 2
C,sin —— & |+ cos > 5<
21+n)\ kg 2(1+n)\ kg
Copyright © 2012 SciRes. AM
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k(gr(n+1)*+p°) If C, and C, take up special values, the various
where & =jkx— (n+1) t, and C,,C, k are known results in the literature can be rediscovered, for
pl\n+
arbitrary constants and > = -1.

instance, setting C, =0, then the general solutions
(30)-(31) reduces, respectively,

2

2 k(gr(n +1)* + p2 "
u (x,t) = gk | p tanh " p foc — ( ) t !
11 2p kzqz

= 32
p(n+l) (32)
1
i 2 ; 2 k(qr(n+1)* + p° "
O N I S 7 P A -
’ 2p\ k%q 2L+n)\ k°q p(n+1) 2
and when C, =0, then we deduce from general solutions (30)-(31) that, respectively
2 2 k(qr(n+1)* + p? |
uy (nr)=| 95 |2 coth| 1 |2 | g ( )z e (34)
’ 2p\k*q 2L+n)\ k*q p(n+1) 2
[ : 2 k(qr(n+1)? + p? |
PN E) ] -y | L A ( )t o1 (35)
' 2p\'k°q 2(1+n)\ kg p(n+1) 2

k(qr(n+1)* + p?
where &= kx— ( )t, k, is arbitrary constantand i* = -1.
p(n+1)

In particular, if n= g then

2
25 3
k(qr—i—pzj
2 2
w (x,1) = ak %tanh 3 % kx—g4—t o1
2p\ kg 10\ kg 5 P 2
_ -2
25 3
k(qr+p2)
. 2 . 2
o) o] 2 [ | 3 [ 2]
2p\ kg 10\ k¢ 5 P 2
and

2
= -= t
2p \ kK*q? 10\ k°¢? 5

-2
3
k 2 3 2 Zk(zisqr+p2j
u3(x,t): g— kl;—zcoth E kf—z kx—g—t +=
p q q p
: :
25 3
k[qr—i—pz)
. 2 . 2
uy (x,2) = LA A A W 4

are the four solitary wave solutions of the particular Burgers-Fisher equation

Copyright © 2012 SciRes.
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3 3
ut+pu2ux+quxx+ru(l—u2]:0 (36)

k, is arbitrary constantand i? = —1.

Different real solutions of the general Burgers-Fisher
Equation (3) were obtained by Wazwaz in [39] using the
tanh method and by El-Wakil in [38] using a modified
tanh-function method and recently by Luwai Wazzan in
[28] using a modified tanh-coth method.

4. Conclusions

!

This study shows that the (%j -expansion method is

quite efficient and practically well suited for use in find-
ing exact solutions for the generalized form of Burgers-
Korteweg-de Vries (Burgers-KdV) and Burger-Fisher equa-
tions. The results show that this method is a powerful
Mathematical tool for obtaining exact solutions for the
general B-Fisher and B-KdV equations. With the aid of
Maple, we have assured the correctness of the obtained
solutions by putting them back into the original equation.
It is also a promising method to solve other nonlinear
partial differential equations arising in engineering sci-
ences.
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3.2 2

0
’

.03 2, 2 2 2 3 2 2 2 32 2,2
(E) ton’og+on” oy +pknogtrkial pt—qk n o o p—qk“nogyoy p—rktn

o 1 +2rknag o, 11
+rknayon Ap+ 2rkn® oo, 1 + ricn*ogon Au = 0,
1
G!
(Ej 20’ a0y + 20n’ oy oy + 3pkn® oyl — 2qk nayon, p— gk nogan A — gk n’ o i — gk o

=2qk*n* a0, — gk n*ayo A+ ArkCagon i’ + 2rkPal Au + 2rk P nayo, 1 + rikCnod Au
+2riknayay i+ rknagon A° + 6k nagon, Ap — 2rkn® oga, 1 — rin® ol Au + 2rkn® oo

+rk*n’ ayo, A+ 6rk*n aya, Au =0,

2
G!

(Ej con’ol +on’ ol + 20n’ a0 + 20 a,ay + drkPal gt + 2kl o+ rkPal A% + 3 pkn’ oo
+3pkn*a ay —3qk’ nov,on 1 — 2qk* nayo, A — gk n* ol A — qk*n® ayay, — gk nod A — gk’ noa,
~3qk’n® ot 00 11— 2k n® otga, A + rkna A + 2rk*nad p+ 2rknod 1 +8rik oo Au
81K nayo, 1+ drinaya, A + 3rknaya, A+ Tricnay,on Ap— 2rk*n ok g +8rk*n ayo, 1
+ark*n® ogor, A% + 3rkn’ ey A — rk*n’ a0 Au = 0,

3
G!
— 20n’ a,0+20n” oo+ phn’ o —qkP n® ol —qk* nal +2rk* o 2+6 pkn® o, 0,-3qk*na, A
G 271 271 1 1 1 1 27170 271
-2qk*naya, — 2qk*n’ o p=2qk*n’ ayo,—2qk’ nod j—3qk*n* a,o0 A+ 3rk’na A + 8rk o A
81k a0 g1+ Ark P, A% + 21k nag oy + 6rkna Au +10rk® nes, o g1+ 5rkna, A2
+10rk*nayo, A+ rk’n al A+ 2rk*n’ agey — 2rk*n’ o Ap + 2rk*n® a0 g+ rkn* a,o0 A°
+10rk*n* aya, A = 0,
N4
(%) con’al +on’al +rk’al + 3pkn*ala, +3pkn’ayef —2qk n’ al A —3qk*n’ a0, — 2qk nai A

—3gk’na,a + 6rk’naya, + drk’nai A% +8rk’nal i+ 8rkla,a A + ricn*al +8rkal u
kel A% + 2rk*nat +13rkna,a A + 6rk*n aya, + 5rk*n’ a,a A = 0,

N
(%j :3pkn’aoy —2qk*nal - 2qk*n’al +8rk’nay,oy + 101k nal A+ 8rkal A+ drika,a
+ark*n® a0, + 2rk*n*al A = 0,

\6
(%j ArkPal + pkn*ad + 2rk*n*al + 6rk’nal = 0.
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Appendix 11
gk 1 — nwayog i — pknaya, u+ oy’ —rn’a,’ + gk’ nogagAu—qkna’ 1’ =0,

i—nooy’ - noa,a, A — 2 pknay’ oy — pknoga,’ A+ 2qk’ e’ A — qk*noy A

+2qk*neq o+ gk neyag A* + 2rm*oqay — 3rm*aqa,’ =0,

+qk’a,’ A* +3qk’naya, A -3’ a’ ey = 0,

—nwa’ —rm’a’ — pkna* A -2 pkna’ oy + 2gk o’ A+ qk*na,’ A+ 2qknaya, = 0,

N2
(G j sr’a? —noa’ A -noaa, — pkna’ -2 pknoy’ o A — pknoya,’ +2qk’ e’ 1
[ j sqk’o” — pkna® + gk*na” = 0.
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